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About the Flip Books

This project attempts to organize some of the most valuable resources that help develop the intent, understanding and
implementation of the 2017 Kansas Mathematics Standards. These documents provide astarting pointforteachersand
administratorsto begin discussion and explorationinto the standards. Itis not the only resource to support
implementation of the 2017 Kansas Mathematics Standards.

This projectis builton the previous work started in the summer of 2012 from Melisa Hancock (Manhattan, KS), Debbie
Thompson (Wichita, KS) and Patricia Hart (Wichita, KS) who provided the initial development of the “flip books.” The
“flip books” are based on a model that Kansas had for earlier standards; however, this edition specifically targets the
Kansas Mathematics Standards that were adoptedin the summerof 2017. These flip books incorporate the resources
from otherstate departments of education, the mathematics learning progressions, and otherreliable sourcesincluding
The National Council of Teachers of Mathematics and the National Supervisors of Mathematics. Inaddition,
mathematics educators across the country have suggested changes/additions that could or should be made to further
enhance its effectiveness. The documentis posted onthe KSDE Mathematics website at
http://community.ksde.org/Default.aspx?tabid=5646 and will continueto undergo changes periodically. When
significant changes/additions are implemented, the modifications will be posted and dated.

For questions or comments about the flipbooks, please contact Melissa Fast at the Kansas State Department of Education —mfast@ksde.org.


http://community.ksde.org/Default.aspx?tabid=5646
mailto:mfast@ksde.org

Planning Advice - Focus on the Clusters

The (mathematics standards) call for a greater focus. Ratherthan racing to cover topics in today’s mile-wide, inch-deep
curriculum, we need to use the power of the eraser and significantly narrow and deepen how time and energy is spentin
the mathematics classroom. There is a necessity to focus deeply on the major work of each grade to enable students to
gain strong foundations: solid conceptualunderstanding, a high degree of proceduralskill and fluency, and the ability to
apply the mathematics they know to solve problems both in and out of the mathematics classroom.
(www.achievethecore.org)

Notall standards should have the same instructionalemphasis. Some groups of standards requirea greateremphasis
than others. Inorderto be intentional and systematic, priorities need to be setfor planning, instruction, and
assessment. “Noteverythinginthe Standards should have equal priority” (Zimba, 2011). Therefore, thereisaneedto
elevate the content of some standards over that of others throughout the K-12 curriculum.

When the Standards were developed the following were considerations in the identification of priorities: 1) the needto
be qualitative and well-articulated; 2) the understanding that some content willbecome more important than other; 3)
the creation of a focus means that some essentialcontent will get a greater share of the time and resources “while the
remaining contentislimitedin scope.” 4) a “lower” priority does notimply exclusion of content, butis usuallyintended
to be taught in conjunction with orin support of one of the majorclusters.

“The Standards are built on the progressions, so priorities have to be chosen with an eye to
the arc of big ideas in the Standards. A prioritization scheme that respects progressions in the
Standards will strike a balance between the journey and the endpoint. If the endpointis
everything, few will have enough wisdom to walk the path, if the endpoint is nothing, few will
understand wherethejourneyis headed. Beginnings and the endings both need particular
care. ... It would also be a mistake to identify such standard as a locus of emphasis. (Zimba,
2011)

The importantquestionin planninginstructionis: “Whatis the mathematics you want the student to walk away with?”
In orderto accomplish this, educators need to think about “grain size” when planninginstruction. Grain size corresponds
to the knowledge you want the student to know. Mathematicsis simplestatthe right grainsize. Accordingto Phil Daro
(Teaching Chapters, Not Lessons—Grain Size of Mathematics), strands are too vague and too large a grainsize, while
lessons are too small a grainsize. Units or chapters produce about the right “grain size”. Inthe planning process
educators should attend to the clusters, and think of the standards as the ingredients of a cluster. Coherence of
mathematical ideas and concepts exists at the clusterlevel across grades.

A caution--Grain size is important but can result in conversations that do not advance the intent of this structure.
Extended discussions among teachers where it is argued for “2 days” instead of “3 days”on a topic becauseit is a lower
priority can detract from the overall intent of suggested priorities. The reverse is also true. As Daro indicates, focusing on
lessons can provide too narrow a view which compromises the coherence value of closely related standards.


http://www.achievethecore.org/

The video clip Teaching Chapters, Not Lessons—Grain Size of Mathematics presents Phil
Daro further explaining grain size and the importance of itin the planning process. (Click
on phototo viewvideo.)

Alongwith “grainsize”, clusters have been given priorities which have important
implications forinstruction. These priorities should help guide the focus forteachers as
they determine allocation of time for both planning and instruction. The priorities provided
help guide the focus forteachers as they determinedistribution of time for both planning and instruction, helping to
assure that studentsreally understand mathematics before moving on. Each cluster has been given a priority level. As
professional educators begin planning, developing and writing units, these priorities provide guidance in assigning time
forinstruction and formative assessment within the classroom.

Each clusterwithin the standards has been givenapriority level influenced by the work of Jason Zimba. The three levels
are referred toas — Major, Supporting and Additional. Zimba suggests that about 70% of instruction should relateto
the Major clusters. The lowertwo priorities (Supporting and Additional) can work together by supporting the Major
priorities. You can find the grade Level Focus Documents forthe 2017 Kansas Math Standards at:
http://community.ksde.org/Default.aspx?tabid=6340.

Recommendations for Cluster Level Priorities

Appropriate Use:

e Use the prioritiesas guidance toinforminstructional decisions regarding time and resources spent on clusters
by varyingthe degrees of emphasis.

e Focusshould be on the major work of the grade in order to open up the time and space to bring the Standards
for Mathematical Practice tolife in mathematics instruction through sense-making, reasoning,arguingand
critiquing, modeling, etc.

e Evaluate instructional materials by taking the clusterlevel priorities into account. The majorwork of the grade
must be presented with the highest possible quality; the additionalwork of the grade should support the major
prioritiesand notdetractfromthem.

e Setprioritiesforotherimplementation efforts such as staff development, new curriculum development, and
revision of existing formative orsummative testing at the state, district or school level.

Things to Avoid:

e Neglectingany of the material in the standards. Seeing Supporting and Additional clusters as optional.

e Sortingclusters (from Majorto Supporting to Additional) and then teaching the clustersin order. Thiswould
remove the coherence of mathematicalideas and create missed opportunities to enhance the majorwork of the
grade with the other clusters.

e Usingthe clusterheadings as a replacement forthe actual standards. All features of the standards matter—from
the practices to surrounding text, including the particular wording of the individual content standards. Guidance
for prioritiesis given atthe clusterlevel as away of thinking about the content with the necessary specificity yet

without going sofar into detail as to comprise the coherence of the standards (grain size).


http://community.ksde.org/Default.aspx?tabid=6340
https://vimeo.com/79909978

Mathematics Teaching Practices

(High Leverage Teacher Actions)

[National Council of Teachers of Mathematics. (2014). Principles to Actions: Ensuring Mathematical Success for All.
Reston, VA: National Council of Teachers of Mathematics.]

The eight Mathematics Teaching Practices should be the foundation for mathematics instruction and learning. This
framework was informed by overtwenty years of research and presented in Principles to Actions by the National Council
of Teachers of Mathematics (NCTM). If teachers are guided by this framework, they can move “toward improved
instructional practice” and support “one anotherin becomingskilled at teaching in ways that matter for ensuring
successful mathematics learning forall students” (NCTM, 2014, p. 12).

1. Establish mathematics goals to focus learning.
Effective teaching of mathematics establishes clear goals forthe mathematics that students are learning,
situates goals withinlearning progressions, and uses the goals to guide instructional decisions.

2. Implementtasks that promote reasoning and problem solving.
Effective teaching of mathematics engages students in solving and discussing tasks that promote mathematical
reasoningand problem solving and allow multiple entry points and varied solution strategies.

3. Use and connect mathematical representations.
Effective teaching of mathematics engages students in making connections among mathematical
representationsto deepen understanding of mathematics concepts and procedures and as tools for problem
solving.

4. Facilitate meaningful mathematical discourse.
Effective teaching of mathematics facilitates discourse among students to build shared understanding of
mathematical ideas by analyzing and comparing student approaches and arguments.

5. Pose purposeful questions.
Effective teaching of mathematics uses purposeful questions to assess and advance students’ reasoning and
sense makingaboutimportant mathematical ideas and relationships.

6. Build procedural fluency from conceptual understanding.
Effective teaching of mathematics builds fluency with procedures on a foundation of conceptual understanding
so that students, overtime, become skillfulin using procedures flexiblyas they solve contextual and
mathematical problems.

7. Support productive struggle in learning mathematics.
Effective teaching of mathematics consistently provides students, individually and collectively, with
opportunities and supports to engage in productive struggle as they grapple with mathematicalideas and
relationships.

8. Elicit and use evidence of student thinking.
Effective teaching of mathematics uses evidence of student thinking to assess progress toward mathematical
understanding and to adjustinstruction continually in ways that support and extend learning.


http://www.nctm.org/principlestoactions

Standards for Mathematical Practice in Third Grade

The Standards for Mathematical Practice are practices expected to be integratedinto every mathematics lesson for all students grades K-12. Below are afew
examples of how these Practices may be integrated into tasks that third grade students complete.

Practice

Explanationand Example

D VEIGEREEE] In third grade, mathematically proficient students know that doing mathematics involves solving problems and discussing how they solved them.

and Persevere
in Solving
Problems.

2) Reason
abstractly and
quantitatively.

3) Construct
viable
arguments and
critique the
reasoning of
others.

Students explain to themselves the meaning of a problem and look for ways to solve it. They examine problems, can make sense of the meaning
of the task, and find an entry point ora way to start the task. Third grade students may use concrete objects or picturesto help them
conceptualize and solve problems. They may check theirthinking by asking themselves, “Does this make sense?” Students listen to other
students’ strategies and are able to make connections between various methods foragiven problem. Example:to solve a problem involving
multi-digit numbers, they mightfirst consider similar problems thatinvolve multiples of ten orone hundred. Once they have a solutiontheylook
back at the problemto determine if the solutionis reasonable and accurate. They often check theiranswersto problems using adifferent
method or approach.

Mathematically proficient studentsin Grade 3 recognize thata numberrepresents aspecificquantity. They connectthe quantity towritten
symbols and create a logical representation of the problem at hand, considering both the appropriate units involved and the meaning of the
guantities. Thisinvolves two processes: decontextualizing and contextualizing. In Grade 3, students represent situations by decontextualizing
tasksinto numbersand symbols. Forexample, tofind the area of the floor of a rectangularroom that measures 10 ft. by 12 ft., a student might
representthe problem as an equation, solveit mentally, and record the problem and solutionas 10 x 12 = 120 ft. squared. She has
decontextualized the problem. When she states atthe end that the area of the room is 120 square feet, she has contextualized the answerin
orderto solve the original problem. Problems likethis that begin with acontextand are thenrepresented with mathematical objects or symbols
are also examples of modeling with mathematics (SMP 4).

Mathematically proficient students in Grade 3 accurately use definitions and previously established solutions to construct viable arguments about
mathematics. Grade 3 students might construct arguments using concrete referents such as objects, pictures, and drawings. They refine their
mathematical communication skills as they participate in mathematical discussions involving questions like “How did you getthat?” and “Why is
that true?” They explain theirthinking to others and respond to others’ thinking. For example, when comparing the unitfractionsé andé

students may generate their own representation of both fractions and then critique others’ reasoningin class, as they connect theirarguments to
the representations thatthey created. Studentsin Grade 3 present theirargumentsin the form of representations, actions on those
representations, and explanations in words (oral and written).




4) Model with
mathematics.

5) Use
appropriate
tools
strategically.

6) Attendto
precision.

7) Look for and
make use of
structure.

8) Look for and
express
regularityin
repeated
reasoning.
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Mathematically proficient students experiment with representing problem situations in multiple ways including numbers, words (mathematical
language), drawing pictures, using objects, acting out, makinga chart, list, or graph, creating equations, etc. Students require extensive
opportunities to generate various mathematical representations to both equations and story problems, and explain connections between
representations as well as between representations and equations. Students should be able to use all of these representations as needed. They
should evaluate theirresultsin the context of the situation and reflect on whether the results make sense.

Mathematically proficient studentsin Grade 3 considerthe availabletools (including estimation) when solving a mathematical problem and
decide when certaintools might be helpful. The tools thatstudentsin Grade 3 might use are: physical objects (place value (base ten) blocks,
hundreds charts, numberlines, tape diagrams, fraction bars, arrays or area models, tables, graphs, and concrete geometricshapes (e.g. pattern
blocks, 3-D solids) paperand pencil, rulers and other measuring tools, grid paper, virtual manipulatives, and concrete geometricshapes (e.g.,
pattern blocks, 3-D solids), etc. Students should also have experiences with educational technologies, such as calculators and virtual
manipulatives that support conceptual understanding and higher-order thinking skills. During classroom instruction, students should have access
to various mathematical tools as well as paper, and determine which tools are the most appropriate to use. Forexample, when comparing

% and 73;’ students can use benchmark fractions and the numberline toreason and explain that Zwould be placedtothe right of % becauseitisa
2
appropriately (SMP 5). As they decontextualize the situation and represent it mathematically, they are also reasoning abstractly (SMP2).

. 1 . p 1 ” . . . . .
“a little more thanz or they mightsay s, away from 1 whole”. When students model situations with mathematics, they are choosing tools

Mathematically proficient studentsin Grade 3 are precise intheircommunication, calculations, and measurements. In all mathematical tasks,
they communicate clearly, using grade-level appropriate vocabulary accurately as well as giving precise explanations and reasoning regarding
theirprocess of finding solutions. Forexample, while measuring objects iteratively (repetitively), students check to make sure that there are no
gaps or overlaps. In using representations, such as pictures, tables, graphs, ordiagrams, they use appropriate labels to communicate the meaning
of theirrepresentation. They are careful about specifying units of measureand state the meaning of the symbols they choose. Forinstance, when
figuring out the area of a rectangle they record theiranswersin square units. During tasks involving number sense, students check theirwork to
ensure the accuracy and reasonableness of solutions.

Mathematically proficient students in Grade 3 carefully look for patterns and structuresin the number system and other areas of mathematics.
Grade 3 students use structures such as place value, the properties of operations, other generalizations about the behavior of the operations (for
example, the less you subtract, the greaterthe difference), and attributes of shapes to solve problems. In many cases, they have identified and
described these structures through repeated reasoning (SMP 8). For example, when Grade 3 students calculate 16x 9, they mightapply the
structure of place value and the distributive property to find the product: 16 x9 = (104 6)x9 = (10x 9) + (6 x9). Studentsin Grade 3
should be using and explaining how they are using the different properties of operations to solve problems.

Mathematically proficient studentsin third grade should notice repetitive actions in computation and look for more shortcut methods. For
example, students might use the distributive property as a strategy for using products they know to solve products that they don’t know.
Additionally, if students are asked to find the product of 7 x 8, they might decompose 7into 5 and 2 and then multiply 5x 8 and 2 x 8 to arrive at
40 + 16 or 56. Third graders should continually evaluate their work by asking themselves, “Does this make sense?”




Implementing Standards for Mathematical Practice

This guide was created to help educatorsimplement these standards into their classroom instruction. These are the
practices for the students, and the teacher can assist students in using them efficiently and effectively.

#1 — Make sense of problems and perseverein solving them.

Summary of this Practice:

Interpretand make meaning of the problem looking for starting points. Analyzewhatisgiventoexplainto
themselves the meaning of the problem.

Plan a solution pathway instead of jumpingto a solution.

Monitortheirprogress and change the approach if necessary.

See relationships between various representations.

Relate currentsituations to concepts orskills previously learned and connect mathematical ideas to one another.
Continually ask themselves, “Does this make sense?”

Understand various approachesto solutions.

Student Actions Teacher Actions

e Activelyengageinsolving problems and thinkingis e Allowstudentstimetoinitiate aplan; using question
visible (doing mathematics vs. following steps or prompts as neededto assiststudentsin developinga
procedures with nounderstanding). pathway.

e Relate current “situation” to concepts or skills e Constantly ask studentsif theirplansandsolutions
previously learned, and checking answers using make sense.
different methods. e (Questionstudentstosee connections to previous

e Monitorand evaluate theirown progress and change solution attempts and/ortasks to make sense of the
course when necessary. currentproblem.

o Alwaysask, “Does this make sense?” astheyare e Consistently ask studentsto defend and justify their
solving problems. solution(s) by comparingsolution paths.

What questions develop this Practice?

How would you describe the probleminyourown words? How would you describe what you are trying to find?
What do you notice about...?

What informationisgiveninthe problem? Describe the relationship between the quantities.

Describe whatyou have already tried. What might you change? Talk me through the steps you’ve used to this point.
What stepsinthe process are you most confident about? Whatare some otherstrategies you might try?

What are some other problemsthatare similartothisone?

How mightyou use one of your previous problemsto help you begin? How else mightyou
organize...represent...show...?

What are the characteristics of a good math task for this Practice?

Requires studentsto engage with conceptual ideas that underliethe procedures to complete the taskand develop
understanding.

Requires cognitive effort - while procedures may be followed, the approach or pathway is not explicitly suggested by
the task, or taskinstructions and multiple entry points are available.

Encourages multiple representations, such as visual diagrams, manipulatives, symbols, and problem situations.
Making connections among multiple representations to develop meaning.

Requires students to access relevantknowledge and experiences and make appropriate use of theminworking
through the task.



#2 — Reason abstractly and quantitatively.

Summary of this Practice:

Make sense of quantities and theirrelationships.

Decontextualize (represent a situation symbolically and manipulate the symbols) and contextualize (make meaning of
the symbolsin a problem) quantitative relationships.

Understand the meaning of quantities and are flexible in the use of operations and their properties.

Create a logical representation of the problem.

Attend tothe meaningof quantities, not just how to compute them.

Student Actions Teacher Actions

e Use variedrepresentations and approaches when e Askstudentstoexplainthe meaningof the symbols
solving problems. inthe problemandintheirsolution.

e Representsituations symbolically and manipulating e Expectstudentstogive meaningtoall quantitiesin
those symbols easily. the task.

e Give meaningto quantities (notjustcomputingthem) | e Questionstudentssothatunderstandingofthe
and making sense of the relationships within relationships between the quantities and/orthe
problems. symbolsinthe problemandthe solution are fully

understood.

What questions develop this Practice?

What do the numbers usedinthe problemrepresent? What is the relationship of the quantities?

Howis___ relatedto_ ?

What isthe relationshipbetween __ and ?

What does meanto you? (e.g. symbol, quantity, diagram)

What properties mightyou use tofind a solution?

How didyoudecide thatyouneededtouse __ ? Could we have used anotheroperation or property to solve this
task? Why or why not?

What are the characteristics of a good math task for this Practice?

Includes questions thatrequire students to attend to the meaning of quantities and their relationships, notjust how
to compute them.

Consistently expects students to convert situationsinto symbolsin orderto solve the problem; and thenrequires
students to explain the solution within a meaningful situation.

Containsrelevant, realisticcontent.
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#3 — Construct viable arguments and critique the reasoning of others.

Summary of this Practice:
Analyze problems and use stated mathematical assumptions, definitions, and established results in constructing

arguments.
Justify conclusions with mathematical ideas.

Listen to the arguments of others and ask useful questions to determine if an argument makes sense.
Ask clarifying questions or suggestideas toimprove/revisethe argument.
Compare two arguments and determine correct or flawed logic.

Student Actions

Teacher Actions

e Make conjectures and exploring the truth of those

conjectures.

e Recognize and use counterexamples.
o Justifyand defendall conclusions and using data

within those conclusions.

e Recognize and explain flawsin arguments, which may

needto be demonstrated using objects, pictures,
diagrams, or actions.

Encourage students to use proven mathematical
understandings, (definitions, properties, conventions,
theorems etc.), to supporttheirreasoning.
Question studentssothey cantell the difference
between assumptions and logical conjectures.
Ask questions thatrequire students to justify their
solution and theirsolution pathway.

Prompt students to respectfully evaluate peer
arguments when solutions are shared.

Ask students to compare and contrast various
solution methods

Create variousinstructional opportunities for
students to engage in mathematical discussions
(whole group, small group, partners, etc.)

What questions develop this Practice?
What mathematical evidence would supportyoursolution? How can we be sure that...? How could you prove

that...?
Will it still work if...?

What were you considering when...? How did you decide to try that strategy?

How did you test whetheryourapproach worked?

How did you decide what the problem was asking you to find? (What was unknown?)
Didyou try a method thatdid notwork? Why didn’tit work? Would it ever work? Why or why not?
What is the same and whatis differentabout...? How could you demonstrate a counter-example?

What are the characteristics of a good math task for this Practice?
Structuredto bring out multiplerepresentations, approaches, or error analysis.

Embeds discussion and communication of reasoning and justification with others.

Requires students to provide evidence to explain their thinking beyond merely using computational skills to find a

solution.

Expects studentsto give feedback and ask questions of others’ solutions.
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#4 — Model with mathematics.

Summary of this Practice:

Understand reasoning quantitatively and abstractly (able to decontextualize and contextualize).

Apply the math they know to solve problemsin everyday life.

Simplify acomplex problem and identify important quantities to look at relationships.

Represent mathematics to describe asituation either with an equation oradiagram andinterpretthe resultsofa
mathematical situation.

Reflecton whetherthe results make sense, possibly improving/revising the model.

Ask themselves, “How can | represent this mathematically?”

Student Actions Teacher Actions
Apply mathematics to everyday life. e Demonstrate and provide students experiences with
Write equationsto describe situations. the use of various mathematical models.
[llustrate mathematical relationships using diagrams, | ® Questionstudentsto justify theirchoice of modeland
data displays, and/orformulas. the thinking behind the model.
Identify important quantities and analyzing o Askstudentsaboutthe appropriateness of the model
relationships to draw conclusions. chosen.
e Assiststudentsinseeingand making connections
among models.

What questions develop this Practice?

What numbermodel could you construct to representthe problem?

How can you representthe quantities?

What isan equation orexpression that matchesthe diagram..., numberline..., chart..., table...?
Where did you see one of the quantitiesinthe taskinyourequation orexpression?

What math do you know that you could use to represent this situation?

What assumptions do you have to make to solve the problem?

What formulamightapplyinthissituation?

What are the characteristics of a good math task for this Practice?

Structures representthe problem situation and their solution symbolically, graphically, and/or pictorially (may
include technological tools) appropriate to the context of the problem.

Invites students to create a context (real-world situation) that explains numerical /symbolic representations.
Asks students to take complex mathematics and make it simpler by creatingamodel that will represent the
relationship between the quantities.



#5 — Use appropriate tools strategically.

Summary of this Practice:
Use available tools recognizing the strengths and limitations of each.

Use estimation and other mathematical knowledge to detect possible errors.
Identify relevant external mathematical resources to pose and solve problems.
Use technological tools to deepen theirunderstanding of mathematics.

Use mathematical models forvisualize and analyze information

12

Student Actions

Teacher Actions

e Choose toolsthatare appropriate forthe task.
e Knowwhento use estimates and exactanswers.
e Use toolsto pose or solve problems to be most

effectiveand efficient.

Demonstrate and provide students experiences with
the use of various math tools. A variety of tools are
withinthe environmentand readily available.
Question students as to why they chose the tools
they usedto solve the problem.

Consistently modelhow and when to estimate
effectively, and requiring students to use estimation
strategiesinavariety of situations.

Ask student to explain their mathematical thinking
with the chosentool.

Ask students to explore otheroptions when some
tools are notavailable.

What questions develop this practice?
What mathematical tools could we use tovisualizeand represent the situation?

What information do you have?

What do you know that is not stated in the problem? What approach are you considering trying first?

What estimate did you make forthe solution?

In this situation would it be helpful to use...agraph..., numberline..., ruler..., diagram..., calculator..., manipulative?

Why was it helpful touse...?

What can usinga show us that may not?

In what situations mightitbe more informative or helpful touse...?

What are the characteristics of a good math task for this Practice?
Lendsitself to multiplelearningtools. (Tools may include; concrete models, measurementtools, graphs, diagrams,

spreadsheets, statistical software, etc.)

Requires students to determineand use appropriate tools to solve problems.

Asks studentsto estimate in avariety of situations:

=  3task whenthereisnoneedto have an exactanswer

= atask whenthereisnotenoughinformationtogetanexactanswer

= 3taskto checkif the answerfroma calculationisreasonable
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#6 — Attend to precision.

Summary of this Practice:

e Communicate precisely with others and try to use clear mathematical language when discussing theirreasoning.
Understand meanings of symbols used in mathematics and can label quantities appropriately.

Express numerical answers with adegree of precision appropriate forthe problem context.

Calculate efficiently and accurately.

Student Actions Teacher Actions
e Use mathematical terms, both orally andin written e Consistently use and model correct content
form, appropriately. terminology.
e Use and understanding the meanings of math e Expectstudentsto use precise mathematical
symbolsthatare usedin tasks. vocabulary during mathematical conversations.
e Calculate accurately and efficiently. e Questionstudentstoidentify symbols, quantities
e Understandthe importance of the unitin quantities. and unitsina clear manner.

What questions develop this Practice?
e What mathematical termsapplyinthissituation? How did you know yoursolution was reasonable?
e Explain how you mightshow that yoursolution answersthe problem.
e Isthere a more efficient strategy?
e How are you showingthe meaningof the quantities?
What symbols or mathematical notations are importantin this problem?
o What mathematical language..., definitions..., properties can you use to explain...?
e How couldyoutestyoursolutiontoseeifitanswersthe problem?

What are the characteristics of a good math task for this Practice?
e Requiresstudentsto use precise vocabulary (in written and verbal responses) when communicating mathematical
ideas.
e Expectsstudentstouse symbolsappropriately.

e Embedsexpectations of how precise the solution needs to be (some may more appropriately be estimates).
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#7 — Look for and make use of structure.

Summary of this Practice:
e Applygeneral mathematical rules to specificsituations.

¢ Look forthe overall structure and patternsin mathematics.
e See complicatedthings assingle objects oras being composed of several objects.

Student Actions Teacher Actions

Look closely at patternsin numbers and their e Encourage studentstolook for somethingthey

relationships to solve problems. recognize and having students apply the information

Associate patterns with the properties of operations inidentifying solution paths (i.e.

and theirrelationships. compose/decompose numbers and geometric

Compose and decompose numbers and number figures, identify properties, operations, etc.)

sentences/expressions. e Expectstudentstoexplainthe overallstructure of the
problemand the bigmath ideausedtosolve the
problem.

What questions develop this Practice?

What observations do you make about...? What do you notice when...?

What parts of the problem mightyou eliminate..., simplify...?

What patternsdo youfindin...?

How doyou know if somethingisapattern?

What ideas that we have learned before were usefulin solving this problem?

What are some other problemsthat are similarto thisone? How does thisrelate to...?
In what ways does this problem connect to other mathematical concepts?

What are the characteristics of a good math task for this Practice?

4351
32
31 | Thereare now 35 tens units to distribute into 4 groups. Each group gets & sets of tens, leaving 3 extra tens units that need to become ones units.

Requires studentstolookforthe structure within mathematicsin orderto solve the problem. (i.e.—decomposing
numbers by place value; working with properties; etc.)

Asks studentstotake a complexideaandthenidentify and use the component parts to solve problems. i.e.
Building on the structure of equal sharing, students connect the understandingto the traditional division algorithm.
When “unitsize” cannot be equally distributed, itis necessary to break downinto asmaller “unitsize”. (example
below)

3 hundreds units cannot be distributed into 4 equal groups. Therefore, they must be broken down into tens units.

=28 ! This leaves 31 ones units to distribute into 4 groups. Each group gets 7 ones units, with 3 anes units remaining. The quotient means that each group has 87

3 | with 3 left.

Expects students to recognize and identify structures from previous experience(s) and apply this understandingin a
newsituation.i.e.7X 8 =(7x5) +(7 X 3)0OR7 x 8 = (7 X 4) + (7 X 4) newsituations could be, distributive
property, area of composite figures, multiplication fact strategies.



#8 — Look for and express regularity in repeated reasoning.

Summary of this Practice:

See repeated calculations and look for generalizations and shortcuts.

See the overall process of the problem and still attend to the details.

Understand the broader application of patterns and see the structure in similarsituations.
Continually evaluatethe reasonableness of theirintermediate results.
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Student Actions Teacher Actions

e Noticeif processesare repeated andlook forboth e Askwhat math relationships or patterns can be used
general methods and shortcuts. to assistin making sense of the problem.

e Evaluate thereasonableness of intermediateresults e Askfor predictions about solutions at midpoints
while solving. throughout the solution process.

e Make generalizations based on discoveries and e Questionstudentstoassistthemincreating
constructing formulas when appropriate. generalizations based on repetitionin thinkingand

procedures.

What questions develop this Practice?

Will the same strategy work in other situations?

Is thisalwaystrue, sometimes true or nevertrue? How would we prove that...?

What do you notice about...?

What is happeningin this situation? What would happenif...?

Is there a mathematical rule for...?

What predictions orgeneralizations can this pattern support? What mathematical consistencies do you notice?

What are the characteristics of a good math task for this Practice?

Presentseveral opportunities to reveal patterns orrepetition in thinking, so students can make a generalization or
rule.

Requires studentsto see patterns orrelationshipsin orderto develop amathematical rule.

Expects studentsto discoverthe underlying structure of the problem and come to a generalization.

Connectstoa previous task to extend learning of amathematical concept.



Critical Areas for Mathematicsin 3" Grade

In Grade 3, instructional time should focus on three critical areas:

1. Developingan understanding of all operations with a focus on multiplication and division and strategies for
multiplication and division within 100.
Students develop and refinetheir understanding of all operations to solve multistep problems and focus onthe
meanings of multiplication and division of whole numbers through activities and problems involving equal-sized
groups, arrays, and area models; multiplication is finding an unknown product, and divisionis finding an
unknown factorinthese situations. For equal-sized group situations, division can require finding the unknown
number of groups or the unknown group size. Students use properties of operations (e.g., Associative Property
and Distributive Property) to calculate products of whole numbers, usingincreasingly sophisticated strategies
based on these properties to solve multiplication and division problems involving single-digit factors. By
comparing a variety of solution strategies, students learn the relationship between multiplication and division.
Students understand thataword problem can be represented with an equation based on the situation, butthe
solution may use a related equation thatis easierto manipulate (e.g.,aword problem may be represented with
a situation equation such as 54+? = 78; and students understand that even though the word problemis a
joiningsituation, itis easierto solve usingasubtraction equation {78 — 54 =?}).

2. Developingunderstanding of fractions, especially unit fractions (fractions with numerator of 1).
Students develop an understanding of fractions, beginning with unit fractions. Students view fractionsin general
as beingbuilt out of unitfractions, and they use fractions along with visual fraction models to represent parts of

. . . . . 1

a whole. Students understand that the size of a fractional partis relative to the size of the whole. Forexample,z
. . 1 o 1 . .

of the paintina small bucket could be less pamtthan;ofthe paintina larger bucket, but; of aribbonislonger

than § of the same ribbon because whenthe ribbonisdivided into 3 equal parts, the parts are longerthan when

theribbonisdividedinto5equal parts. Students are able to use fractions torepresent numbers equal to, less
than, and greaterthan one. They solve problems thatinvolve comparing fractions by using visual fraction
models and strategies based on noticing equal numerators or denominators.

3. Developingunderstanding of the structure of rectangular arrays and of area.
Studentsrecognize area as an attribute of two-dimensional regions. They measure the area of ashape by finding
the total number of same-size units of arearequired to coverthe shape without gaps or overlaps, asquare with
sides of unitlength beingthe standard unitfor measuringarea. Students understand that rectangular arrays can
be decomposedintoidentical rows orintoidentical columns. By decomposing rectangles into rectangular arrays
of squares, students connect areato multiplication, and justify using multiplication to determine the areaof a
rectangle.
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Dynamic Learning Maps (DLM) and Essential Elements

The DynamicLearning Maps and Essential Elements are knowledge and skills linked to the grade-level expectations
identified in the Common Core State Standards. The purpose of the DynamicLearning Maps Essential Elementsisto

build a bridge fromthe contentin the Common Core State Standards to academicexpectations for students with the
most significant cognitive disabilities.

For more information please visit the DynamicLearning Maps and Essential Elements website.



http://www.ksde.org/Agency/Division-of-Learning-Services/Career-Standards-and-Assessment-Services/CSAS-Home/Assessments/Dynamic-Learning-Maps-DLM-Essential-Elements

Growth Mindset

The term “growth mindset” comesfrom the groundbreaking work of Carol
Filnetdii g imit of my abiliies* Dweck. She identified that everyone holdsideas about their own potential.
GROWTH FIXED Some people believe that theirintelligence is more orless fixed in math—
MINDSEIB that you can do math or you can’t, while others believe they canlearn
anythingandthat theirintelligence can grow.

“Challenges help me to grow”

“My offort and attitude
defermine my abities”

rmined

en I'm frustrated,
ke totry EQ.WE B \ In a fixed mindset, people believe their basic qualities, like their
: intelligence ortalent, are simply fixed traits. They spend theirtime
documentingtheirintelligence ortalentinstead of developingit. Theyalso
believethattalentalone creates success—without effort. Students with afixed mindset are those who are more likely to

give up easily.

“"Feedback is constructive”

) m it by the success of others”

In a growth mindset, people believe thattheir mostbasicabilities can be developed through dedication and hard
work—brains and talentare justthe starting point. Thisview creates alove of learningand a resilience that is essential
for greataccomplishment. Students with a growth mindsetare those who keep goingeven when workis hard, and who
are persistent.

Itis possible to change mindsets and to shift students’ mindsets from fixed to growth and cause higher mathematics
achievementandsuccessinlife. Watch this shortvideotogeta better understanding of what Growth Mindsetisand the
benefitsitcanbringour students.

You can find a variety of resources related to Growth Mindset at: http://community.ksde.org/Default.aspx ?tabid=6383.

youngmewg Building a Mathematical Mindset Community o \DSES
Teachers and students believe can Communication and comnections are valued.
learn maths at HIGH LEVELS. e Students work In groups sharing ideas and visuals.
e Students are not tracked or grouped by achievement | e Studentsrelate ideas to previous lessons or topics ‘
e All students are offered high level work e Students connect their ideas fo their peers’ ideas, &’
* “Iknow you can do this” “| believe in you" visuals, and representations. v ’
¢ Praise effort and ideas, not the person e Teachers create opportunities for students to see connections.
e Students vocalize self-belief and confidence e Students relate ideas to events in their lives and the world.
The maths is VISU3L. The maths is OPEN.
e Teachers ask students to draw their ideas % e Students are invited to see maths differently
e Tasks are posed with a visual component ¢ Students are encouraged to use and share
e Students draw for each other when they explai different ideas, methods, and perspectives
e Students gesture to illustrate their thinking =] e Creativity is valued and modeled.

D e Students’ work looks different from each other
e Students use ownership words - “my method”, "my idea”

The environment is filled with wowpee and The classroom is a risk-taking, MISTRKE VALVING
CURIOSITY. environment Ee
Students extend their work and investigate ((\Fv Students share ideas even when they are wrong (- - -
Teacher invites curiosity when posing tasks 1 9 ﬂ Peers seek fo understand rather than correct
Students see maths as an unexplored puzzle
0 o

Students feel comfortable when they are stuck or wron
Students freely ask and pose questions \_,\/_/ Teachers and students work together when stuck
Students seek important information ‘:3

“I've never thought of it like that before.'q:b

Tasks are low floor/high ceiling
Students disagree with each other and the teacher

Developed by Jo Boaler/Youcubed.org and Tulare County Office of Education


http://tedxmanhattanbeach.com/past-events/october-2012-conference-journey-to-purpose/presenters/eduardo-briceno/
http://community.ksde.org/Default.aspx?tabid=6383

19

Grade 3 Content Standards Overview

Operations and Algebraic Thinking (3.0A)
A. Representsandsolves problemsinvolving multiplication and
division
OA.1 OA.2 OA.3 OA4
B. Understand properties of multiplication and the relationship
between multiplication and division

OA.5 OA.6
C. Multiplyand divide within 100
OA.7

D. Solve problemsinvolvingthe fouroperations,andidentify and
explain patternsinarithmetic.
OA.8 OA.9

Number and Operationsin Base Ten (3.NBT)
A. Use place value understandingand properties of operations to
perform multi-digit arithmetic.
NBT.1 NBT.2 NBT.3

Number and Operations — Fractions (3.NF)
A. Developunderstanding of fractions as numbers.
NF.1 NF.2 NF.3

Measurement and Data (3.MD)

A. Solve problemsinvolving measurement and estimation of intervals of time, liquid volumes, and masses of
objects.
MD.1 MD.2 MD.3

B. Representandinterpretdata.
MD.4 MD.5

C. Geometricmeasurement: understand concepts of areaand relate areato multiplication and to addition.
MD.6 MD.7 MD.8

D. Geometricmeasurement: recognize perimeterasan attribute of plane figures and distinguish between linear
and area measures.

MD.9
Geometry (3.G)
A. Reasonwithshapesandtheirattributes
G.1 G.2

»  Major Clusters € Supporting Clusters @ Additional Clusters
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Domain: Operations and Algebraic Thinking (OA)

P Cluster A: Represent and solve problems involving multiplication and division.

Standard:3.0A.1

Interpret products of whole numbers, (e.g. interpret 5 - 7 as the totalnumber of objectsin 5 groups of 7 objects each.)
(3.0A.1)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere insolvingthem.
MP.2 Reasonabstractly and quantitatively.
MP.4 Model with mathematics.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.

ASANENERN

Connections: (3.0A.1through 3.0A.4)

This clusteris connected to:
e Connectthisdomainwith understanding properties of multiplication and the relationship between multiplication

and division. (Grade 3.0A.5 through 3.0A.6)
o Theuseofa symbolforan unknown isfoundational forlettervariablesin Grade 4when representing problems

using equations with a letter standing forthe unknown quantity (Grade 4.0A.2and OA.3).

Explanation and Examples:

The standard interprets products of whole numbers. Students need to recognize multiplication asa means of
determining the total number of objects when there are aspecificnumber of groups with the same number of objectsin
each group. Multiplication requires students to thinkin terms of groups of things rather than individualthings. At this
level, multiplicationis seen as “groups of” and problems such as 5 x 7 referto 5 groups of 7.

It is important for teachers to understand there are several ways in which to think of multiplication:
o Multiplicationis oftenthought of as repeated addition of equal groups. While this definition works for some sets

of numbers, itis not particularly intuitive or meaningful when we think of multiplying 3 by % or5 by -2. Insuch

cases, it may be helpful to widen the idea of groupingtoinclude evaluation of part of a group. This conceptis
related to partitioning (which, inturn, is related to division).

Example: Three groups of five studentscanbe readas 3 ¢ 5, or 15 students, while half agroup of 10 stars can be
represented asi - 10, or 5 stars. These are examples of partitioning; each one of the three groups of five is part

of the group of 15, and the group of 5 stars is part of the group of 10. Multiplication with fractionsis NOT
expectedin3™grade butcould arise in classroom discussions when working on multiplication.

e Asecondconceptof multiplicationis that of rate or price. Ex: If a car travelsfourhoursat 50 miles perhour,
thenit travels atotal of 4 e 50, or 200 miles; if CDs cost eight dollars each, then three CDs will cost 3 ¢ $8, or
S24.

» Major Clusters € Supporting Clusters @ Additional Clusters
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o Athird conceptof multiplication is that of multiplicative comparison. Ex: Sara hasfour CDs, Joanne has three

times as many as Sara, and Sylvia has half as many as Sara. Thus, Joanne has 3 - 4, or 12 CDs, and Sylvia has% -4,

or 2 CDs. Again, multiplicationis notexpectedin 3 grade but could arise in classroom discussions.

Example for 3.0A.1:

Jim purchased 5 packages of muffins. Each package contained 3 muffins. How many muffins did Jim purchase? 5
groupsof 3 OR5x 3 =15.

Describe anothersituation where there would be 5groups of 3.

Students recognize multiplication asa meansto determine the total number of objects when there are aspecific
number of groups with the same number of objectsin each group. Multiplication requires students to thinkin terms of
groups of things rather than individual things. Students learn that the multiplication symbol ‘x’ means “groups of” and
problemssuchas5 x 7 referto 5 groups of 7.

To furtherdevelop this understanding, students interpret a problem situation requiring multiplication using pictures,
objects, words, numbers, and equations. Then, given amultiplication expression (e.g., 5x 6) studentsinterpretthe
expression using a multiplication context. (See Table 2 in Appendix) They should begin to use the terms, factorand

product, asthey describe multiplication. (MP6)

Instructional Strategies: (3.0A.1through 3.0A.4)

In Grade 2, studentsfound the total number of objects using rectangulararrays, suchas a 5 x 5, and wrote equations to
representthe sum. This strategy is foundational for multiplication because students should make a connection between
repeated addition and multiplication.

Students need to experience problems involving equal groups (whole unknownor size of group is unknown) and
multiplicative comparison (unknown product, group size unknownor number of groups unknown)as showninTable 2in
the Appendix.

Studentshould be encouraged to solve these problems in different ways to show the same ideaand be able to explain
theirthinkingverbally and in written form. Allowing students to present several different strategies provides the
opportunity forthem to compare strategies.

Provide avariety of contexts and tasks so that students will have ample opportunity to develop and use thinking
strategiesto supportand reinforce learning of basic multiplication and division facts.

Ask students to create multiplication problemsituationsin which they interpret the product of whole numbers asthe
total numberof objectsina group. Askthem to write a number model ornumbersentence. Also, have students create
division-problem situationsin which they interpret the quotient of whole numbers as the number of shares.

Students can use known multiplication facts to determine the unknown factin a multiplication ordivision problem.
Have them write a multiplication or division equation and the related multiplication or division equation. For example,
to determine the unknown whole numberin 27 + = 3, students should use knowledge of the related multiplicationfact
of 3x 9 =27. Theyshould askthemselves questions such as, “How many 3s are in 27?” Have themjustify their thinking

with models ordrawings.

» Major Clusters € Supporting Clusters @ Additional Clusters
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Resources/Tools:
For detailed information see Operations and Algebraic Thinking Learning Progressions.

Visit K-5 Math Teaching Resources click on Number, then on 3 Grade. Scroll
downto 3.0A.1 to access resources specifically for this standard.

See EngageNY Modules

“Barnyard Legs”, Georgia Department of Education. Students solve multiplication problems using different strategies
based on Amanda Bean’s Amazing Dream, A Mathematical Story by Cindy Neuschwander ora similarbook about
multiplication.

Georgia Department of Education
e “Twenty-FourKidsAllinaRow”.

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource referencedin the flip books requires membership access, check with yourschool/district to see if they have an
institutional membership which would grant you access all NCTM documents. If they do not have a membership, this
would be a valuable resource to request.

e “Exploring Equal Sets” — Thisfour-partlesson encourages students to explore models for multiplication, the

inverse of multiplication,and representing multiplication facts in equation form.
e “All About Multiplication”, In this four-lesson unit, students explore several meanings and representation of

multiplications and learn about properties of operations for multiplication.
Sets of counters; Numberlines to skip countand relate to multiplication
Common multiplication and division situations - See Appendix, Table 2
Common Misconceptions: (3.0A.1through 3.0A.4)
Students can overgeneralize the commutative property and think that3+ 15 = 5and 15 + 3 =5 are the same equations.
The use of modelsis essential in helping students eliminate this misunderstanding.
Students often believe asymbol to representanumberonce will represent the same quantity inthe following problem.

Presenting students with multiple situations in which they selectasymbol and explain what it represents and then use
the same symbol in another context will counterthis misconception.

P Major Clusters € Supporting Clusters @ Additional Clusters


http://commoncoretools.files.wordpress.com/2011/05/ccss_progression_cc_oa_k5_2011_05_302.pdf
https://www.k-5mathteachingresources.com/support-files/take-from-result-unknown-within-100.pdf
https://www.engageny.org/resource/grade-3-mathematics
http://gadoe.georgiastandards.org/mathframework.aspx?PageReq=MathBarn#gps26
http://gadoe.georgiastandards.org/mathframework.aspx?PageReq=MathRows
https://linkprotect.cudasvc.com/url?a=https%3a%2f%2filluminations.nctm.org%2fDefault.aspx&c=E,1,HrFPOORirgO4sdp3Hmx1SqW4Z6rTQSFu-hvDPq_-7vipRZjE5yZvUxWDA2MiK-9XvK95iiIewk8XUxNAUu_8lI8MRZ6WEh7dhiit-N6ptg,,&typo=1
http://illuminations.nctm.org/WebResourceReview.aspx?ID=489
http://illuminations.nctm.org/LessonDetail.aspx?id=U109
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Domain: Operations and Algebraic Thinking (OA)

D Cluster A: Represent and solve problems involving multiplication and division.

Standard:3.0A.2

Interpret whole-number quotients of whole numbers, (e.g. interpret 56 +~ 8 as the number of objects in each share when
56 objects are partitioned equally into 8 shares, oras a number of shares when 56 objects are partitioned into equal
shares of 8 objects each.) (3.0A.2)

Suggested Standards for Mathematical Practice (MP):
v MP.1 Make sense of problemsand persevere insolvingthem.
MP.2 Reason abstractly and quantitatively.
MP.4 Model with mathematics.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.

ASRNINEN

Connections: See 3.0A.1

Explanation and Examples:
This standard focuses on two distinct models of division: partition models and measurement (repeated subtraction)
models.

e Partition models focus on the question, “How many in each group?” A context for partition models would be:
There are 12 cookies onthe counter. If you are sharing the cookies equally among three bags, how many cookies
will goineach bag?

o Measurement (repeated subtraction) models focus onthe question, “How many groups can you make?” A
context or measurement models would be: There are 12 cookies on the counter. If you put 3 cookiesin each
bag, how many bags will you fill?

Students need to recognize the operation of divisionin two different types of situations. One situation requires
determining how many groups and the othersituation requires sharing (determining how many in each group). Students
should be exposedto appropriate terminology (quotient, dividend, divisor, and factor). (MP6)

To develop this understanding, studentsinterpret a problem situation requiring division using pictures, objects, words,
numbers, and equations. Given adivision expression (e.g., 24+ 6) studentsinterpretthe expression in contexts that
require both interpretations of division. (See Table 2 in Appendix)

Instructional Strategies: See3.0A.1

Students can use known multiplication facts to determine the unknown factin a multiplication ordivision problem.
Have them write a multiplication or division equation and the related multiplication or division equation. For example,
to determine the unknown whole numberin 27 + [ = 3, students should use knowledge of the related multiplicationfact
of 3x 9 =27. Theyshould askthemselves questions such as, “How many 3s are in 27?” Have them justify their thinking
with models ordrawings.

» Major Clusters € Supporting Clusters @ Additional Clusters
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Resources/Tools
[llustrative Mathematics Grade 3 tasks: Scroll to the appropriate sectionto find named tasks.
e 30AA.2
0 FishTanks
0 Markers inBoxes

Visit K-5Math Teaching Resources click on Number, then on 3" Grade. Scroll
downto 3.0A.2 to access resources specifically for this standard.

Common Misconceptions: See3.0A.1

Itis easy to confuse the number of groups and the size of the groups insome
division situations. When using money, students can easily become confused. Itisimportantto emphasize that the size
of the group is the numberthatis repeated. Itisalways the size of the group.

Example: You have $15. You want to make sure you have spending money for the next 3 weeks. How much money will
you need to have foreach week if you split this up equally?

The total is $15. The number of groupsis 3 (torepresentthe 3weeks). The quantity beingsolved forrepresents the size
of each group. Each week will getthe same numbersothatisthe size of the group.

Graphic for representing multiplication or division thinking:

Group(s) Group Size Total

P Major Clusters € Supporting Clusters @ Additional Clusters
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Domain: Operations and Algebraic Thinking (OA)

P Cluster A: Represent and solve problems involving multiplication and division.

Standard:3.0A.3

Use multiplication and division within 100 to solve word problems in situations involving equal groups, arrays, and
measurement quantities, (e.g. by using drawings and equations with a symbolforthe unknown number to represent the
problem.) Referto shaded section of Table 2 for specificsituation types. (3.0A.3)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problemsand persevere insolvingthem.
MP.2 Reasonabstractly and quantitatively.
MP.4 Model with mathematics.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.

ASANENERN

Connections: See3.0A.1

Explanation and Examples:

This standard references various strategies that can be used to solve word problems involving multiplication & division.
Students should apply their skills to solve word problems. Students should use avariety of representations forcreating
and solving two-step word problems, such as: If you divide 4 packs of 9 brownies among 6 people, how many brownies
doeseach personreceive? (4x9 =36, 36 + 6 = 6).

See the Appendix, Table 2, forexamples of avariety of problem solving contexts, in which students need to find the
product, the group size, orthe number of groups. Students should be given ample experiences to explore and make
sense of ALL the different problem structures.

Examples of Multiplication:
There are 24 desksinthe classroom. If the teacher puts 6 desksin each row, how many rows are there? This task can be
solved by drawingan array by putting 6 desksin each row. Thisis an array model.

This task can also be solved by drawing pictures of equal groups. 4groups of 6 equals 24 objects

;;;;;; SRR ok SRR

A studentcouldalso reason through the problem mentally orverbally, “l know 6 and 6 are 12. 12 and 12 are 24.
Therefore, there are 4groups of 6 giving atotal of 24 desksin the classroom.”
» Major Clusters € Supporting Clusters @ Additional Clusters
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A numberline could also be used to show jumps of equal distance.

Studentsinthird grade should use a variety of pictures and symbols to represent unknown numbers (variables). Letters
are alsointroducedtorepresentunknownsinthird grade.

Students use avariety of representations for creating and solving one-step word problems, i.e., numbers, words,
pictures, physical objects, or equations. They use multiplication and division of whole numbers up to 10 x10. Students
needtoexplaintheirthinking, show theirwork by using atleast one representation, and verify thattheiransweris
reasonable.
Word problems may be represented in multiple ways:
e Equations:3x4=?,4x3=?,?+4=3,?2+3=4,?=3x4,?=4x3,4=?+3,3=?x4
e Array:
0000
0000
0000

D@

e Repeatedaddition:4+ 4+ 4 (orrepeated subtraction fordivision)

e Equal groups

e Equaljumps(distances) from0on the numberline:3equal jumpsto 12 or three equal jumps backwards from 12
to0

0123456789101112

*** As the teacher, one of the KEY understandings of multiplicative reasoning you wantto developinyour
studentsisthat multiplication extends beyond repeated addition. If students do not move from additive to
multiplicative thinking then their developmentin understanding higher mathematics will be compromised.

Students should understand thatthere is a multiplicative unitand a scaling factorinthe following mathematical
expression—3 x 5. 5 isthe multiplicative unit (multiplicand) and 3 is the scaling factor (mufltiplier) for that
multiplicative unit. Essentially the expressionis telling you that there are “3 groups of 5” or “3 copies of the 5”.

Examples of Division Situations:

Determining the number of objects in each share (partitive division, where the size of the groups is unknown):

There are 24 students at recess. The teacher wants to divide the classinto 4 lines. Write adivision equation for this story
and determine how students will be in eachline. 24+ 4 = n. The totalis known —24 students. The number of groups is
known—4 lines. The size of the groups is unknown —how many students in each line?

Determining the number of shares (measurement division, where the number of groups is unknown):

There are 24 students atrecess. The teacher wants to divide the classintolines with 6studentsin each line. Write a
division equation forthis story and determinehow many linesthe teacherwill need. 24+ 6 =n. The totalis known—-24
students. Thesize of the groups is known — 6 students in each line. The number of groups is unknown —how many lines.

»  Major Clusters € Supporting Clusters @ Additional Clusters
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Division situation with the total unknown:

There are some students atrecess. The teacherwants to divide the students so that she has 4 lineswith 6studentsin
each line. Write adivision equation forthis story and determine how many students the teacherwillneed.n+4=6 ORn
+6=4. The numberof groupsis known—4 lines. The size of the groups is known — 6 studentsin each line. The totalis
unknown—how many students? The situationis division butitis easierto solve usinga multiplication equation. So the
solution equation can be writtenas6 x4="7?

Examples of division problems using diagrams or pictures:
e Determiningthe numberof objectsin each share (partitive division, where the size of the groupsis unknown):
0 Thebag has 92 hair clips, and Laura and her three friends want to share them equally. How many hair
clipswill each personreceive?

Step 1
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e Determiningthe numberof shares (measurement division, wherethe number of groupsis unknown)
0 Max the monkeylovesbananas. Molly, histrainer, has 24 bananas. If she gives Max 4 bananas each day,
how many days will the bananas last?

Starting | Day 1 Day 2 Day 3 Day 4 Day 5 Day 6
24 24 -4 = 20-4= 16-4-= 12-4= | 8-4=4|4-4=0
20 16 12 8

Solution: The bananas will last for 6 days.

Multiplication and Division organizational tool:

Group(s) Group Size Total
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Instructional Strategies: See3.0A.1

Tools/Resources:
Illustrative Mathematics Grade 3 tasks: Scroll to the appropriate section to find named tasks.
e 3.0AA3
0 Two Interpretations of Division
0 Analyzing Word Problems Involving Multiplication
0 Giftsfrom Grandma, Variation 1
(0]

Classroom Supplies

Visit K-5 Math Teaching Resources click on Number, then on 3" Grade. Scroll

downto 3.0A.3 to accessresources specifically for this standard.

Thinking Blocks on Math Playground allows students several ways to model problems.

Greg Tang’s Word Problem Generator—allows you to select all the various situation subtypes.

For detailed information see: Learning Progressions- Operations and Algebraic Thinking K-5

Common Misconceptions: See3.0A.1
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Domain: Operations and Algebraic Thinking (OA)

P Cluster A: Represent and solve problems involving multiplication and division.

Standard:3.0A.4
Determine the unknown whole numberin a multiplication or division equation by using related equations. Forexample,
determine the unknown number that makes the equation true in each of the equations8 -?7=48; 5=m + 3;
6X6=__(3.0A4)

Suggested Standards for Mathematical Practice (MP):
v MP.1 Make sense of problemsand persevere insolvingthem.
MP.2 Reasonabstractly and quantitatively.
MP.4 Model with mathematics.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.

ASRNIENIN

Connections: See3.0A.1

Explanation and Examples:

This standard referstoTable 2 inthe Appendix of this document and equations for the different types of multiplication
and division problem structures. The easiest problem structure includes Unknown Product (3x6 = ? or 18 + 3 =6). The
more difficult problem structuresinclude Group Size Unknown (3x ? = 18 or 18 + 3 = 6) or Number of Groups Unknown
(?x6=18,18 +6 = 3).

The focus of 3.0A.4 goes beyond the traditional notion of fact families, by having students explorethe inverse
relationship of multiplication and division. Related equations allow students to see both composition and
decomposition equations.

Students apply theirunderstanding of the meaning of the equal sign as “the same value as” to interpretan equation
with an unknown. When given4xn = 40, they might think:
e 4 groupsof whatsize of each groupis the same as 40 OR 4 groups of some numberisthe same as 40

Students apply theirunderstanding of the meaning of the equal sign as “the same value as” to interpretan equation
with an unknown. When given4xn = 40, they might think:

o 4 groupsof some numberisthe same as 40

e | knowthat 4 groups of 10 is 40 so the unknown numberis 10

o The missingfactoris 10 because 4 times 10 equals 40.

Equationsinthe formof ax b =cand c=ax b should be used interchangeably, with the unknown in different positions.

Example:
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Solve the equations below:
24=7x 6
I have 24 total. If | have 6 groups, how many items should be in each of my groups? ORI have 24 total. If | have 6 items in
each group, how many groups willl have?
72+-m=9
I have 72 total. What multiplied by 9 gives me a result of 72?

Melisa has 3 bags. There are 4 marblesin each bag. How many marbles does Melisa have altogether? 3x4=m

This standard is strongly connected to 3.0A.3 when students solve problems and determine unknowns in equations.

Students should experience creating story problems for given equations. When crafting story problems, they should
carefully considerthe question(s) to be asked and answered to write an appropriate equation. Students may approach
the same story problem differently and write either amultiplication equation or division equation. Use Table 2 inthe
Appendix to help students understand situation equations. The situation equation should mirror whatis happeningin
the problem.

Instructional Strategies: See3.0A.1

Resources/Tools:

[llustrative Mathematics Grade 3 tasks: Scroll to the appropriate section to find named tasks.
e 30AA4

0 Findingthe unknowninadivisionequation

Visit K-5 Math Teaching Resources click on Number, then on 3" Grade. Scroll

downto 3.0A.4 to accessresources specifically for this standard.

Thinking Blocks on Math Playground allows students several ways to model problems.

Common Misconceptions: See3.0A.1&3.0A.2
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Domain: Operations and Algebraic Thinking (OA)

P Cluster B: Understand properties of multiplication and the relationship between multiplication and

division.

Standard:3.0A.5

Apply properties of operations as strategies to multiply and divide. Examples: If 6 - 4 = 24 is known, then4 - 6 = 24 is
also known. (Commutative property of multiplication.)3 - 5 - 2 can be foundby3 -5 = 15,then15-2 =30, orby 5 -
2 =10, then 3 - 10 = 30 . (Associative property of multiplication.) Knowing that8 -5 = 40 and 8 - 2 = 16, one can
find8-7 as 8-(5+2) =(8-5) +(8-2) =40 + 16 = 56. (Distributive property.) Students need not use formal
terms forthese properties. (3.0A.5)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere in solvingthem.
MP.4 Model with mathematics.
MP.7 Look for and make use of structure.
MP.6 Attendto precision.
MP.8 Look for and expressregularityin repeated reasoning.

ASRNINRN

Connections: (3.0A.5through 3.0A.6)
This clusteris connectedto:
e Thirdgrade 3.0A.A (Represent and solve problems involving multiplication and division).
e Secondgrade 2.0A.C(Work with equalgroups of objects to gain foundations for multiplication) and 2.G.2
(Partition a rectangle into rows and columns of same-size squares and countto find the total number of them).

Explanation and Examples:

This standard references properties of multiplication. While students DO NOT need to use the formal terms of these
properties, students should understand that properties are rules about how numbers work. Teachers should use the
correct terminology when possible.

Students need to be flexibleand fluent when applying each of the properties. Students represent expressions using
various objects, pictures, words and symbolsinorderto develop theirunderstanding of properties. They multiply by 1
and 0 and divide by 1. They change the order of numbersto determine thatthe order of numbers does not make a
difference in multiplication (but does make a difference in division). Given three factors, they investigate how changing
the order of how they multiply the numbers does not change the product. They also decompose numbers to build
fluency with multiplication.

The commutative property (order property) states that the order of numbers does not matter when addingor
multiplyingnumbers. Forexample, if astudentknowsthat5 x 4 = 20, thentheyalso knowthat 4 x 5 = 20.
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The array below could be describedasa 5 x4 array for 5 columnsand 4 rows, ora 4 x 5 array for4 rows and 5 columns.
There is no “fixed” way to write the dimensions of an array as rows x columns or columns x rows.
Students should have flexibility in being able to describe both dimensions of an array.

XX XX XX XXX
XX XX 4x5 XXXXX
XX XX or XX XXX
XX XX 5x4 XXX XX
XX XX

The associative property states thatthe sum or product stays the same when the grouping of addends orfactorsis
changed. For example, whenastudent multiplies 7x 5 x 2, a student could rearrange the numbers to first multiply 5x 2
=10 and then multiply 10x 7= 70.

Students should be introduced to the distributive property of multiplication over addition as a strategy for using
products they know to solve products they don’t know. Students use mental math to determine a product.

Here are some examples of how students could use the distributive property to find the product of 7 x 6. Again, students
should use the distributive property, but can referto this method usinginformal language such as “breaking numbers
apart”.

Example:

Students determine the products and factors of problems by breaking numbers apart. Forexample, forthe problem 6x
7 =7, students can decompose the 7intoa 5 and 2, and reach the answer by multiplying6x 5=30and 6 x 2=12 and
addingthe two products (30+12=42).

/\2

6x7=>?

12

6 6x5=30L 6x2

\ 30+12=42
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Mental Math Examples:
Here are ways that students could use the distributive property to determine the product of 7 x 6. Again, students
should use the distributive property, but can referto thisininformal language such as “breaking numbers apart”.

Student 1 Student 2 Student 3
7x6 7x6 7x6
7x5=35 7x3=21 5x6=30
7x1=7 7x3=21 2x6=12
35+7=42 21+21=42 30+12=42

To furtherdevelop understanding of properties related to multiplication and division, students use different
representations and theirunderstanding of the relationship between multiplication and divisionto determine if the
followingtypes of equations are true or false.

0x7=7x0=0 (Zero Property of Multiplication)

1x9=9x1=9 (Multiplicative ldentity Property of 1)

3x6=6x3 (Commutative Property)

8+2#2+8 (Students are only to determine thatthese are notequal)

2x3x5=6x5

10x2<5x2x2

2x3x5=10x3

1x6>3x0x2

Students represent equations and inequalities using various objects, pictures, words and symbols in order to
develop their understanding of properties. They multiply by 1 and 0 and divide by 1, never by 0. They change
the order of numbers to determine that the order of numbers does not make a difference in multiplication
(but does make a difference in division).

Given three factors, they investigate changing the order of how they multiply the numbers to determine that
changing the order does not change the product. They also decompose numbers to build fluency with
multiplication.

Use models to help build understanding of the commutative property:

Example:3x6=6x3

In the following diagram it may not be obvious that 3 groups of 6 is the same as 6 groups of 3. A student may

DI
is the same quantity as @@@

need to count to verify this.
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Different representation:

An array explicitly demonstrates the concept of the commutative property. The array just needs to be rotated.

i

4 rows of 3ordx3 3rowsof4or3x4

Students are introduced to the distributive property of multiplication over addition as a strategy for using
products they know to solve products they don’t know. For example, if students are asked to find the product
of 7 x 8, they might decompose 7 into 5 and 2 and then multiply 5x 8 and 2 x 8 to arrive at 40 + 16 or 56.

Students should learn that they can decompose either of the factors. It is important to note that the students
may record their thinking in different ways.

Decomposing the 7: Decomposing the 8:
* s 0 0 0 0 0 e
5x8=40 R 7x4=28 (0 0 o o)(o 0 o9
2x8=16 e 0 9 9 8 0 8 o|2x8=40 7x4=28 oo oofloe oo
56 L T T I T T A 56 oo ooflee oo
. 808 s 0w eo oolloeec oo
[ioioioiljzxazlﬁ ceooolle e oe
@ & & & & & 0 B
oo ooflee oo
c..y\....l

Instructional Strategies: (3.0A.5 through 3.0A.6)
Students need to apply properties of operations (commutative, associative and distributive) as strategies to multiply and
divide. Applying the conceptinvolved is more important than students knowing the name of the property.

Understanding the commutative property of multiplication is developed through the use of models as basic
multiplication facts are learned. Forexample, the result of multiplying3x 5 (15) is the same as the result of multiplying 5
x 3(15).

Splitting arrays can help students understand the distributive property. They can use aknown fact to learn otherfacts
that may cause difficulty. (Seeexampleabove wherestudents splitan array into smallerarrays and add the sums of the

groups.)

Students’ understanding of the part/whole relationships is critical in understanding the connection between
multiplication and division.
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Resources/Tools

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource referencedin the flip books requires membership access, check with your school/district to see if they have an
institutional membership which would grant you access all NCTM documents. If they do not have a membership, this
would be a valuable resource to request.

e “Multiplication--It's In the Cards” — Students skip-count and examine multiplication patterns. They also explore

the commutative property of multiplication.

e  “Multiplication--It’s In the Cards: Looking for Calculator Patterns”. —Students use a web-based calculator to
create and compare counting patterns using the constant function feature of the calculator. Making
connections between multiple representations of counting patterns reinforces students understanding of this
importantideaand helpsthemrecall these patterns as multiplication facts. From a chart, students notice that

multiplicationis commutative.

[llustrative Mathematics Grade 3 tasks: Scroll to the appropriate sectionto find named tasks.

e 3 0AB.S
0 ValidEqualities? (Part2)

Visit K-5 Math Teaching Resources click on Number, then on 3 Grade. Scroll
downto 3.0A.5 to access resources specifically for this standard.

Thinking Blocks on Math Playground allows students several ways to model problems.

NPARNSRARAGY
T . . . v A

Access the Multiplication Fact Strategies book from the KSDE Mathematics website for \Q‘ g:t“;l::_‘:::;‘; y
lessons, activities, and games that centeron using the properties of operationstobuild ¥ —— N
fact fluency: s é
N v

N Y

v Vv

N v

N N

N v

N = Y

Y = v

NAAAAAAAAAS

Common Misconceptions:

Students may experience difficulty in determining which factor represents rows orthe

numberof objectsin a group, and which factor represents the number of groups or columns. Indivision thereare two
different situations that can cause confusion depending on which factoris the unknown—thenumberinthe group (size
of the group) or the number of groups.

Students will often believe that these properties hold true for division. They must be provided opportunities to see how

thisisnot true. Telling studentsis not enough. They must experience problems that challengetheir beliefsand come to
theirown conclusions.
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Domain: Operations and Algebraic Thinking (OA)

»  Cluster B: Understand properties of multiplication and the relationship between multiplication and

division.

Standard: 3.0A.6

Understand division as an unknown-factor problem. Forexample, find 32 + 8 by finding the number that makes 32 when
multiplied by 8. (3.0A.6)

Suggested Standards for Mathematical Practice (MP):
v MP.1 Make sense of problemsand persevere insolvingthem.
v' MP.7 Look for and make use of structure.

Connections: See 3.0A.5

Explanation and Examples:

This standard refers to some of the situationsin Table 2 (see Appendix). Since multiplication and division are inverse
operations, students are expected to solve problems and explain their processes of solving division problems that can
alsobe represented as unknown factorin multiplication problems.

Example:

A studentknows that 2 x 9 = 18. How can they use that fact to determine the answer to the following question: 18
people are divided into pairsin P.E. class? How many pairs are there? Write a division equation and explain your
reasoning.

Multiplication and division are inverse operations and that understanding can be used to find the unknown. Fact
triangles demonstratethe inverse operations of multiplication and division by showing the two factors and how those
factors relate to the product and/or quotient.

Example:
e 3x5=15 5x3=15
e 15+3=5 15+5=3
e 15=3x5 15=5x3
e 5=15+3 3=15=+5

AN

Students use theirunderstanding of the meaning of the equal sign as “the same value as” to interpretan equation with
an unknown. When given 32 +~ m = 4, students may think:

e 4 groupsof some numberisthe same as 32.

e | knowthat 4 groupsof8is 32 so the unknown numberis 8.

e The missingfactoris 8 because 4 times 8 is 32.
Equationsinthe formof a+ b =cand c=a+ b needtobe usedinterchangeably, with the unknown in different positions.
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Instructional Strategies: See3.0A.5

Common Misconceptions: See 3.0A.5
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Domain: Operations and Algebraic Thinking (OA)

P Cluster C: Multiply and divide within 100 (basic facts up to 10 x 10).

Standard:3.0A.7

Fluently (efficiently, accurately, and flexibly) multiply and divide with single digit multiplications and related divisions
usingstrategies (e.g. relationship between multiplication and division, doubles, double and double again, half and then
double, etc.) or properties of operations. (3.0A.7)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
v' MP.7 Look for and make use of structure.
v MP.8 Look for andexpressregularityinrepeated reasoning.

Connections:
This clusteris connected to:
e Third Grade 3.0A.A (Developing understanding of multiplication and division and strategies for multiplication
and division within 100) and 3.0A.B (Understand properties of multiplication and the relationship between
multiplication and division).

Explanation and Examples:

This standard uses the word fluently, which means accuracy, efficiency (using areasonable amount of steps and time),
and flexibility (using strategies such as the distributive property). “Know from memory” does not mean focusing only
on timed tests and repetitive practice, but ample experiences working with manipulatives, pictures, arrays, word
problems, and numbers to internalize the basicfacts (up to 9 x 9). Strategies using decomposition and the properties of
multiplication will lead to fluency and betterretention of facts overtime.

By studying patterns and relationshipsin multiplication facts and relating multiplication and division, students builda
foundation for fluency with multiplication and division facts. Students demonstrate fluency with multiplication facts
through 10 and the related division facts. Multiplying and dividing fluently refers to knowledge of procedures,
knowledge of when and how to use them appropriately, and skill in performing them flexibly, accurately, and efficiently.

Strategies students may use to attainfluencyinclude:
o  Multiplication by zeroes and ones
e Doubles(2sfacts)
e Double and Double Again (4s)
e Doublingthree times(8s)
e Tensfacts (relatingto place value, 5x 10 is 5 tens or 50)
e Five facts (half of tensor connectto the analogclock)
e Skip counting(countinggroupsof __and knowing how many groups have been counted)
e Square numbers (the physical and visual representation of these facts makesasquare - ex:3x 3)
e Nines(10groupsless1group;e.g.,9 x3 is 10 groups of 3 minus 1 group of 3s0 30 — 3 =27)
e Decomposingintoknown facts(6x 7is adouble-6 x6 - plusone more group of 6)
e Turn-around facts (Commutative Property)
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e Related Equationsalso known as fact families (Ex:6 x4 =24; 24+ 6=4;24 +4=6;4x6=24;24 =6x4;24 =4 X
6;,6=24+4;4=24+6)

General Note: Students should have exposure to multiplication and division problems presented in both vertical and
horizontal forms. (Problems presented horizontally encourages mental computation.)

Instructional Strategies:

Students need to understand the part/whole relationships in orderto understand the connection between
multiplication and division. They need to develop efficient strategies that lead to the bigideas of multiplication and
division.

o Thesebigideasinclude understanding the properties of operations, such asthe commutative and associative

properties of multiplication and the distributive property. The naming of the propertyis not necessary at this
stage of learning.

e In Grade 2, studentsfound the total number of objects using rectangulararrays, suchas a5 x 5, and wrote
equationstorepresentthe sum. Thisis called unitizing. It requires studentsto countgroups, notjust objects.
They see the whole asa number of groups of a number of objects. This strategyis a foundation for
multiplication helping students make a connection between repeated addition and multiplication.

As students create arrays for multiplication using objects or drawing on graph paper, they should discover that three
groups of fourand four groups of three yield the same results. They should observe that the arrays containthe same
total number of squares but the orientation of the array has just rotated so the rows and columns are switched. Provide
numerous situations for students to develop this understanding. (Commutative property)

To develop anunderstanding of the distributive property, students need to decompose the wholeinto groups. Arrays are
valuable tools and should be used to develop this understanding. Tofind the product of 3 x 9, students can decompose 9
intothe sum of 4 and 5 and find 3 x (4 +5).

The distributive property is the basis forthe standard multiplication algorithm that students will use to fluently multiply
multi-digit whole numbersin Grade 5.
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Once students have an understanding of multiplication using efficient strategies, they should make the connection to
division.

Usingvarious strategies to solve different contextual problems that use the same two one-digit whole numbers
requiring multiplication allows for students to committo memory all products of two one-digit numbers.

Resources/Tools:
e Unifix cubes
e Grid or graph paper
e Setsof counters

See: K-50perationsandAlgebraicThinkingand Counting and Cardinality for detailed information.

GeorgiaDepartment of Education:
o “A Giraffe Named Stretch” - Students create and solve multiplication stories about Stretch (a giraffe) and his

children usingalist of facts given to them.
e “Making Sense of Division” - Students demonstrate how to use division as an application of money. Students

observe what happens when anamount of moneyisdivided evenly amongagroup of people ornotdivided
evenlyamongagroup of people.

‘VAV‘V‘V‘VAV‘V‘VAV‘V’

N v

§ v

T . . . Multiplication W,

Access the Multiplication Fact Strategies book from the KSDE Mathematics website forlessons, ¥ Fact Strategies ¥
activities, and games that centeron usingthe properties of operations to build fact fluency: N/ AR
N Y

N v,
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NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource referenced in the flip books requires membership access, check with your school/district to see if they have an
institutional membership which would grant you access all NCTM documents. If they do not have a membership, this
would be a valuable resource to request.
e Multiplication:It’sinthe Cards

‘ Looking for Patterns Eg
(ViEW of some of the Iessons) ‘ % o s
— ‘
vesuiysdas] Looking for Calculator Patterns EE

More Patterns with Products EE

Keeping It All Together EE

Common Misconceptions:

Studentwho struggle most likely do not have fluency for the easy numbers. The child does notunderstand an unknown
factor (a divisor) can be found from the related multiplication. Itis not a matterof instilling facts divorced from their
meaning, but ratherthe outcome of carefully designed learning. Thatinvolves the interplay of practice and reasoning.
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Domain: Operations and Algebraic Thinking (OA)

» Cluster D: Solve problems involving the four operations, and identify and explain patterns in arithmetic.

Standard:3.0A.8

Solve two-step word problems using any of the four operations. Represent these problems using both situation
equationsand/orsolution equations with aletterorsymbol standing for the unknown quantity (referto Table 1 and
Table 2 and standard 3.0A.3). Assess the reasonableness of answers using mental computation and estimation
strategiesincluding rounding. This standard is limited to problems posed with whole numbers and having whole-number
answers. (3.0A.8)

For Example:
A clown had 20 balleons. He sold some and has 12 left. Each balloon costs §2. How much money did he make?
Situation Equation: 20—-n =112
nx$2=0
Solution Equation: 20-12=1n
nxs2=0

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere insolvingthem.
MP.2 Reason abstractly and quantitatively.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.7 Look for and make use of structure.

AN NN

MP.8 Look for and expressregularityin repeated reasoning.

Connections:
This clusteris connected to:
e Representand solve problemsinvolving multiplication and division. 3.0A.A
e Use place value understandingand properties of operations to perform multi-digit arithmetic. 3.NBT.A

Explanation and Examples:

This standard refers to two-step word problems using the four operations. The size of the numbers should be limited to
3rd grade standards (e.g., 3.0A.7and 3.NBT.2). Adding and subtracting numbers should include numbers within 1000,
and multiplyingand dividing numbers should include single-digit factors and products less than 100.

This standard also expects students to represent problems using equations with aletterto represent unknown
quantities.

Example:

Mike runs 2 milesaday. His goal isto run 25 miles. After5days, how many miles does Mike have lefttorunin orderto
meet his goal? Write an equationto show this problem situation. (25=2 x5 + m).
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This standard refers to estimation strategies, including rounding which would expect the use of compatible numbers

(numbersthatsumto 10, 50, or 100). The focusin this standardis to have students use and discuss various strategies.
Students should estimate during problem solving, and then revisit their estimate to check forreasonableness.

Example:
Here are some typical estimation strategies forthe following problem:

On avacation, yourfamily travels 267 miles on the first day, 194 miles onthe second day and 34 miles onthe third day.
About how many total miles did they travel?

Student 1 Student 2 Student 3
I firstthought about 267 and 34. 1 I firstthought about 194. Itis reallyclose I rounded 267 to 300.1 rounded 194 to
noticed that their sumis about300. Then | to 200.1 alsohave2 hundreds in267.That | 200.Irounded 34 to 30. When | added
I knew that 194 is closeto 200. When | gives me a total of 4 hundreds. Then | have | 300,200and 30, | know my answer will
put 300 and 200 together, | get 500. 67 in 267 and the 34. When | put 67 and 34 | be about 530.

together that isreallycloseto 100. When |
add that hundred to the 4 hundreds that |
already had, | end up with 500.

When assessing estimation strategies you could have more than one reasonable answer (500 or 530), or students could
provide arange (between 500 and 550). Problems should be structured so that all acceptable estimation strategies will
arrive at a reasonable answer. Students should be expected to explain theirthinkingin arriving at their estimation.

Student should use various estimation skills solve word problems. They shouldinclude:
e identifyingwhen estimationis appropriate
e determiningthe level of accuracy needed
e selectingthe appropriate method of estimation
e verifyingsolutions or determining the reasonableness of solutions.

Estimation strategiesinclude, butare notlimited to:
e usingbenchmark numbersthatare easy to compute
e front-end estimation with adjusting:
1. (usingthe highestplace value and estimating from the front end making adjustments to the estimate by
takinginto account the remainingamounts)
2. roundingand adjusting (students round down orround up and then adjust their estimate dependingon
how much the rounding changed the original values)

Problem Solving without Estimation
Itisimportantthat students be exposed to multiple problem-solving strategies (using any combination of words,
numbers, diagrams, physical objects or symbols) and be able to choose which onesto use.
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Examples:
e Jerryearned 231 pointsat school last week. Thisweek he earned 79 points. If he uses 60 pointsto earn free

time ona computer, how many points will he have left?
60

9 + 70 = 79

231'.......

g
220 230 240 250 260 270 280 290 300 310 320

A student may use the numberline above to describe his/herthinking, “231+ 9 =240 so now | need to add 70 more.
240, 250 (10 more), 260 (20 more), 270, 280, 290, 300, 310 (70 more). Now | need to countback 60. 310, 300 (back 10),
290 (back 20), 280, 270, 260, 250 (back 60).”

A student writes the equation, 231 + 79 —60 = m and uses rounding (230 + 80 — 60) to estimate.
A studentwrites the equation, 231 + 79 —60 = m and calculates 79-60 = 19 and then calculates 231 + 19 =m.

The soccer clubis going on a trip to the water park. The cost of attendingthe tripis $63. Included in that price is $13 for
lunch and the cost of 2 wristbands, one forthe morningand one for the afternoon. Write an equationrepresenting the
cost of the field trip and determinethe price of one wristband.

i Wi 13

B3

III

The above diagram helps the student write the equation, w+ w + 13 = 63. Using the diagram, a student might think,
know that the two wristbands cost $50 ($63-$13) so one wristband costs $25.” To check for reasonableness, astudent
might use frontend estimation and say 60-10 = 50 and 50 + 2 = 25.

Instructional Strategies: (3.0A.8through3.0A.9)

Students gain a full understanding of which operation to use in any given situation through contextual problems.
Numberskills and concepts are developed as students solve problems. Problems should be presented on aregular basis
as students work with numbers and computations.

When students think about the situation of the problem and write an equation to fit the situation, thenthey can use
theirunderstanding of how operations work to create an equation that will be easierto use to solve the problem. Here
isa simple example:/ had 24 cookies. My friend gave me some more cookies so now | have 36. How many did my friend
give me? To tell students to subtract can be confusingto them because thisis definitely ajoiningsituation. But if
students write the equation 24+ n = 36, thenthey can think about the relationship between addition and subtraction to

create a related equation (solution equation) in orderto find the solution. 36 —24 = n.

Researchers and mathematics educators advise against providing “key words” for students tolook forin problem
situations because they can be misleading and if key words are helpful they only provide aclue to one of the stepsinthe
problem. Thisis not helpful now that students are expected to solve multistep problems. Students should use various
strategiesto solve problems. Students should analyze the structure of the problem to make sense of it. They should
think through the problem and the meaning of the answer before attemptingto solveiit.
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Encourage students to represent the problem situation with adrawing or with counters/blocks. Students should
determine the reasonableness of the solution to all problems using mental computations and estimation strategies.

Students can use base—ten blocks on centimeter grid paperto construct rectangulararrays to represent problems.

Students should use arithmetic patterns and explain the patterns using properties of operations. They can explore
patterns by determininglikenesses, differences and changes. Use patternsin addition and multiplication tables.

Resources/Tools:

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource referencedin the flip books requires membership access, check with your school/district to see if they have an
institutional membership which would grant you access all NCTM documents. If they do not have a membership, this
would be a valuable resource to request.

e “Multiplication--It's In the Cards” — Students skip-count and examine multiplication patterns. They also explore

the commutative property of multiplication.
e “Multiplication--It’s In the Cards: Looking for Calculator Patterns” — Students use aweb-based calculatorto

create and compare counting patterns usingthe constant function feature of the calculator. Making
connections between multiple representations of counting patterns reinforces students’ understanding of this
importantideaand helpsthemrecall these patterns as multiplication facts. From a chart, students notice that
multiplication is commutative.

[llustrative Mathematics Grade 3 tasks: Scroll to the appropriate sectionto find named tasks.
e 30AD.8
0 The Stamp Collection
0 TheClassTrip

Visit K-5 Math Teaching Resources click on Number, then on 3 Grade. Scroll
downto 3.0A.8 to accessresources specifically for this standard.

Thinking Blocks on Math Playground allows students several ways to model problems.

Common Misconceptions:

Students frequently learn computation strategies without understanding the benefit of estimation. Estimation assistsin
determiningif answers are reasonableare not. You may decide to work on estimation before tackling specificstrategies
for computation. Talk about the reasonableness of answers and have the students defend their estimations.

If students are not allowed to think about the situation of the problems thenthey begin to believethat math doesn’t

make sense. If the problemis ajoiningsituation butyou tell the students to subtract without making the connection to
the relationship between the operations, then this will lead to confusion and misconceptions that are hard to overcome.
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Domain: Operations and Algebraic Thinking (OA)

»  Cluster D: Solve problems involving the four operations, and identify and explain patterns in arithmetic.

Standard:3.0A.9

Identify arithmetic patterns (including patternsinthe addition table or multiplication table), and explain them using
properties of operations (See Table 5). Forexample, observe that 4times a number is always even, and explain why 4
times a number can be decomposed into two equaladdends. (3.0A.9)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere insolvingthem.
MP.2 Reason abstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of other.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.

ASRNENIN

Connections: See 3.0A.8

Explanation and Examples:
This standard calls forstudents to examine arithmetic patterns involving both addition and multiplication.

Arithmeticpatterns are patterns that change by the same rate, such as adding the same number. Forexample, the series
2,4, 6,8, 10 isan arithmetic patternthatincreases by 2 between eachterm.

This standard also mentionsidentifying patterns related to the properties of operations.

Examples:
e Evennumbersare always divisible by 2. Even numbers can always be decomposedinto 2equal addends

(14=7+7).

e Multiples of evennumbers (2, 4, 6, and 8) are always even numbers.

e Onamultiplication chart, the productsin each row and columnincrease by the same amount (skip counting).

e Onan additionchart, the sumsineach row and column increase by the same amount.

e Usinga multiplication table, highlight arow of numbers and ask students what they notice about the highlighted
numbers.

Explainapattern using properties of operations.

When (commutative property) one changes the order of the factors they will still get the same product, example 6x 5 =
30 and 5 x 6 = 30.

Teacher: What pattern do you notice when 2, 4, 6, 8, or 10 are multiplied by any number(even orodd)?

Student:The product will always be an even number.

Teacher: Why?
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In an addition table ask what patternsthey notice. Explain why the pattern works this way?

Students need ample opportunities to observe and identify important numerical patterns related to operations. They
should build ontheir previous experiences with properties related to addition and subtraction. Students investigate

addition and multiplication tablesin search of patterns and explain why these patterns make sense mathematically.
(MPs 7&8).

All of the understandings of multiplication and division situations, of the levels of representation and solving, and of
patterns need to culminate by the end of Grade 3 in fluent multiplying and dividing of all single digit numbers and 10.

It should be clear, this does not mean instilling facts divorced from their meanings, but rather the outcome of a carefully
designed learning process that heavily involved the interplay of PRACTICE and REASONING. (Learning Progressions-
Operations and Algebraic Thinking K-5).

Examples:

e Anysum oftwo evennumbersiseven.

e Anysum of two odd numbersiseven.

e Anysum ofan evennumberandan odd numberis odd.

e Themultiplesof4,6, 8 and 10 are all even because they canall be decomposedintotwo equal groups.

e Thedoubles(2addendsthe same)inan additiontable fall on adiagonal while the doubles (multiplesof 2) ina
multiplication tablefall on horizontal and vertical lines.

o The multiples of any numberfall on ahorizontal and a vertical line due to the commutative property.

e Allthe multiplesof5endina0 or5 while all the multiples of 10 end with 0. Every other multiple of 5isa
multiple of 10.

Students alsoinvestigate ahundreds chartin search of addition and subtraction patterns. They record and organize all
the different possible sums of anumberand explain why the pattern makes sense.

Addend Addend Sum

0 20 20
1 19 20
2 18 20
3 17 20
4 16 20
? ? ?

? ? ?

? ? ?

20 0 20
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Instructional Strategies: See3.0A.8

Resources/Tools:
Illustrative Mathematics Grade 3 tasks: Scroll to the appropriate section to find named tasks.
e 30A.D.9
0 Addition Patterns

0 Patternsinthe multiplicationtable
0 Symmetryof the additiontable
0 Makingaten

Visit K-5 Math Teaching Resources click on Number, then on 3" Grade. Scroll

downto 3.0A.9 to accessresources specifically for this standard.

Common Misconceptions:

The studentis not able to follow the conventions of order of operations. They randomly attack pairs of numbers without
regard for what the associative and distributive properties require. They do notlook forand make use of structure
(MP7) or they do notfollow the “rules of the road”.
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Domain: Number and Operations in Base Ten (NBT)

@® Cluster A: Use place value understanding and properties of operations to perform multi-digit arithmetic.

Standard: 3.NBT.1

Use place value understanding to round whole numbers to the nearest 10 or 100. (3.NBT.1)

Suggested Standards for Mathematical Practice (MP):
v MP.5 Use appropriate tools strategically.
v' MP.7 Look for and make use of structure.
v MP.8 Look for and expressregularityin repeated reasoning.

Connections: (3.NBT.1through 3.NBT.3)
This clusteris connectedto:
e Thecontentin thisclustergoesbeyondthe critical areas to address solving multi-step problems.
e Theroundingstrategies developedinthird grade will be expandedin grade four with larger numbers.
e Additionally, students willformalize the rules forrounding numbers with the expansion of numbersinfourth
grade.
o Infourthgrade, the place value concepts developedin grades K-3will be expanded to include decimal notation.
e Understand place value. (2.NBT.1-4 and 2.NBT.5-9)

Explanation and Examples:
This standard refers to place value understanding, which extends beyond an algorithm or procedure for rounding. The

expectationisthatstudents have adeep understanding of place value and numbersenseand can explain and reason
aboutthe answersthey get whentheyround.

Students should have numerous experiences usinganumberline and a hundred chart to supporttheirwork with
rounding. Studentslearn whenand whyto round numbers. They identify possible answers and halfway points. They
also understand that, by convention, if anumberis exactly at the halfway point of two possibleanswers, the numberis
rounded up.

Example: Round 178 to the nearest 10.

Step 1
- — Step 1: The answer is either 170 or 180.
170 180
Step 2
-« I — Step 2: The halfway point is 175.
170 175 180
Step 3
o] ! 178 .+ Step 3: 178 is between 175 and 180.
170 175 180
StIE:pI 4 . .
| 1 * — ] .
170 175 1:«'&.5:"1!:_“:l Step 4: Therefore, the rounded number is 180.
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Instructional Strategies:
Priorto implementing rules for rounding students need to have opportunities toinvestigate and explore place value. A
strong understanding of place value is essential for the development of numbersenseand the subsequent work that
involves rounding numbers.

Building on previous understandings of the place value of digits in multi-digit numbers, place valueis used to round
whole numbers. Dependence onlearningrules can be eliminated with strategies such as the use of a numberline to
determine which multiple of 10 or of 100, a numberis nearest (5 or more rounds up, lessthan 5 rounds down). As
students’ understanding of place value increases, the strategies forrounding are valuable for estimating, justifyingand

predictingthe reasonableness of solutionsin problem-solving.

Continue to use manipulatives like hundreds charts, place-value charts, and numberlines.

Below, anumberline has been usedtoshow several examples of whole numbers beingrounded to the nearest tens

place.
Round Round Round Round Round
to0 to 10 to 20 to 30 to 40

Tools / Resources:
See Learning Progressions NBT for detailed information.

[llustrative Mathematics Grade 3 tasks: Scroll to the appropriate section to find named tasks.
e 3.NBT.A.1
0 Roundingto 50 or 500
0 Roundingtothe NearestTenand Hundred
0 Roundingtothe Nearest 100 and 1000

Alsosee: “Correctingthe Calculator,” NCSM, Great Tasks for Mathematics K-5, (2013).

Visit K-5 Math Teaching Resources click on Number, then on 3" Grade. Scroll
downto 3.NBT.1to access resources specifically for this standard.
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Common Misconceptions: (3.NBT.1through 3.NBT.3)

The use of terms “round up” and “round down” confuse many students. Forexample, the number37 would round to 40
orit “roundsup”. The digitinthe tens place is changed from 3 to 4 (rounds up). This misconception is what causes the
problemwhen applied to rounding down. The number32should be rounded (down) to 30, but using the logic
mentioned forrounding up, some students may look atthe digitin the tens place and take it to the previoustens place
before 30, resultinginthe incorrect value of 20. To remedy this misconception, students need to use anumber line to

visualize the placement of the numberand ask questions such as: “32 comes between which tens? Which ten is it closer
to?”

Developing the understanding of the WHY behind rounding, what the answer choices are, using place value
understandingto round numbers (ratherthanrelyingon rounding rhymes e.g. Find your number, look next door, five or
greateradd on one more!) can alleviate much of the misconception and confusion related to rounding.
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Domain: Number and Operations in Base Ten (NBT)

@® Cluster A: Use place value understanding and properties of operations to perform multi-digit arithmetic.

Standard: 3.NBT.2

Fluently (efficiently, accurately, & flexibly) add and subtract within 1000 using strategies (e.g. composing/decomposing
by like base-10 units, using friendly or benchmark numbers, using related equations, compensation, number line, etc.)
and algorithms (including, but notlimited to: traditional, partial-sums, etc.) based on place value, properties of
operations, and/orthe relationship between addition and subtraction. (3.NBT.2)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
v' MP.7 Look for and make use of structure.
v MP.8 Look for and expressregularityin repeated reasoning.

Connections: See 3.NBT.1

Explanation and Examples:

This standard refers to fluently, which means with accuracy, efficiency (using areasonable number of stepsand time),
and flexibility (using strategies such as the distributive property). The word algorithm refers to a procedure or a series of
steps. There are otheralgorithms otherthan the standard/traditional algorithm. Third grade students should have
experiences beyond the standard/traditional algorithm. Infact, itis argued that students should be introduced to other
algorithms (such as partial sums) that are firmly rooted in place value before introducing the traditional algorithm.

Problems should include both vertical and horizontal forms, including opportunities for students to apply the
commutative and associative properties. Students explain theirthinking and show their work by using strategies and
algorithms, and verify that theiransweris reasonable.

Example:
There are 178 fourth graders and 225 fifth graders on the playground. Whatis the total number of students on the
playground?

Student 1 Student 2 Student 3 Student 4
100 + 200 = 300 ladded 2 to 178 to get 180. | I know the 75 plus 25 equals 178 + 225 =7
70+ 20 =90 added 220 to get 400. | added | 100. Ithen added 1 hundred 178 + 200 = 378
8+5=13 the 3 left over to get 403. from 178 and 2 hundreds 378 + 20 = 398
300 + 90 + 13 = 403 students from 275. 1 had a total of 4 398 + 5 = 403

hundreds and 1 had 3 more
left to add. So | have 4
hundreds plus 3 more whichis
403.
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Adding and subtracting fluently refers to knowledge of procedures, knowledge of when and how to use them

appropriately, and skill in performing them flexibly, accurately, and efficiently.

Example:
e Mary read 573 pagesduringhersummerreading challenge. She was only required to read 399 pages. How many
extrapages did Mary read beyond the challenge requirements?

Students may use several approachesto solve the problem. Examples of these methods are listed below:
e 399 +1 =400, 400 +100 =500, 500 + 73 = 573, therefore 1+ 100 + 73 = 174 pages (Adding up strategy)
e 400 +100 is500; 500 + 73 is 573; 100 + 73 is 173 plus 1 (for399, to 400) is 174 (Compensation strategy)
e Take away 73 from 573 to get to 500, take away 100 to get to 400, and take away 1 to get to 399. Then 73 +100
+ 1= 174 (Subtracting to countdown strategy)
e 399 +1is400, 500 (that’s 100 more). 510, 520, 530, 540, 550, 560, 570, (that’s 70 more), 571, 572, 573 (that’s 3
more) sothe totalis1 + 100 + 70 + 3 = 174 (Adding by friendly numbers strategy)

Instructional Strategies: (see cluster 2.NBT.Bfor strategies that students were introduced to in second grade)
Strategies used to add and subtract two-digit numbers can now be applied to fluently to add and subtract whole
numbers within 1000. These strategies should be discussed so that students can make comparisons and move toward
efficient methods.

Addition strategies based on place value for 348 + 537 may include:
e Addingby place value:300 + 500 = 800 and 40 + 30 = 70 and 8 + 7 =15. Then 800 + 70 + 15 = 885.
e Incremental adding (breaking one numberinto hundreds, tens, and ones): 537 + 100 =637, 637 + 100 = 737, 737
+100 = 837. Then 837 + 10 =847, 847 + 10 = 857, 857 + 10 =867, 867 + 10 = 877. Then 877 + 8 = 885.
e Compensation (makingafriendly number): Take 2 from 537 and move those 2 to the 348 to make 350 + 535.
Much easierto add these to get 885. Definition of compensation method would be helpful.

Subtraction strategies based on place value for81 - 37 may include:
e Addingup (fromsmallernumbertolargernumber): 37+ 3=40, 40 +40=80, 80+ 1 =81, and 3 +40 +1 = 44.
e Incremental subtracting:81-10=71, 71 -10=61, 61 -10=51, 51 — 7 =44.
e Subtractingby place value: 81 —30=51, 51 -7 =44,

Numbersense and computational understandingis built on a firm understanding of place value.
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Resources/Tools:
[llustrative Mathematics Grade 3 tasks: Scroll to the appropriate section to find named tasks.
e 3.NBT.A.2
0 Classroom Supplies

Visit K-5 Math Teaching Resources click on Number, then on 3" Grade. Scroll
downto 3.NBT.2 to access resources specifically for this standard.

Thinking Blocks on Math Playground allows students several ways to model
problems.

Common Misconceptions: See 3.NBT.1

Students may think thatthe 4 in 46 represents 4, not 40 or 4 tens. Students need many experiences representing two-
and three-digit numbers with manipulatives that group (base ten blocks) and those that do NOT group, such as counters,
etc.
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Domain: Number and Operations in Base Ten (NBT)

@® Cluster A: Use place value understanding and properties of operations to perform multi-digit arithmetic.

Standard: 3.NBT.3

Multiply one-digit whole numbers by multiples of 10 in the range 10 to 90 (e.g. 9 - 80, 5 - 60) using strategies based on
place value and properties of operations. (3.NBT.3)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
v MP.7 Look for and make use of structure.
v MP.8 Look for and expressregularity in repeated reasoning.

Connections: See 3.NBT.1

Explanation and Examples:

This standard extends students’ work in multiplication by having them apply their understanding of place value.

This standard expects students to go beyond tricks that hinderunderstanding such as “just adding zeroes” and explain
and reason abouttheirproducts. For example, in the problem 50 x 4, students should think of this as 4 groups of 5 tens
or 20 tens. Twenty tens equals 200.

Students use base ten blocks, diagrams, or hundreds charts to multiply one-digit numbers by multiples of 10 from 10-90.
They apply their understanding of multiplication and the meaning of the multiples of 10. For example, 30is 3 tensand
70 is 7tens. Theycan interpret 2 x 40 as 2 groups of 4 tens or 8 groups of ten. They understand that5 x 60 is 5 groups of
6 tensor 30 tensand know that 30 tensis 300. Afterdevelopingthis understandingthey begin to recognize the patterns
in multiplying by multiples of 10.

*** As the teacher, one of the KEY understandings of multiplicative reasoning you wantto developinyour
studentsisthat multiplication extends beyond repeated addition. If students do not move from additive to
multiplicative thinking then their developmentin understanding higher mathematics will be compromised.
Students should understand that there is a multiplicative unitand a scaling factorinthe following mathematical
expression—3 x 50. 50 or 5 tensis the multiplicative unit (multiplicand)and 3 is the scaling factor (multiplier)
for that multiplicative unit. Essentially the expressionis telling you that there are “3 groups of 50/5 tens” or “3
copies of 50/5 tens”. This seemsitisbeingrepeated from previous.
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Instructional Strategies:

Understanding what each numberin a multiplication expression representsisimportant. Multiplication problems need
to be modeled with pictures, diagrams or concrete materials to help students understand what the factors and products
represent. The effect of multiplying numbers needs to be examined and understood.

The use of area modelsisimportantin understanding the properties of operations of multiplication and the relationship
of the factors and its product. Composingand decomposing areamodelsis useful in the development and
understanding of the distributive property in multiplication.

5x8 =40

* S| & & & @
® ol & & @ @
® ol & & @ @
® ol & & @ @
*® ol & & @ @
* @l & & @ @

.
]2x8=16

Resources/Tools:
See EngageNY Modules

[llustrative Mathematics Grade 3 tasks: Scroll to the appropriate section to find named tasks.
e 3.NBT.A.3
0 How Many Colored Pencils?

Visit K-5 Math Teaching Resources click on Number, then on 3" Grade. Scroll
downto 3.NBT.3 to access resources specifically for this standard.

Thinking Blocks on Math Playground allows students several ways to model problems.

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource referencedin the flip books requires membership access, check with your school/district to see if they have an
institutional membership which would grant you access all NCTM documents. If they do not have a membership, this
would be a valuable resource to request.

e Multiplication:It’sinthe Cards i 5
(view of some of the lessons) { %
—

Looking for Calculator Patterns EE

More Patterns with Products 3

Keeping It All Tagether EE

Common Misconceptions: See 3.NBT.1
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Domain: Number and Operations—Fractions (NF)

»  Cluster A: Develop understanding of fractions as numbers.
Grade 3 expectations in this domain are limited to fractions with denominators 2, 3, 4, 6, and 8.

Standard: 3.NF.1
Understand a fraction% as the quantity formed by 1 part when a whole is partitioned into b equal parts; understand a

fraction % as the quantity formed by a parts of size %. (3.NF.1)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere insolvingthem.
v MP.4 Model with mathematics.
v' MP.7 Look for and make use of structure.

Connections:
This clusteris connectedto:
e Partitioningtraditional shapesinto equal parts (Grade 1.G.3) & Partition circles and rectanglesinto two, three,
or four equal shares, describethe shares usingthe words halves, thirds, half of, a third of, etc., and describe the
whole astwo halves, three thirds, fourfourths (2.G.3).

Explanation and Examples:

Grade 3 expectationsin this domain are limited to fractions with denominators 2, 3, 4, 6, and 8.

This standard refers to the sharing of a whole being partitioned or split. Fraction modelsin third grade include area
models (circles, rectangles, squares, etc.)and linear models (linear, measurement). Set models (parts of agroup) are not
expectedtobe masteredin Third Grade.

In 3.NF.1students should focus onthe conceptthata fractionis made up (composed) of many pieces of a unit fraction,

. .3, . . 1
which has a numerator of 1. For example, the fractlong|s composed of 3 piecesthateach have a size of =

Some important concepts related to developing understanding of fractionsinclude:
e Understand fractional parts must be equal-sized
Example Non-example

e The number of equal parts tells how many make a whole.
e Asthenumberofequal piecesinthe whole increases, the size of the fractional pieces decreases.
e Thesize of the fractional partis relative to the whole.
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To develop understanding of fair shares, students first participate in situations where the number of equal partsis

greaterthan the number of children and then progress into situations where the number of equal partsisless than the
number of children.

Examples of Area or Region Models:
e Four childrenshare apan of brownies sothateach child receives afairshare. How much of the pan of brownies
will each child receive?
e Sixchildrenshare two pans of brownies so that each child receives afairshare. What portion will each child
receive?
e What fraction of the rectangle is shaded? How might you shade the rectangle in another way butend up with
the same fraction shaded?

Solution:

1
or —
2

INJEN)

Example of a Linear Model:
What fraction doesthe lettera represent on thisnumberline? (Linear Model) Explain yourthinking.

»
| ‘ | g

a

<
<

Instructional Strategies: (3.NF.1through 3.NF.3)

Understandingfractionsis an essential elementif students are to be successful in higher mathematics. 3" grade lays the
foundation forthis understanding so the use of concrete manipulatives, visuals, diagrams, and language cannot be
overemphasized.

Thisis the initial experiencestudents willhave with fractions and instruction is bestimplemented overan extended
period of time. Students need many opportunities to discuss fractional parts using concrete models to develop
familiarity and understanding of fractions.

Understanding that a fractionis a quantity formed by part of a whole is essential to number sense with fractions.
Fractional parts are the building blocks forall fraction concepts. Students need torelate dividing ashape into equal parts
and representing this relationship onanumberline, wherethe equal parts are between two whole numbers.

. . . . . 4
Help students plot fractions ona numberline, by using the meaning of the fraction. Forexample, to plotg onanumber

line, there are 5 equal parts with 4 copies of the 5 equal parts. 5 equal parts make the whole. The unit fraction is % .

v

y 3

S o
ul |l N
"l
SEES

4 copiesofthe 5 equal parts represent the fractional amount shown on this numberline.
Knowing the whole and the unit fraction is critical when understanding and working with fractions.
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As students counted with whole numbers, they should also count with fractions. Counting equal-sized parts helps

students determine the number of partsit takes to make a whole and recognize fractions that are equivalenttowhole
numbers. Make sure you count beyond the whole number 1. Too frequently students believe fractions only exist
between0and 1. They must build the understanding that fractions definitely more beyond 1.

Tools / Resources
Illustrative Mathematics Grade 3 tasks: Scroll to the appropriate section to find named tasks.
e 3NFA.1
0 Namingthe Whole fora Fraction
0 Halves, thirds, and sixths

See: “Fraction Reactions,” NCSM, Great Tasks for Mathematics K-5, (2013).

For detailed explanations and examples seethe Numberand Operations - Fractions learning progression.

Visit K-5 Math Teaching Resources click on Number, then on 3 Grade. Scroll
downto 3.NF.1to access resources specifically for this standard.

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource referenced in the flip books requires membership access, check with your school/district to see if they have an
institutional membership which would grant you access all NCTM documents. If they do not have a membership, this
would be a valuable resource to request.

e Accessthislinktoview many quality lessons and interactives focusing on fractions.

Common Misconceptions:

The ideathat the smallerthe denominator, the smallerthe piece, orthe largerthe denominator, the largerthe piece, is
based on the thinking and reasoning students used with working with whole numbers (the smalleranumber, the less it
is,or the larger a number, the moreitis). The use of different models, such as fraction bars and numberlines, allows
studentsto compare unitfractions to reason about theirsizes and correct this misconception.

Students think all shapes can be divided the same way. Present shapes otherthancircles, squares orrectangles to
preventstudents from overgeneralizing that all shapes can be divided the same way. Forexample, have students fold a
triangle into eighths. Provide oral directions for folding the triangle:

Fold the triangle into half by folding the left vertex (atthe base of the triangle) overto meetthe rightvertex.
Foldin this mannertwo more times.

3. Havestudentslabel each eighth usingfractional notation. Then, have students count the fractional partsin the
triangle (one-eighth, two-eighths, three-eighths, and so on).

Students frequently will count “tick marks” on numberlines (linear/length model) ratherthan the distance orregion
partitioned. Fractional pieces is the space between the tick marks, not the tick marks themselves.
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Domain: Number and Operations—Fractions (NF)

P Cluster A: Develop understanding of fractions as numbers.
Grade 3 expectations in this domain are limited to fractions with denominators 2, 3, 4, 6, and 8.

Standard: 3.NF.2
Understand a fraction as a numberon the numberline; represent fractions onanumberline diagram.
3.NF.2a. Representafraction% on a numberline diagram by definingthe intervalfrom0to 1 as the whole and

partitioningitinto b equal parts. Recognize that each part has size and that the endpoint of the part

based at 0 locatesthe number%on the numberline. (3.NF.2a)

Ex:
. . . . 1 .
3.NF.2b. Representafractlon%on anumberline diagram by marking offa Iengths;from 0. Recognize thatthe
resultinginterval has size%and thatits endpointlocatesthe number% onthe numberline (aisthe

countable units of % thatdeterminesthe place onthe numberline). (3.NF.2b)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere in solvingthem.
v' MP.4 Model with mathematics.
v' MP.7 Look for and make use of structure.

Connections: See 3.NF.1

Explanation and Examples:

Third grade is the firsttime students will work with anumberline for numbers that are between whole numbers (e.g.,
1.
that; is betweenOand 1).

In the numberline diagram below, the space between Oand 1 is divided (partitioned) into 4equal regions. The distance

from O to the first segmentis 1 of the4 segmentsfromOto 1 or i (3.NF.2a). Similarly, the distance from Oto the third

segmentis 3 segmentsthat are each one-fourthlong. Therefore, the distance of 3segmentsfromQisthe fractionz
(3.NF.2b).
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Students transfertheir understanding of parts of a whole to partitionanumberline into equal parts. There are two new

concepts addressedinthis standard which students should have time to develop.

1. Onanumberlinefrom0to 1, students can partition (divide) itinto equal parts and recognize that each

segmented partrepresents the same length.

1111
4.4 .3, 3

L 1
] ]
L 1
] L]
0 i

2. Studentslabel each fractional partbased on how faritis from zeroto the endpoint.

i

Instructional Strategies: See3.NF.1

Tools / Resources:
See: “Fraction Reactions,” NCSM, Great Tasks for Mathematics K-5, (2013).

Illustrative Mathematics Grade 3 tasks: Scroll to the appropriate section to find named tasks.

e 3.NF.A.2

Locating Fractions Less than One on the NumberLine
Closestto 1/2

Locating Fractions Greater than One on the Number Line
Find1

Find 2/3

Whichis Closerto 1?

Find 1/4 Startingfrom 1, Assessment Version

Find 7/4 startingfrom 1, Assessment Variation

Find 1 Startingfrom 5/3, Assessment Variation

o

OO0 O0O0O0O0OO0Oo

Visit K-5Math Teaching Resources click on Number, then on 3 Grade. Scroll
downto 3.NF.2 to access resources specifically for this standard.

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource referencedin the flip books requires membership access, check with your school/district to see if they have an
institutional membership which would grant you access all NCTM documents. If they do not have a membership, this
would be a valuable resource to request.

e Accessthislink toview many quality lessons and interactives focusing on fractions.

Common Misconceptions: See 3.NF.1
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Domain: Number and Operations—Fractions (NF)

»  Cluster A: Develop understanding of fractions as numbers.

Grade 3 expectations in this domain are limited to fractions with denominators 2, 3, 4, 6, and 8.

Standard: 3.NF.3

Explain equivalence of fractions, and compare fractions by reasoning about theirsize (itis a mathematical convention
that when comparing fractions, the whole isthe same size).

3.NF.3a.

3.NF.3b.

3.NF.3c.

3.NF.3d.

Understand two fractions as equivalent (equal) if they are the same size, orthe same pointona number
line.(3.NF.3a)

NN

Recognize and generate simple equivalent fractions, (e.g. % = ,% = %.) Explainwhy the fractions are
equivalent, e.g. by using a visual fraction model. (3.NF.3b)

Express whole numbers asfractions, and recognize fractions that are equivalent to whole numbers.
Examples: Express 3 in the form 3 = %; recognizethat % = 6, locate ;i and 1 atthe same point of a
number line diagram. (3.NF.3c)

Compare two fractions with the same numerator or the same denominator by reasoning about their
size. Recognize that comparisons are valid only when the two fractions referto the same whole. Record
the results of comparisons with the relational symbols >, <, =, or #, and justify the conclusions, (e.g. by
using a visualfraction model.) (3.NF.3d)

Suggested Standards for Mathematical Practice (MP):

v

NUANENENENEN

MP.1
MP.2
MP.3
MP.4
MP.6
MP.7
MP.8

Make sense of problems and persevere in solvingthem.
Reason abstractly and quantitatively.

Constructviable arguments and critique the reasoning of other.
Model with mathematics.

Attendto precision.

Look for and make use of structure.

Look for and express regularity in repeated reasoning.

Connections: See 3.NF.1

Explanation and Examples:

Equivalence isacore conceptin mathematics. Students must not be shortchangedinthe amountof time needed to
work to develop afirm understanding of this concept. Often students who claim to understand what the equal sign

meansinan equation (6x 4 = 24), will be confused when the equationis given as 24 = 6 x 4. This confusion can get
furthermuddledif time is not given when working with equivalence in fractions.

As adults, we know that when comparing fractional amounts, the whole must be the same. Often thisassumptionis

. . . 1. 2 . .
continued intextbooks. It will be stated that; isequal to " but thisonly true when they are referring to the same whole.

This assumption cannot be made with children. We need to be explicitwhen comparing fractions.

An important concept when comparingfractionsistolook at the size of the parts and the number of the parts. For

1, 1 . . . .
example, 3is smallerthan > because when 1wholeis cut into 8 pieces, the pieces are much smallerthan whenthe same
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1 wholeiscutinto 2 pieces. (Students can SEE this by modeling----folding the same size paperin half, in half again, and

soon.)

3.NF.3a and 3.NF.3b expectstudentsto use visual fraction models (such as area models), numberlines, and reasoning
abouttheirsize to explore the idea of equivalent fractions. Students at this level should explore equivalent fractions
using models, rather than usingalgorithms.

. . . . 5 3
When using reasoningto compare fractions, students can think of benchmarks. For example, | can compare andz by
- - .5, 1 3.1 1, .
thinkingabouttheirdistance from1on a numberllne.g|s onlygawayfrom 1, but‘—L is away from 1. Sisa largerportion

13, . . 5. 3
thangsoz is a greaterdistance away from 1. This meansthatgls greaterthanz .

. . - . . 1
In this standard, students should also reason that comparisons are only valid if the wholes are identical. For example,;
of alarge pizzaisa different amountthan;ofa small pizza. Studentsshould be given opportunities to discuss and

1.
reason aboutwhlchE is larger.

An important concept when comparingfractionsistolook at the size of the parts and the number of the parts. For
1, 1 . . . .
example,gls smallerthangbecause when 1wholeiscutinto 8 pieces, the pieces are much smallerthan when 1whole

iscut into 2 pieces.

Students recognize when examining fractions with common denominators, the wholes have been divided into the same

number of equal parts. So the fraction with the larger numerator has the larger number of equal parts.
2 5

_<_
6 6

To compare fractions that have the same numerator but different denominators, students understand that each fraction
has the same number of equal parts but the size of the parts are different. They caninferthat the same number of

smallerpiecesislessthanthe same numberof bigger pieces.
3

<3
8 4

This standard alsoincludes writing whole numbers as fractions. The conceptrelates to fractions as division problems,

where the fraction% is3 wholesdividedinto one group. This standard is the building block forlater work where students

divide aset of objectsinto aspecificnumberof groups. Students must understand the meaning of %

Instructional Strategies: See3.NF.1
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Tools/Resources:
[llustrative Mathematics Grade 3 tasks: Scroll to the appropriate section to find named tasks.
e 3.NF.A3

0 OrderingFractions
0 ComparingFractions

0 Snow Day
e 3NF.A3.a

0 Jonand Charlie'sRun
e 3.NF.A3.b

O Halves, thirds, and sixths
e 3.NF.A.3d

0 ComparingFractions with a Different Whole

0 ComparingFractions with the Same Denominator, Assessment Variation
0 ComparingFractions withthe Same Numerators, Assessment Variation
0 Fraction Comparisons With Pictures, Assessment Variation

Georgia Department of Education:
e “Making a Cake”

See: Grade 3-5 Numberand Operations Fractions Learning Progressions for detailed information:

Visit K-5 Math Teaching Resources click on Number, then on 3" Grade. Scroll
downto 3.NF.3 to access resources specifically for this standard.

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource referencedin the flip books requires membership access, check with your school/district to see if they have an
institutional membership which would grant you access all NCTM documents. If they do not have a membership, this
would be a valuable resource to request.

o Accessthislinktoview many quality lessons and interactives focusing on fractions.

e Fraction Game.

Common Misconceptions: See 3.NF.1

Misunderstanding the meaning of the equal size is the most common misconception for students. Make sure you spend
enoughtime working with models and visuals so students can build a firm foundation of equality and then build on the
understanding of inequality.

. L . . . 1
Anothermisconceptionis notunderstanding that when comparing fractions the wholes have to be the same. > of alarge

pizza |sveryd|fferentthangofa small pizza. Discussing thisideawith your studentsis a critical foundational piece of

learning.
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Domain: Measurement and Data (MD)

»  Cluster A: Solve problems involving measurement and estimation of intervals of time, liquid volumes, and

masses of objects.

Standard:3.MD.1

Tell and write time to the nearest minute usinga.m. and p.m. and measure time intervals in minutes. Solve word
problemsinvolving addition and subtraction of time intervals in minutes, (e.g. by representing the problem on a number
line diagram.) (SeeTable 1) (3.MD.1)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere insolvingthem.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.

ASANIN

Connections: (3.MD.1)

Thisstandard is related to:
e Work withtime and moneyin Grade 2 (2.MD.7)

Explanation and Examples:

This standard expects students to solve elapsed time, including word problems. Students can use clock models or
numberlinestosolve. Onthe numberline, students should be given the opportunities to determine the intervals and
size of jumpson theirnumberline. Students could use pre-marked numberlines (intervals every 5or 15 minutes) or
open numberlines (intervals determined by students).

Studentsinsecond grade learnedtotell time tothe nearestfive minutes. Inthird grade, they extend telling time and
measure elapsed timeboth in and out of context using clocks and numberlines. They are to also distinguish between
a.m.and p.m.

Instructional Strategies: (3.MD.1)

A clockis the commoninstrument for measuringtime. Learningto tell time has much to do with learningtoread a dial-

type instrumentratherthan with time measurement. Students should develop the understanding thatan analog clock s
essentiallyanumberline thathasbeenformedintoacircle. The grouping (orbundling) of time is differentin that hours
are grouped by 12s or 24s and minutes are grouped by 60s.

Students have experience in telling and writing time from analog and digital clocks to the hour and half hour in Grade 1
and to the nearest five minutesin Grade 2. Now students will tell and write time to the nearest minute (distinguishing
betweena.m.and p.m.) and measure time intervalsin minutes.

Providing geared analog clocks allows students to understand the movement of the minute hand. If students are
struggling with tellingtime, try the “One-handed Clock” lesson provided in Dr.John Van de Walle’s book, Teaching
Student-Centered Mathematics PreK—2. The hour hand gives the mostinformation about the time. To give studentsa
better understanding of this you will need to buy two inexpensive clocks. Place both clocksinan area so all students can
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see thembutare easy for youto access. Make sure both clocks are setto the same correct time and thenremove the
minute hand from one of the clocks. The clock with both hands should then be covered so that students will seejustthe
one-handed clock. Atvarious times during the day, draw your students’ attention to the one-handed clock and ask them
to tell youthe time. Thenremove the coverfromthe two-handed clock to verify the time. Students will begin to see that
the hour hand gives them an idea of how many minutes pastthe houritis based on how faritis between two numbers.

Students need experiencerepresenting time from adigital clock to an analog clock and vice versa.

Provide word problems involving addition and subtraction of time intervals in minutes. Have students represent the
problemona numberline.

Resources/Tools:
For detailed information see Measurement Learning Progression

See EngageNY Modules

Visit K-5Math Teaching Resources click on Measurement and Data, then on
3" Grade. Scroll down to 3.MD.1 to access resources specifically for this

standard.

[llustrative Mathe matics Grade 3 tasks: Scroll to the appropriate section to find named tasks.
e 3.MD.A.1

0 Dajuana’s Homework

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find thata
resource referencedin the flip books requires membership access, check with your school/district to see if they have an
institutional membership which would grant you access all NCTM documents. If they do not have a membership, this
would be a valuable resource to request.

e ElapsedTime

Thinking Blocks on Math Playground allows students several ways to model problems.

Numberline tool forelapsed time:
Elapsed Time: How to Solve Elapsed Time onaNumber Line

Common Misconceptions:

Avoidthe use of paper plate clocks. Students need to see the actual relationship between the hourand the minute
hand. This isnot adequately represented on student-made clocks since thereare not gears to move the hands so that
theyare in concert with each other. When students represent the time, they frequently put the hour hand on the whole
numberwhetheritis onthe hour or half-pastthe hour. Using geared clocks will avoid this misconception. (See the One-
Handed Clock lesson referred to in the Instructional Strategies section above.)
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Domain: Measurement and Data (MD)

»  Cluster A: Solve problems involving measurement and estimation of intervals of time, liquid volumes, and

masses of objects.

Standard: 3.MD.2

Measure and estimate liquid volumes and masses of objects using standard units of grams (g), kilograms (kg), and liters
(1) (Excludes cubed units such as cm? and finding the geometricvolume of a container). (3.MD.2)

Suggested Standards for Mathematical Practice (MP):
v MP.1 Make sense of problemsand persevere insolvingthem.
MP.2 Reasonabstractly and quantitatively.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.

ASRNIENEN

Connections:
This standard isfoundational to:
e Measurementand Data standardin 4" grade (4.MD.2)
e Measurementand Data standardsin 5% grade (5.MD.3, 5.MD.4, 5.MD.5)

Explanation and Examples:

This standard asks for studentsto reason about the units of mass and volume. Students need multiple opportunities
weighing classroom objects and filling containers to help them develop a basicunderstanding of the size and weightof a
liter,agram, and a kilogram. Milliliters may also be used to show amounts that are lessthan a liter. Word problems
should only be one-step and include the same units.

Example:

Studentsidentify 5things that have a mass of about one gram. They record theirfindings with words and pictures-
(Students canrepeatthisfor5 grams and 10 grams:). This activity helps develop gram benchmarks and assistsin
estimation activities. One large paperclip weighs about one gram. A box of large paperclips (100clips) has a mass of
about 100 grams so 10 boxes would have a mass of one kilogram.

Foundational understandings to help with measure concepts:
e Understand that largerunits can be subdivided into equivalent units (partition).
e Understandthat the same unitcan be repeated to determine the measure (iteration).
e Understandthe relationship between the size of aunitand the number of units needed (compensatory
principle).

Instructional Strategies:

Students need multiple opportunities “massing” classroom objects and filling containers to help them develop a basic
understanding of the size and mass of a liter, a gram, and a kilogram. Milliliters may also be used to show amounts that
are lessthanalliter.
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Provide opportunities for studentsto use appropriate tools to measure and estimateliquid volumesin liters only and
masses of objectsin grams and kilograms. Students need practice in reading the scales on measuring tools since the
markings may not always be inintervals of one. The scales may be marked in intervals of two, five orten.

Allow students to hold gram and kilogram weightsin their hands to use as a benchmark for estimation. Use water
colored with food coloringsothatthe watercan be seenina beaker.

Students should estimate volumes and masses before finding the exact measures. Show students a group of objects (all
are the same object such as a grouping of small water bottles orsame size jewelry boxes. Then, indicate one of the
objectsandtell the studentsits weight. Fill abox with more of the same objects and ask students to estimate the weight
of them.

Use similar strategies with liquid measures. Be sure that students have opportunities to pourliquids into different size
containersto see how much liquid will be in certain whole liters. Show students containers and ask, “How many liters do
you think will fill this container?”

If estimating several containers, students should make an estimate, then complete the measurement. They canthen
continue the process of estimatingand then measuring, ratherthan all estimates and then all measures. Itisimportant
to provide feedback to students on their estimates by using measurement as a way of gaining feedback on estimates.

Tools/Resources:
See K-5 Measurement Learning Progressions for detailed information.

Illustrative Math site task:
e 3.MD How Heavy?

Visit K-5 Math Teaching Resources click on Measurement and Data, then on 3™
Grade. Scroll down to 3.MD.2 to access resources specifically for this standard.

Common Misconceptions:

Students often focus on size to determine estimates of mass. They can be confused by a big fluffy objectand atiny
dense object. Because students cannottell actual mass until they have handled an object, itisimportant that teachers
do notask students to estimate the mass of objects until they have had the opportunity to lift the objects and then
make an estimate of the mass.

Students may read the mark on a scale that is below adesignated numberonthe scale as if it was the next number. For

example, amarkthat is one mark below 80 grams may be read as 81 grams. Students realize itis one away from 80, but
do notthink of itas 79 grams.
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Domain: Measurement and Data (MD)

»  Cluster A: Solve problems involving measurement and estimation of intervals of time, liquid volumes, and

masses of objects.

Standard: 3.MD.3

Add, subtract, multiply, ordivide to solve one-step word problems involving masses orvolumes that are giveninthe
same units, (e.g. by using drawings (such as a beaker with a measurementscale) to represent the problem.) (Excludes
multiplicative comparison problems) (See Table 1and Table 2). (3.MD.2)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere insolvingthem.
MP.2 Reasonabstractly and quantitatively.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.

NSRNIENEN

Connections:
This standard isrelated to:
e Problemsolving standardsin 2" grade (2.0A.1) & in 3™ grade (3.0A.8).

This standard isfoundational to:
e Measurementand Data standardin 4" grade (4.MD.2)
e Measurementand Data standardsin 5% grade (5.MD.3, 5.MD.4, 5.MD.5)

Explanation and Examples:
This standard excludes multiplicative comparison problems (problems involving notions of “times as much”). These
types of problems will be learned in 4™ grade.

This standard is building on the work from 15t and 2" grade in solving problems in context (word problems) —1.0A.1&
2.0A.1-and focusing on masses and liquid volumes (capacities) but not excluding other areas of measurement. With
the focus on measurement, the role of the unit must be emphasized. Studentsin third grade are notrequired to convert
so units must be the same.

Examples:

IfI need 48 cups of lemonade to bring to class during field day and | have containers that hold 8 cups each, how many
containers will | need to bring with me thatday?

You have 21 inches of string. Your best friend cut it into 3 equalpieces. How long is each piece?

A dump truck broughtaload of rocks to school. The principal put 284 pounds of the rock into the frontgarden area. The
custodian put 545 pounds of rock in the planters around the driveway. The science teacher said there is 125 pounds left
to use. How much did the dump truck bring to school?

Instructional Strategies:
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Students need to have multiple opportunities to solve problemsin context and discuss the units involved. Estimation
should alsobe used so students have anidea of whatwould be a reasonable answer. Don’t expect an exact answer. Ask
studentstothink aboutand provide arange of where the answerwould be. Student discussions are critical in
establishing an environment that supports estimation and backing up theirthinking with evidence.

Tools/Resources:

Thinking Blocks on Math Playground allows students several ways to model problems.

Greg Tang’s Word Problem Generator

See K-5 Measurement Learning Progressions for detailed information.
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Domain: Measurement and Data (MD)

@ Cluster B: Represent and interpret data.

Standard:3.MD.4

Draw a scaled picture graph and a scaled bargraph to representadata set with several categories. Solve one- and two-
step “how many more” and “how many less” problems using information presented in scaled bar graphs. (See Table 1).
Forexample, draw a bar graph in which each squarein the bar graph might represent 5 pets. (3.MD.3)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere insolvingthem.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.

ASRNINRN

Connections: (3.MD.4& 3.MD.5)
This clusteris connected to:
e Representand solve problemsinvolving multiplication and division. (Grade 3.0A.1through 3.0A.4)
e Multiply and divide within 100. (Grade 3.0A.7)
e Solve problemsinvolvingthe fouroperations,andidentify and explain patternsin arithmetic. (Grade 3.0A.8 &
3.0A.9)
e Representandinterpretdata.(Grade 2.MD.10 and 2.MD.11)

Explanation and Examples:

Students should have opportunities reading and solving problems using scaled graphs before being asked to draw one.
Graphs on the next page all use five as the scale interval, but students should experience differentintervals to further
developtheirunderstanding of scale graphs and number facts.

While exploring data concepts, students should 1) Pose a question, 2) Collect data, 3) Analyze data, and 4) Interpret
data. Studentsshould be graphing datathatis relevantto theirlives.

Example:

The teachercan pose a question that will lead students to want to investigate and collect information: Do all studentsin
our school like the same typesof books? What types of books should we recommend that the librarian (or principal or
PTA) orderfor the library?

Students should come up with questions. What is the typical type of book read in our school?

Then students need to collect and organize data. They can create student surveysthat can be delivered in paperformor
inelectronicform.
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Pictographs: Scaled pictographsinclude symbols that represent multiple units. Below is an example of a pictograph with
symbolsthat represent multiple units. Graphs should include atitle, scale, categories, category label, and data. Students
needto use both horizontal and vertical pictographs.

Example of Scaled Pictograph:
Number of Books Read

Nancy [ << 4 44
wan [ 4 4 4
<= = 5 Books

Bar Graphs (these examples are scaled bar graphs): Students should use both horizontal and vertical bar graphs.
Bar graphs include atitle, scale, scale label, categories, category label, and data.

Books Read

35 1 | | |
30 Nancy

Books Read
|

25

: i ——— ’ll
0 J s s s s s s s
0 - 0 5 10 30 35

s 20 25 35 4C
Nancy Juan Number of Books Read

Number of
Books Read
(3]

o

Analyzingand Interpreting data couldinclude:

How many more nonfiction books where read than fantasy books?

Did more people read biography and mystery books or fiction and fantasy books?

About how many booksinall genreswere read?

Usingthe data fromthe graphs, what type of book was read more often than a mystery butless oftenthana
fairytale?

What interval was used forthisscale?

What can we say about types of books read? What is a typical type of book read?

If you were to purchase a book forthe school library which would be the best genre?

Instructional Strategies: (3.MD.4and 3.MD.5)

Representation of adata setis extended from picture graphs and bar graphs with single-unit scales to scaled picture
graphs and scaled bar graphs. Intervals for the graphs should relate to multiplication and division with 100 (productis
100 or lessand numbers usedindivision are 100 or less).

Students are to draw picture graphs in which a symbol or picture represents more than one object. Bargraphs are
drawn withintervals greaterthan one. Ask questions that requirestudents to compare quantities and use mathematical
concepts and skills. Use symbols on picture graphs that student can easily represent half of, orknow how many half of
the symbol represents.

In picture graphs, you could use values forthe iconsin which students need practice with their multiplication facts. For
example, B represents 7 people. If there are three [, students will need to use known facts to determine that the three
iconsrepresents 21 people. The intervals on the vertical scale in bar graphs should not exceed 100.
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*** Note: If a scaleisused that is not easily divided into half then only full pictures should be used for that graph. For
example, the situation above had each picture represent 7 people, so this scale would not be used with half pictures

since you cannot have half of a person.

Resources/Tools
NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource referencedin the flip books requires membership access, check with your school/district to see if they have an
institutional membership which would grant you access all NCTM documents. If they do not have a membership, this
would be a valuable resource to request.

e “Bar Grapher”, Thisis a NCTM site that contains a bar graph tool to create bar graphs.

e Picture This

o “It’s All About Multiplication-Exploring Equal Sets” —Students listen to the counting story, What Comesin 2',
3's, & 4's, and then use countersto set up multiplesets of equal size. Theyfillin atable listingthe number of
sets, the number of objectsin each set, and the total numberinall. They study the table to find examples of the
order (commutative) property. Finally, they apply the equal sets model of multiplication by creating pictographs

inwhich each icon represents several data points.
e “What'sina Name?—Creating Pictographs” —This isa series of lessons in which students use datatools, one of

whichis pictographs, and answer questions about the dataset.

GeorgiaDepartment of Education:
e “Barnyard Legs” - Students solve multiplication problems using different strategies based on AmandaBean’s

Amazing Dream, A Mathematical Story by Cindy Neuschwander ora similar book about multiplication.
e “GuessWho’s Comingto Dinner” Students are to arrange 18 people at 6 different card tables. Each table must

be full and there must be an adultat each table. Students willuse perimeterto find the solution.

Illustrative Mathe matics Grade 3 tasks: Scroll to the appropriate section to find named tasks.
e 3.MD.B.3
0 ClassroomSupplies

Visit K-5 Math Teaching Resources click on Measurement and Data, then on 3"
Grade. Scroll downto 3.MD.3 to access resources specifically for this standard.

Common Misconceptions:

Althoughintervals onabar graphare not insingle units, students count each square as one. To avoid this error, have
studentsinclude tick marks between each interval. Students should begin each scale with 0. They should think of skip-
countingand then connectto multiplication when determining the value of a bar since the scale is not in single units.
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Domain: Measurement and Data (MD)

@ Cluster B: Represent and interpret data.

Standard:3.MD.5

Generate measurement data by measuringlengths using rulers marked with halves and fourths of aninch. Show the
data by makinga line plot, where the horizontal scale is marked off in appropriate units—whole numbers, halves, or
guarters. (3.MD.4)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere insolvingthem.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.

ASRNIN

Connections: See3.MD.4

Explanation and Examples:

Studentsinsecond grade measured length in whole units using both metricand U.S. customary systems. It’simportant
to review with students how to read and use a standard rulerincluding details about halves and quarter marks on the
ruler. Students should connect theirunderstanding of fractions to measuring to one-half and one-quarterinch. Third
graders need many opportunities measuring the length of various objects in their environment.

Students are to measure lengths using rulers marked with halves and fourths of aninch and record the data on a line
plot. The horizontal scale of the line plotis marked off in whole numbers, halves orfourths. Students can create rulers
with appropriate markings and use the rulerto create the line plots.

This standard provides a contextforstudents to work with fractions by measuring objects toa quarterof an inch.

Example:

. . 11 . . . :
Measure objectsinyourdeskto the nearest;orz of an inch, display datacollected on a line plot. How many objects

1.1
measured Z? E? etc.

Some importantideas related to measuringwith arulerare:
e Thestartingpointwhere the ruleris placed to begin measuring.

N . . 11
e Measuringisapproximate. Items that students measure will not always measure exactly 2 Forone whole

inch. Students will need to decide on an appropriate length estimate.
e Making paperrulers andfoldingtofind the half and quarter marks will help students develop a stronger
understanding of measuring length
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Students generate databy measuringand creatinga line plotto display theirfindings. An example of aline plotis shown

below:
Number of Objects Measured

x
x
X X
x X X X
i — L L L I [— L L
b N | ] L] L} | I | ] L4
G o w = #Hilal=ws o
a 2 a a4 2 "2

Instructional Strategies: See3.MD.4

Tools/Resources:
See EngageNY Modules

Visit K-5 Math Teaching Resources click on Measurement and Data, then on 3™
Grade. Scroll down to 3.MD.4 to access resources specifically for this standard.

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource referenced in the flip books requires membership access, check with your school/district to see if they have an
institutional membership which would grant you access all NCTM documents. If they do not have a membership, this
would be a valuable resource to request.

e Inch byInch
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Domain: Measurement and Data (MD)

P Cluster C: Geometric measurement: understand concepts of area and relate area to multiplication and to
addition.

Standard: 3.MD.6
Recognize areaas an attribute of plane figures and understand concepts of area measurement.

3.MD.6a. A square withside length 1unit, called “aunitsquare,”is said to have “one square unit” of area, and can
be used to measure area (does notrequire standard square units). (3.MD.5a)

3.MD.6b. A plane figure which can be covered without gaps oroverlaps by n unitsquaresis said to have an area of
n square units (does not require standard square units). (3.MD.5b)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reason abstractly and quantitatively.
v MP.4 Model with mathematics.
v MP.5 Use appropriate tools strategically.
v' MP.6 Attendto precision.

Connections: (3.MD.6 through 3.MD.8)

This clusteris connected to:
e Third Grade standard for multiplication using arrays and the areamodel (3.0A.3).
e Fluently multiply and divide within 100 (3.0A.7).
e Distributive property (3.0A.5).

Explanation and Examples: (3.MD.6through 3.MD.8)
These standards expect students to explore the concept of coveringaregion with “unitsquares,” which couldinclude
square tiles orshadingon grid or graph paper.

Students develop an understanding of using square unitsin orderto measure area:
e Usingdifferentsized square units to exploreareabut knowingthat the same unit mustbe used when measuring

(colortiles, squares cut from construction paper, patty papersquares, etc.).
e Fillinginanareawiththe same sized square units and countingthe number of square units.

e Aninteractive whiteboard would allow students to see that square units can be used to cover a plane figure.

4

5
one square unit
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Instructional Strategies: (3.MD.6through 3.MD.8)
Students can cover rectangularshapes with tiles and count the number of units (tiles) to begin developing the idea that
area isa measure of covering. Areadescribes the size of the inside space of an object that is two-dimensional. The
formulas should not be introduced beforestudents explore and uncoverthe meaning of areaforthemselves.

The area of a rectangle can be determined by having students lay out unit squares and count how many square units it
takes to completely cover the rectangle completely without overlaps or gaps.

Students needto develop the meaning for computing the area of a rectangle. A connection needs to be made between
the numberof squaresittakesto coverthe rectangle and the dimensions of the rectangle. Ask questions such as:

e What doesthe length of a rectangle describe about the squares coveringit?

e What doesthe width of a rectangle describe about the squares coveringit?

Tools/Resources:
Illustrative Mathematics Grade 3 tasks: Scroll to the appropriate section to find named tasks.
e 3.MD.C
0 The Square CountingShortcut

Visit K-5Math Teaching Resources click on Measurement and Data, then on 3™
Grade. Scroll downto 3.MD.5 to access resources specifically for this standard.

Common Misconceptions:

Students may confuse perimeterand areawhen they measure the sides of arectangle and then multiply. They think the
attribute theyfindislength, whichis perimeter. Pose problems situations that require students to explain whetherthey
are to find the perimeterorarea.
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Domain: Measurement and Data (MD)

D Cluster C: Geometric measurement: understand concepts of area and relate area to multiplication and to
addition.

Standard:3.MD.7

Measure areas by counting unit squares (square cm, square m, square in, square ft, and non-standard square units).
(3.MD.6)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reason abstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of other.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.

ASRNIRN

Connections: See 3.MD.6

Explanation and Examples:

Students should be counting the square units to find the area could be done in metric, customary, or non-standard
square units. Using different sized graph paper, students can explore the areas measured in square centimeters and
square inches.

An interactive whiteboard may also be used to display and count the unitsquares (area) of a figure.

Tools/Resources:

lllustrative Math Tasks:
e 3.MD, 3.G, 3.NF Halves, thirds, and sixths
e 3.MD Findingthe Areaof Polygons

Visit K-5 Math Teaching Resources click on Measurement and Data, then on 3™
Grade. Scroll down to 3.MD.6 to access resources specifically for this standard.

Common Misconceptions: See 3.MD.6
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Domain: Measurement and Data (MD)

P Cluster C: Geometric measurement: understand concepts of area and relate area to multiplication and to
addition.

Standard:3.MD.8

Relate areato the operations of multiplication and addition
(Measurementand Data (measurement part) Progression K=5Pg. 16).

3.MD.8a. Findthe area of a rectangle with whole-number side lengths by tilingit, and show that the areais the
same as would be found by multiplying the side lengths. (3.MD.7a)

3.MD.8b. Multiplyside lengthstofind areas of rectangles with whole-number side lengths in the context of solving
real world and mathematical problems, and represent whole-number products as rectangularareasin
mathematical reasoning. (3.MD.7b)

3.MD.8c. Use tilingtoshowina concrete case that the area of a rectangle with whole-numberside lengths a and
b+ cisthesumofa-banda - c. Use area modelsto represent the distributive propertyin
mathematical reasoning (Supports 3.0A.5). (3.MD.7c)

3.MD.8d. Recognize areaasadditive. Find areas of rectilinearfigures by decomposing theminto non-overlapping
rectangles and adding the areas of the non-overlapping parts, applying this technique to solve real world
problems. (3.MD.7d)
Example:

Students can find the total area of the shape by finding
g | | ¢ the areas of a, b, and ¢ and adding them together.

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere insolvingthem.
MP.2 Reasonabstractly and quantitatively.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.

AN N NN

Connections: See 3.MD.6
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Explanation and Examples:
Students shouldtile arectangle then multiply the side lengths to show that they come up with the same number of

squares.

To find the area one could count the squares (as indicated by the numbers on each square) or multiply 3by 4 to geta

total number of squares of 12. 4

Students should solvereal-world mathematical problems as shown in the situations below.

Example of tiling:
Drew wants to tile the bathroom floor using 1 foot tiles. How many square foottiles will he need?
6 ft.

8 ft. 1 square foot=[1

This standard also extends students’ work with the distributive property. For example, in the picture below the areaofa
shapethatis6 by 7 can be determined by findingthe areaof the 6 x 5 sectionand the 6 x 2 section and then addingthe
two products together.

6x5

6x2

Students shouldtile areas of rectangles, determine the area, record the length and width of the rectangle, investigate
the patternsinthe numbers, and eventually uncoverthat the area can be determined by multiplyingthe length by the

width.
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Example:
Joe andJohn made a posterthat was 4ft. by 3ft. Melisa and Debbie made a posterthat was 4ft. by 2ft. They placed their
posters on the wall side-by-side so that that there was no space between them. How much area will the two posters
cover?

Students use pictures, words, and numbers to explain theirunderstanding of the distributive property in this context.

axb |laxc

3 2 b c
4x3+4x2=20
4(3+2)=20
4x5=20

Example:
Students can decompose arectilinear figureinto different rectangles. They find the area of the figure by adding the
areas of each of the rectanglestogether.

3!’(

4" 3lf
?lf
- 1271 77
81" BJ’I

12!’

10”

areais 12 x3 +8x7 =
92 sq inches

Instructional Strategies: See3.MD.6
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Tools/Resources:

See:for detailed informationin:
e |learning Progressions-Measurement and Data (measurement part)
e Learning Progressions-Measurement and Data (data part)

Illustrative Mathematics Grade 3 tasks: Scroll to the appropriate sectionto find named tasks.
e 3 MD.C.6
0 Findingthe Areaof Polygons

e 3.MD.C.7.a

0 India’sBathroomTiles
e 3.MD.C.7.c

0 Introducingthe Distributive Property
e 3.MD.C.7.d

0 Three Hidden Rectangles

See: “Playful Puppies”, NCSM, Great Tasks for Mathematics K-5, (2013)

NRICH mathematics
e Tiling

Visit K-5 Math Teaching Resources click on Measurement and Data, then on 3™
Grade. Scroll downto 3.MD.7 to access resources specifically for this standard.
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Domain: Measurement and Data (MD)

@® Cluster D: Geometric measurement: recognize perimeter as an attribute of plane figures and distinguish

between linear and area measures.

Standard:3.MD.9

Solve real world and mathematical problems involving perimeters of polygons, including finding the perimeter given the
side lengths, findingan unknown side length, and exhibiting rectangles with the same perimeterand differentareas or
withthe same area and different perimeters. (3.MD.8)

Suggested Standards for Mathematical Practice (MP):
v MP.1 Make sense of problemsand persevere insolvingthem.
MP.2 Reasonabstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of other.
MP.4 Model with mathematics.
MP.7 Look for and make use of structure.

ASANENIN

Connections:

This clusteris connectedto:
e Measure and estimate lengths in standard units. Grade 2.MD.1 through 2.MD.4
e Relate additionand subtractiontolength. Grade 2.MD.5 & 2.MD.6

Explanation and Examples:

Students develop an understanding of the concept of perimeter by walking around the perimeter of aroom, using
rubberbandsto representthe perimeter of aplane figure on a geoboard, ortracing around a shape on an interactive
whiteboard. Theyfind the perimeter of objects; use addition to find perimeters; and recognize the patternsthatexist
when finding the sum of the lengths and widths of rectangles.

Students use geoboards, tiles, and graph paperto find all the possible rectangles that have agiven perimeter (e.g., find
the rectangles with aperimeterof 14 cm.) They record all the possibilities using dot or graph paper, compile the
possibilitiesinto an organizedlist ora table, and determine whether they have all the possible rectangles.

Givena perimeterandalength or width, students use objects or pictures to find the missinglength or width. They justify
and communicate theirsolutions using words, diagrams, pictures, numbers, and an interactive whiteboard.

Students use geoboards, tiles, graph paper, ortechnology to find all the possible rectangles with agiven area (e.g. find
the rectangles that have an area of 12 square units.) Theyrecord all the possibilities using dot or graph paper, compile
the possibilitiesintoan organizedlistoratable, and determine whetherthey have all the possiblerectangles. Students
theninvestigatethe perimeter of the rectangles with an area of 12.

See example shown below:
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Area Length Width Perimeter
12 sq. in. lin. 12 in. 26 in.
12 sq. in. 2in. 6in. 16in.
12 sq.in 3in. 4in. 14 in.
12 sq. in 4in. 3in. 14 in.
12 sg.in 6in. 2in. 16in.
12 sq.in 12 in. lin. 26in.

The patternsin the table allow the students to identify the factors of 12, connect the results to the commutative
property, and discuss the differences in perimeter within the same area. This chart can also be used to investigate
rectangles with the same perimeter. (Remember, squares are rectangles and should be a part of the investigation.)

Instructional Strategies:
Students have created rectangles when they were finding the area of rectangles and connectingthemto usingarraysin
the multiplication of whole numbers.

To explore finding the perimeter of arectangle, have students use twineorstring (something that doesn’t stretch).
o Theyshould measure the twine and create arectangle before cuttingitinto four pieces.
e Have the student make four pieces sothatthere are two pieces of one length and two pieces of a longeror
shorterlength.
e Studentsshouldbe able to make the connection that perimeteris the total distance around the rectangle.

Geoboards can be usedto find the perimeter of rectangles also. Provide students with different perimeters and have
them create the rectangles onthe geoboards. Have students share theirrectangles with the class. Have discussions
about how differentrectangles can have the same perimeterwith different side lengths.

Students experienced measuring lengths usinginches and centimetersin Grade 2. They alsorelated addition tolength
and wrote equations with asymbol forthe unknowntorepresentaproblem.
e Oncestudents know how to find the perimeter of arectangle, they can find the perimeter of rectangular-shaped
objectsintheirenvironment.
e Theycan use appropriate measuringtoolsto find lengths of rectangular-shaped objects in the classroom.
e Presentproblemssituationsinvolving perimeter, such asfindingthe amount of fencing needed to enclose a
rectangularshaped park, or how much ribbonis needed to decorate the edges of a picture frame.
e Presentproblemsituationsinwhich the perimeterandtwo or three of the side lengths are known, requiring
students to find the unknown side length.

Students needtorecognize when aproblemsituation requires asolution relates to the perimeter orthe area and
explain how they know.

They should have experience with understanding area concepts when they recognize itas an attribute of plane figures.
They should also investigate that when plane figures are covered without gaps by n unit squares, the area of the figure is
n square units.
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Students need to explore how measurements are affected when one attribute to be measuredis held constant and the
otheris changed. Using square tiles, students can discoverthat the area of rectangles may be the same, but the

perimeterof the rectangles varies. Geoboards can also be used to explore this same concept.

Resources/Tools:

Illustrative Mathematics Grade 3 tasks: Scroll to the appropriate section to find named tasks.
e 3.MD.D

0 Shapesandtheirlinsides

NRICH mathematics
e Areaand Perimeterlesson

e All AboutAreaand Perimeterlessons

e DiceyPerimeterand Dicey Areagame

Visit K-5 Math Teaching Resources click on Measurement and Data, then on 3™
Grade. Scroll down to 3.MD.8 to access resources specifically for this standard.

Common Misconceptions:

Studentsthinkthatwhen they are presented with adrawing of a rectangle with only two of the side lengths shownora

problem ssituation with only two of the side lengths provided, these are the only dimensions they should add tofind the

perimeter. Encourage studentstoinclude the appropriate dimensions on the othersides of the rectangle. With problem
situations, encourage students to make adrawingto represent the situationin ordertofind the perimeter.
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Domain: Geometry (G)

@ Cluster A: Reason with shapes and their attributes.

Standard:3.G.1

Understand that shapesin different categories (e.g. rhombuses, rectangles, trapezoids, kites and others) may share
attributes (e.g. having four sides), and that the shared attributes can define alarger category (e.g. quadrilaterals).
Recognize rhombuses, rectangles, and squares as examples of quadrilaterals, and draw examples of quadrilaterals that
do notbelongto any of these subcategories. Referto inclusive definitions noted in the glossary. (3.G.1)

Suggested Standards for Mathematical Practice (MP):
v MP.5 Use appropriate tools strategically.
v' MP.6 Attendto precision.
v' MP.7 Look for and make use of structure.

Connections:
This clusteris connected to:
o Reasonwithshapesandtheirattributes. (Grade 2.G.1through 2.G.3)

Explanation and Examples:
In second grade, studentsidentify and draw triangles, quadrilaterals, pentagons, and hexagons. Third graders build on
this experience and furtherinvestigate quadrilaterals (technology may be used during this exploration).

Students recognize shapes that are and are not quadrilaterals by examining the properties of the geometricfigures.
Definitions play akeyrole in determiningif ashapeis categorized appropriately or not.

Students conceptualize that a quadrilateral must be aclosed figure with four straight sides AND they begin to notice
characteristics of the angles and the relationship between opposite sides. Students should be encouraged to provide
detailsand use propervocabulary when describing the properties of quadrilaterals. They sort geometricfigures (see
examples below) and identify squares, rectangles, and rhombuses as quadrilaterals.

20\ O

L <7/ \PO

Students should classify shapes by attributes and drawing shapes that fit specific categories.
For example, parallelograms include: squares, rectangles, rhombi, or othershapes that have two pairs of parallel sides.
Also, the broad category quadrilaterals include all types of parallelograms, trapezoids and other four-sided figures.
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Example:
Draw a picture of a quadrilateral. Draw a picture of a rhombus.
How are theyalike? How are they different?
Is a quadrilateral arhombus? Isa rhombus a quadrilateral? Justify yourthinking.

Instructional Strategies: (3.G.1through 3.G.2)

In earliergrades, students have experiences with informal reasoning about particularshapes through sorting and
classifying using the geometricattributes of the shapes. Students have built and drawn shapes given the number of
faces, numberof angles and number of sides.

The focus now is on identifying and describing properties of two-dimensional shapesin more precise ways using
propertiesthatare shared ratherthan the appearances of individual shapes. These properties allow for generalizations
of all shapesthatfita particularclassification.

Developmentinfocusing onthe identification and description of shapes’ properties should include examples and non-
examples, as wellas examples and non-examples of shapes drawn by students efshapesin a particular category.

For example, students could start with identifying shapes with right angles. An explanation as to why the remaining
shapes do not fit this category should be discussed. Students should determine common characteristics of the remaining
shapes.

COF R
)
a9

Resources/Tools:
See Geometry Learning Progressions for detailed information:

GeorgiaDepartment of Education:
e “3-D Detectives” - Studentsidentify, describe andillustrate plane and solid figures according to geometric
properties.
e “What’s InA Name” - Students describe and classify plane figures (triangles, square, rectangle, trapezoid,
quadrilateral, pentagon, hexagon, and irregular polygonal shapes) by the number of edges, vertices and angles.

Visit K-5Math Teaching Resources click on Geometry, then on 3™ Grade. Scroll
downto 3.G.1 to access resources specifically for this standard.

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource referencedin the flip books requires membership access, check with your school/district to see if they have an
institutional membership which would grant you access all NCTM documents. If they do not have a membership, this
would be a valuable resource to request.

e ShapeUp
P Major Clusters € Supporting Clusters @ Additional Clusters



http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_g_k6_2012_06_27.pdf
http://gadoe.georgiastandards.org/mathframework.aspx?PageReq=MathDetective#gps49
http://gadoe.georgiastandards.org/mathframework.aspx?PageReq=MathName
https://www.k-5mathteachingresources.com/support-files/take-from-result-unknown-within-100.pdf
https://linkprotect.cudasvc.com/url?a=https%3a%2f%2filluminations.nctm.org%2fDefault.aspx&c=E,1,HrFPOORirgO4sdp3Hmx1SqW4Z6rTQSFu-hvDPq_-7vipRZjE5yZvUxWDA2MiK-9XvK95iiIewk8XUxNAUu_8lI8MRZ6WEh7dhiit-N6ptg,,&typo=1
https://illuminations.nctm.org/Lesson.aspx?id=2989
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Common Misconceptions: (3.G.1through3.G.2)

Students mayidentify asquare as a “non-rectangle” ora “non-rhombus” based on limited images theysee. They do not
recognize thata squareis a rectangle. They may list properties of each shape separately, but notsee the
interrelationships between the shapes. Continually refer students back to the definitions of each of the shape
categories. Then ask— Does it fit the definition in all aspects?If it does, then it is in that category.

Use straws to make four congruent figures and have students change the anglesto see the relationships between a

rhombus and a square. As students develop definitions for these shapes, relationships between the properties willbe
understood.

» Major Clusters € Supporting Clusters @ Additional Clusters



Domain: Geometry (G)

@ Cluster A: Reason with shapes and their attributes.

Standard: 3.G.2

Partition shapesinto parts with equal areas. Express the area of each part as a unitfraction of the whole. Forexample,
" . . . 1
partition a shape into 4 parts with equalarea, and describe the area of each partas " of the area of the shape. (3.G.2)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
v MP.4 Model with mathematics.
v MP.5 Use appropriate tools strategically.

Connections: See3.G.1
Explanation and Examples:
This standard builds on students’ work with fractions and area. Students are responsible for partitioning shapesinto

halves, thirds, fourths, sixths and eighths.

Example:
These figures are partitioned/divided into four equal parts. Each part isi of the total area of the figure.

Squares partitioned into fourths

These different partitions of a square afford the opportunity for
students to identify correspondences between the
differently-shaped fourths (MP.1), and to explain how one of the
fourths on the left can be transformed into one of the fourths on
the right (MP.7).

Examples:
Thisfigure was partitioned/divided into fourequal parts. Each part isi of the total area of the figure.

Givenashape, students partitionitinto equal parts, recognizing that these parts all have the same area. They identify
the fractional name of each part and are able to partition a shape into parts with equal areasin several different ways.

P Major Clusters € Supporting Clusters @ Additional Clusters
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1 1 1/4
4 4 1/4
1|z 1/4
4 4 1/4

1fip1)1
2|2|3|3

Givenashape, students partitionitinto equal parts, recognizing that these parts all have the same area. Theyidentify
the fractional name of each part and are able to partition a shape into parts with equal areas in several different ways.

Area representations of %—

L b o] ]

In each representation the square is the whole. The two . .
squares on the left are divided into four parts that hawve the Number & Operations-Fractions 3-5
same size and shape, and so the same area. In the three

squares on the right, the shaded area is %— of the whole area,

even though it is not easily seen as one part in a division of

the square into four parts of the same shape and size.

Learning Progressions:

Instructional Strategies: See3.G.1.

In Grade 2, students partitioned rectanglesintotwo, three orfourequal shares, recognizing that the equal shares need
not have the same shape. They described the shares using words such as, halves, thirds, half of, athird of, etc., and
described the whole as two halves, three thirds or fourfourths.

In Grade 4, students will partition shapesinto parts with equal areas (the spacesinthe whole of the shape). These equal
areas needto be expressed as unit fractions of the whole shape, i.e., describe each part of a shape partitioned into four

parts as i of the area of the shape. 2 of the 3 shapeshere don’trepresent4equal parts. Why are they here?

X

Have students draw different shapes and see how many ways they can partition the shapesinto parts with equal area.

»  Major Clusters € Supporting Clusters @ Additional Clusters



Tools/Resources:
[llustrative Mathematics Grade 3 tasks: Scroll to the appropriate section to find named tasks.
e 3GA.2
0 3Geometricpicturesof one half
0 RepresentingHalf of a Circle
O Halves, thirds, and sixths

Visit K-5Math Teaching Resources click on Geometry, then on 3™ Grade. Scroll
downto 3.G.2 to access resources specifically for this standard.

»  Major Clusters € Supporting Clusters @ Additional Clusters
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https://tasks.illustrativemathematics.org/3
https://www.k-5mathteachingresources.com/support-files/take-from-result-unknown-within-100.pdf

APPENDIX: TABLE 1. Common Addition and Subtraction Situations

Shadingtaken from OA progression

Result Unknown

Change Unknown

Start Unknown

Two bunniessatonthe grass. | Two bunnies were sittingonthe | Some bunnies were sitting on the
Three more bunnies hopped | grass. Some more bunnies grass. Three more bunnies
Add to there. How many bunniesare | hoppedthere. Thenthere were | hoppedthere.Thenthere were
on the grass now? five bunnies. How many bunnies | five bunnies. How many bunnies
2+3="7 hoppedovertothe firsttwo? were on the grass before?
2+?=5 ?+3=5
Five appleswere on the Five appleswere on the Some appleswere onthe
table. | ate two apples. How table. | ate some apples. table. | ate twoapples. Then there
Taken from many apples are on thetable | Thenthere werethr'ee apples. | werethree apples. How many
now? How many applesdid appleswere onthe table before?
5-2=7? | eat? ?-2=3
5-?=3
Total Unknown Addend Unknown Both Addends Unknown?
Three red apples and two Five applesare on the table. Grandma has five flowers.
Put green applesare onthe table. | Three are red and the restare How many can she put in her red
Together/ How manyapplesareon the | green.How manyapplesare vase and how manyin herblue
Take Apart? table? green? vase?
3+42=" 3+4?=5,5-3=>? 5=0+4+5, 5=5+0
5=1+4,5=4+1
5=2+3,5=3+2
Difference Unknown Bigger Unknown Smaller Unknown
(“How many more?” version): | (Version with “more”): (Version with “more”):
Lucy has two apples. Julie has | Julie hasthree more applesthan | Julie hasthree more applesthan
five apples. How many more Lucy. Lucy has two apples. How | Lucy. Julie hasfive apples. How
applesdoesJulie have than many apples does Julie have? many apples does Lucy have?
Lucy?
Compare? (Version with “fewer”):
(“How many fewer?” version): | Lucy has 3 fewerapplesthan (Version with “fewer”):
Lucy has two apples. Julie has [ Julie. Lucy hastwo apples. Lucy has 3 fewerapples than Julie.
five apples. How many fewer | How manyapplesdoesJulie Julie has five apples.
applesdoes Lucy have than have? How many apples does Lucy
Julie? 2+3=?,3+2=" have?
2+?=505-2="? 5-3=?,?+3=5

Blue shadingindicates the four Kindergarten problem subtypes. Students ingrades 1 and 2 work with all subtypes and variants (blue
and green). Yellow indicates problems thatare the difficultfour problem subtypes or variants thatstudents in Grade 1 work with but

do not need to master until Grade 2.
These take apart situations can be used to show all the decompositions of a given number. The associated equations, which have the total on the left of the equal sign, help children
understand that the = sign does not always mean makes or results in but always does mean is the same number as.
2Either addend can be unknown, so there are three variations of these problem situations. Both Addends Unknown is a productive extension of this basic situation, especially for small
numbers less than or equal to 10.
3For the Bigger Unknown or Smaller Unknown situations, one version directs the correct operation (the version using more for the bigger unknown and using less for the smaller unknown).
The other versions are more difficult.
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TABLE 2. Common Multiplication and Division Situations

Grade level identification of introduction of problem situations taken from OA progression
Group Size Unknown Number of Groups
Unknown Product (“How many in each group?” Unknown
Division) (“How many groups?”’
Division)
3xXx6="7? 3x?=18;18 +3 =7 ?X6=18; 18 +6 =7
There are 3 bags with 6 If 18 plums are shared If 18 plums are to be
plums in each bag. How equally into 3 bags, then packed 6 to a bag, then
many plums are there in how many plums will be in | how many bags are
all? each bag? needed?
Equal Measurement example. Measurement example. Measurement example.
Groups | Youneed 3 lengths of You have 18 inches of You have 18 inches of
string, each 6 inches long. | string, which you will cut string, which you will cut
How much string will you into 3 equal pieces. into pieces that are 6
need altogether? How long will each piece inches long. How many
of string be? pieces of string will you
have?
There are 3 rows of apples | If 18 apples are arranged If 18 apples are arranged
with 6 apples in each row. | into 3 equal rows, how into equal rows of 6
How many apples are many apples will be in apples, how many rows
there? each row? will there be?
Arrays?,
Areab Area example. Area example. Area example.

What is the area ofa 3 cm | A rectangle has area 18 A rectangle has area 18

by 6 cm rectangle? square centimeters. If one | square centimeters. If one
side is 3 cm long, how side is 6 cm long, how
long is a side next to it? long is a side next to it?

A blue hat costs $6. A red | A red hat costs $18 and A red hat costs $18 and a

hat costs 3 times as much | that is 3 times as much as | blue hat costs $6. How

as the blue hat. How much | a blue hat costs. How many times as much does

does the red hat cost? much does a blue hat the red hat cost as the
cost? blue hat?

Measurement example.

Compare | A rubber band is 6 cm Measurement example. Measurement example.
long. How long will the A rubber band is stretched | A rubber band was 6 cm
rubber band be whenit is | to be 18 cm long and that | long at first. Now it is
stretched to be 3 times as | is 3 times as long as it stretched to be 18 cm
long? was at first. How long was | long. How many times as

the rubber band at first? long is the rubber band
now as it was at first?

General axb=7? ax?=p,andp+a=? ?xb=p,andp+b="?

Multiplicative compare problems appear firstin Grade 4 (green), with whole number values and with the “times as much” language
from the table. In Grade 5, unit fractions language such as “one third as much” may be used. Multiplying and unit language change
the subject of the comparing sentence (“Ared hat costs n times as much as the blue hat” results in the same comparison as “A blue
hatis 1/n times as much as the red hat” but has a different subject.)
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TABLE 3. The Properties of Operations

Name of Property

Associative

Representation of Property

(a+b)+c=a+(b+c)

Example of Property,
Using Real Numbers

(78 +25) + 75 =78 + (25 + 75)

Commutative

a+b=b+a

2498 =98 + 2

Additive Identity

a+0=aand 0+a=a

9875 + 0 = 9875

Additive Inverse

Associative

For every real number a, there is a

real number —a suchthata +
—a=-a+a=0

(@xb)xc=ax (bXc)

—47+47 =0

(32 x5) x2=32x%(5x%2)

Commutative

aXb=bXa

10 X 38 =38 x 10

Distributive

axb+c)=axb+axc

Multiplicative
P . aXl=aand 1Xa=a 387 x1 = 387
Identity
For every real number a, a # 0,
o there is a real number = such that
Multiplicative a 8 3
1 1 -X==1
Inverse ax—=-xa=1 378

7x(B0+2)=7x50+7x%x2

(Variables a, b, and c represent real numbers.)

Excerpt from NCTM'’s Developing Essential Understanding of Algebraic Thinking, grades 3-5 p. 16-17



TABLE 4. The Properties of Equality

Name of Property Representation of Property Example of property
Reflexive Prf)perty d—a 3245 = 3,245
of Equality
Symmetric Proper
y . perty If a=b,then b =a 2+98 =90+ 10,then 90 + 10 = 2 + 98
of Equality
Transitive Property If 2+98 =90 + 10 and 90 + 10 = 52 + 48
of Equality Ifa=band b=c,thena=c then
2498 =52 +48
Addition Property 1 2 1 3 2 3
Ifa=b,thena+c=b+c If —=—,then —+—-=—+—
of Equality 4 4 2 4 25 4 5
i 1 2 1 1 2 1
Subtraction ] If a=b,thena—c=b—c If s5=—,then - —-=—-—<
Property of Equality 2 4 2 5 4 5
ipli i 1 2 1 1 2 1
Multlpllcatlon. If a=b,thenaxc=bXc If 5=7,then ;X -=—X¢
Property of Equality 2 4 2°5 475
ivisi 1 2 1 1 2 1
D|V|$|onPro_pertvof Ifa=bandc# O,thena~c=b=+c If === then =+====+=
Equality 2 4 25 4 5
Substitution Ifa = b, then b may be substituted for a in If 20 ;nelno +10

Property of Equality

anyexpression containinga.

90 +20 = 90 + (10 + 10)

(Variables a, b, and c can representany number in the rational, real, or complex number systems.)
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TABLE 5. The Properties of Inequality

Exactly one of the followingistrue:a < b,a = b,a > b.
If a>band b > cthena > c.
If a>b,then b < a.
If a> b,then —a < —b.

If a>b,thenatc>b+c.
Ifa>band ¢ >0,thenaxc>bXc.
Ifa>band ¢ <0,thenaXc<bXec.
Ifa>bandc>0,thena-+~c>b+c.

Ifa>band c<0,thena+c<b-+c.

Here a, b, and c stand forarbitrary numbersinthe rational orreal numbersystems.
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TABLE 6. Development of Counting in K-2 Children

Levels 8+6=14 14-8=06
Level 1: Count All Take Away
Count all & b a
12345 67 8 123 45 6 12345 678 910 11121514
00000 OO0 0QQO0O0O0O O o000 0—00000 0000
12345 678 910111213 14 t1:2345 6 78 12 345356
[+ C
Level 2 Count On Tosolve I4—8Tcounton 8+7=14
Count on 2 ip 1113
O0C00 OGO 00000 O o N]JL” 14
3 010111213 14 Tiookaway & \\\J-‘:;\{J W7
Yauee
Btol4isfsol4-8=4
Level 3: Recompose: Make a Ten M-8 Tmakeatenfor§+7=14
Recompose
Make aten (general). | 576 o 00 OO 0 000
wa o0 O 13100 S DzD +04
apart to make 10 ~ S
with the other 6
addend
Make a ten (from 5's 'bOQ_O@ 'PQE_QQ’ 8 =+ 6 = 14
within each addend) . e L
10 --~ 4
Doubles = n 6+8
=6+6+2
=12 +2=14

Note: Many children attempt to count down for subtraction. but counting down 1s difficult and error-prone.
Children are nmuch more successful with counting on: it makes subtraction as easy as addition.

Beginning--A child can countvery small collections (1-4) and understands that the last word tells “how many”. Beyond
small numbersthe numberwords may be said without the lack of numerical understanding. Thisis often referred to as

rote counting.

Level 1—The child uses one to one correspondence to find the number of objectsintwo sets. Evenif the quantity is
known forthe firstset, the child will start with the first set and continue counting onintothe second set. The child
begins the countwith one. Thisalso connectsto Piaget’s Hierarchical Inclusion—thatin orderto have 7 —you have to

have 6, 5, 4, etc.

Level 2 — At thislevel the student begins the counting, starting with the known quantity of the first setand “counts on”

from that pointinthe sequence to establish how many. This methodis usedto find the total intwo sets. This counting

isnot rote. Thislevel of counting requires several connections between cardinality and counting meanings of the

numberwords.

Level 3 - At this level the student begins using known facts to solve for unknown facts. Forexample, the student uses
“make a ten” where one addend breaks apart to make 10 with anotheraddend OR a doubles plus/minus one strategy.

Students begin toimplicitly use the properties of operations.



Table 7. Cognitive Rigor Matrix/Depth of Knowledge (DOK)

The Kansas Math Standards require high-level cognitive demand asking students to demonstrate deeper conceptual understanding through the application of
contentknowledgeand skills to new situations and sustained tasks. Foreach Assessment Target the depth(s) of knowledge (DOK)that the student needs to
bringto the item/task will be identified, usingthe Cognitive Rigor Matrix shown below.

Depth of Thinking DOK Level 1 DOK Level 2 DOK Level 3 DOK Level 4
(Webb)+ Type of Thinking Extended Thinkin;
(Revised Bloom) g

Recall & Reproduction Basic Skills & Concepts Strategic Thinking & Reasoning

Recall conversions, terms, facts

e Use concepts tosolve non-

e Specify, explain relationships routine problems

e Evaluatean expression B . e Use supportingevidenceto justifif ¢ Relate mathematical concepts to other content
) . . e Make basic inferences or logical . I -
e Locate pointsona grid or numberon numberline o . conjectures, generalize, or areas, otherdomains
predictions from data/observations X L .
e Solve a one-stepproblem ; B connect ideas e Develop generalizations of the results obtained
] L . e Use models/diagramsto explain . . )
® Representmathrelationshipsin words, pictures, or concepts e Explain reasoning when more and the strategies usedand apply themto new
symbols . . than one response is possible problem situations
® Make and explain estimates ) .
® Explain phenomenainterms of
concepts
e Selectaprocedureand performit |e  Design investigationfor a specifig
* Followsimple procedures e Solve routine problem applying purpose orresearch question
e (Calculate, measure, apply arule (e.g., rounding) multiple concepts or decision e  Usereasoning, planning, and ® |nitiate, design, and conduct a project that
e Applyalgorithmorformula points supporting evidence specifies a problem, identifies solution paths,
e Solve linear equations e Retrieveinformationto solve a ®  Translatebetween problem & solves the problem, andreports results
* Make conversions problem symbolicnotation whennot a

Translate between representations direct translation

. ) e Compare information within or
Categorize data, figures acrossdatasets or texts
. . X Organize, order data
e Retrieveinformation from atable or graphto answer a . Se;gectappropriategraphand e Analyze anddraw conclusions
question organize & displaydata from data, citing evidence ® Analyze multiple sources of evidence or data sets|
® |dentify a pattern/trend e Interpretdatafroma simple graph e Generalizea pattern
e Interpretdatafromcomplex

Extend a pattern

graph

e Cite evidenceand developa logical
argument o .

e Compare/contrast solution * Applyunderstandingin anovel way, provide
methods argumentor justification for the newapplication

® Verify reasonableness

e Synthesize information across multiple sources
or data sets

Generate conjecturesor hypothesed o  Develop an altemative solution

based on observationsor prior ® Synthesize information within i i .
knowledge and one dataset ® Design a model toinform and solve a practical or}

experience abstractsituation

® Brainstormideas, concepts, problems, or perspectives
related toa topic or concept
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