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About the Flip Books

This project attempts to organize some of the most valuable resources that help develop the intent, understanding and
implementation of the 2017 Kansas Mathematics Standards. These documents provide a starting pointforteachersand
administrators to begin discussion and exploration into the standards. Itis not the only resource to support
implementation of the 2017 Kansas Mathematics Standards.

This projectis builton the previous work started inthe summer of 2012 from Melisa Hancock (Manhattan, KS), Debbie
Thompson (Wichita, KS) and Patricia Hart (Wichita, KS) who provided the initial development of the “flip books.” The
“flip books” are based on a model that Kansas had for earlier standards; however, this edition specifically targets the
Kansas Mathematics Standards that were adoptedin the summerof 2017. These flip books incorporate the resources
from otherstate departments of education, the mathematics learning progressions, and otherreliable sourcesincluding
The National Council of Teachers of Mathematics and the National Supervisors of Mathematics. Inaddition,
mathematics educators across the country have suggested changes/additions that could or should be made to further
enhance its effectiveness. The documentis posted onthe KSDE Mathematics website at
http://community.ksde.org/Default.aspx?tabid=5646 and will continue to undergo changes periodically. When
significant changes/additions are implemented, the modifications will be posted and dated.

For questions or comments about the flipbooks, please contact Melissa Fast at the Kansas State Department of Education — mfast@ksde.org.


http://community.ksde.org/Default.aspx?tabid=5646
mailto:mfast@ksde.org

Planning Advice - Focus on the Clusters

The (mathematics standards) call for a greater focus. Ratherthan racing to cover topics in today’s mile-wide, inch-deep
curriculum, we need to use the power of the eraser and significantly narrow and deepen how time and energy is spent in
the mathematics classroom. There is a necessity to focus deeply on the major work of each grade to enable students to
gain strong foundations: solid conceptualunderstanding, a high degree of proceduralskill and fluency, and the ability to
apply the mathematics they know to solve problems both in and out of the mathematics classroom.
(www.achievethecore.org)

Not all standards should have the same instructionalemphasis. Some groups of standards require agreater emphasis
than others. Inorderto be intentional and systematic, priorities need to be setfor planning, instruction, and
assessment. “Noteverythinginthe Standards should have equal priority” (Zimba, 2011). Therefore, thereisaneedto
elevate the content of some standards overthat of others throughout the K-12 curriculum.

When the Standards were developed the following were considerations in the identification of priorities: 1) the needto
be qualitative and well-articulated; 2) the understanding that some content willbecome more important than other; 3)
the creation of a focus means that some essentialcontent will get a greater share of the time and resources “while the
remaining contentislimitedinscope.” 4) a “lower” priority does notimply exclusion of content, butis usually intended
to be taught in conjunction with orin support of one of the major clusters.

“The Standards are built on the progressions, so priorities have to be chosen with an eye to
the arc of big ideas in the Standards. A prioritization scheme that respects progressions in the
Standards will strike a balance between the journey and the endpoint. If theendpointis
everything, few will have enough wisdom to walk the path, if the endpoint is nothing, few will
understand wherethejourneyis headed. Beginnings and the endings both need particular
care. ... It would also be a mistake to identify such standard as a locus of emphasis. (Zimba,
2011)

The importantquestionin planninginstructionis: “Whatis the mathematics you want the student to walk away with?”
In orderto accomplish this, educators need to think about “grain size” when planninginstruction. Grain size corresponds
to the knowledge you want the student to know. Mathematicsis simplestatthe right grainsize. Accordingto Phil Daro
(Teaching Chapters, Not Lessons—Grain Size of Mathematics), strands are too vague and too large a grainsize, while
lessons are too small a grain size. Units or chapters produce about the right “grain size”. Inthe planning process
educators should attend to the clusters, and think of the standards as the ingredients of a cluster. Coherence of
mathematical ideas and concepts exists at the clusterlevel across grades.

A caution--Grain size is important but can result in conversations that do not advance the intent of this structure.
Extended discussions among teachers whereitis argued for “2 days” instead of “3 days”on a topic becauseit is a lower
priority can detract from the overall intent of suggested priorities. The reverse is also true. As Daro indicates, focusing on
lessons can provide too narrow a view which compromises the coherence value of closely related standards.


http://www.achievethecore.org/

The videoclip Teaching Chapters, Not Lessons—Grain Size of Mathematics presents Phil
Daro further explaining grain size and the importance of itin the planning process. (Click
on phototo viewvideo.)

Alongwith “grainsize”, clusters have been given priorities which have important
implications forinstruction. These priorities should help guide the focus forteachers as
they determine allocation of time for both planningand instruction. The priorities provided help guide the focus for
teachersas they determinedistribution of time for both planningand instruction, helping to assure that studentsreally
understand mathematics before moving on. Each cluster has been given a priority level. As professional educators begin
planning, developing and writing units, these priorities provide guidancein assigning time forinstruction and formative
assessment within the classroom.

Each clusterwithinthe standards has been givenapriority level influenced by the work of Jason Zimba. The three levels
are referred toas — Major, Supporting and Additional. Zimba suggests that about 70% of instruction should relateto
the Major clusters. The lowertwo priorities (Supporting and Additional) can work together by supporting the Major
priorities. You can find the grade Level Focus Documents forthe 2017 Kansas Math Standards at:
http://community.ksde.org/Default.aspx?tabid=6340.

Recommendations for Cluster Level Priorities

Appropriate Use:

e Use the prioritiesas guidance toinforminstructional decisions regarding time and resources spent on clusters
by varyingthe degrees of emphasis.

e Focusshould be on the major work of the grade in order to open up the time and space to bring the Standards
for Mathematical Practice tolife in mathematics instruction through sense-making, reasoning,arguingand
critiquing, modeling, etc.

e Evaluate instructional materials by taking the clusterlevel priorities into account. The majorwork of the grade
must be presented with the highest possible quality; the additional work of the grade should supportthe major
prioritiesand not detractfromthem.

e Setprioritiesforotherimplementation efforts such as staff development, new curriculum development, and
revision of existing formative orsummative testing at the state, district or school level.

Things to Avoid:

o Neglectingany of the material in the standards. Seeing Supporting and Additional clusters as optional.

e Sortingclusters (from Majorto Supportingto Additional)and then teaching the clustersin order. This would
remove the coherence of mathematicalideas and create missed opportunities to enhance the major work of the
grade with the other clusters.

e Usingthe clusterheadings asa replacement forthe actual standards. All features of the standards matter—from
the practices to surrounding text, including the particular wording of the individual content standards. Guidance
for prioritiesis given atthe clusterlevel as away of thinking about the content with the necessary specificity yet
without going sofar into detail as to comprise the coherence of the standards (grain size).


http://community.ksde.org/Default.aspx?tabid=6340
https://vimeo.com/79909978

Mathematics Teaching Practices

(High Leverage Teacher Actions)

[National Council of Teachers of Mathematics. (2014). Principles to Actions: Ensuring MathematicalSuccess for All.
Reston, VA: National Council of Teachers of Mathematics.]

The eight Mathematics Teaching Practices should be the foundation for mathematics instruction and learning. This
framework was informed by overtwenty years of research and presented in Principles to Actions by the National Council
of Teachers of Mathematics (NCTM). If teachers are guided by this framework, they can move “toward improved
instructional practice” and support “one anotherin becomingskilled at teaching in ways that matter for ensuring
successful mathematics learning forall students” (NCTM, 2014, p. 12).

1. Establish mathematics goals to focus learning.
Effective teaching of mathematics establishes clear goals forthe mathematics that students are learning,
situates goals within learning progressions, and uses the goals to guide instructional decisions.

2. Implementtasks that promote reasoning and problem solving.
Effective teaching of mathematics engages students in solving and discussing tasks that promote mathematical
reasoningand problem solving and allow multiple entry points and varied solution strategies.

3. Use and connect mathematical representations.
Effective teaching of mathematics engages students in making connections among mathematical
representationsto deepen understanding of mathematics concepts and procedures and as tools for problem
solving.

4. Facilitate meaningful mathematical discourse.
Effective teaching of mathematics facilitates discourse among students to build shared understanding of
mathematical ideas by analyzing and comparing student approaches and arguments.

5. Pose purposeful questions.
Effective teaching of mathematics uses purposeful questions to assess and advance students’ reasoning and
sense makingaboutimportant mathematical ideas and relationships.

6. Build procedural fluency from conceptual understanding.
Effective teaching of mathematics builds fluency with procedures on a foundation of conceptual understanding
so that students, overtime, become skillfulin using procedures flexiblyas they solve contextual and
mathematical problems.

7. Support productive struggle in learning mathematics.
Effective teaching of mathematics consistently provides students, individually and collectively, with
opportunities and supports to engage in productive struggle as they grapple with mathematicalideas and
relationships.

8. Elicit and use evidence of student thinking.
Effective teaching of mathematics uses evidence of student thinking to assess progress toward mathematical
understanding and to adjustinstruction continually in ways that supportand extend learning.


http://www.nctm.org/principlestoactions

Standards for Mathematical Practice in Second Grade

The Standards for Mathematical Practice are practices expected to be integratedinto every mathematics lesson for all students grades K-12. Below are afew
examples of how these Practices may be integrated into tasks that Grade 2 students complete.

Practices Explanations and Examples

U ELEEEEEL G Mathematically proficient studentsin Second Grade examine problems and tasks, can make sense of the meaning of the task and

Perseverein find an entry point or a way to start the task. Second Grade students also develop afoundation for problem solving strategies and
become independently proficient on using those strategies to solve new tasks. In Second Grade, students’ work continues to use
concrete manipulatives and pictorial representations as well as mental mathematics. Second Grade students also are expected to
persevere whilesolving tasks; thatis, if students reach a pointin which they are stuck, they can reexaminethe taskin adifferent
way and continue to solve the task. Lastly, mathematically proficient students completea task by asking themselves the question,
“Does my answer make sense?”

Solving Problems.

2) Reason Mathematically proficient studentsin Second Grade make sense of quantities and relationships while solving tasks. This involves
S5 e (mi b ke[| two processes - decontexualizing and contextualizing. In Second Grade, students represent situations by decontextualizing tasks into
numbers and symbols. Forexample, inthe task, “There are 25 childrenin the cafeteriaand they are joined by 17 more children.
How many studentsare in the cafeteria?” Second Grade students translate that situationintoan equation, suchas: 25 +17 = __
and thensolve the problem. Students also contextualize situations during the problem solving process. The processes of reasoning
are inotherareas of mathematics, such as determining the length of quantities when measuring with standard units.

quantitatively.

)6 S E][5] Mathematically proficient studentsin Second Grade accurately use definitions and previously established solutions to construct
S s EL BB viable arguments about mathematics. During discussions about problem solving strategies, students constructively critique the
critique the strategies and reasoning of their classmates. Forexample, while solving 74 - 18, students may use a variety of strategies, and after
reasoning of working on the task, can discuss and critique each other’s’ reasoning and strategies, citing similarities and differences between
others. strategies.

A GL RGBS Mathematically proficient studentsin Second Grade model real-life mathematical situations with anumber sentence or an equation,
e B and check to make sure that theirequation accurately matches the problem context. Second Grade students use concrete
manipulatives and pictorial representations to provide further explanation of the equation. Likewise, Second Grade students are
able to create an appropriate problem situation from an equation. Forexample, students are expected to create a story problem for
theequation43+ 17 =___ such as “There were 43 gumballsin the machine. Tom pouredin 17 more gumballs. How many gumballs
are now inthe machine?”




Practice

Explanationand Example

USRI ELS| Mathematically proficient studentsin Second Grade have access to and use tools appropriately. These tools may include connecting

tools strategically.

6) Attendto
precision.

7) Look forand
make use of
structure.

8) Look forand
express regularity
in repeated
reasoning.

cubes, place value (base ten) blocks, hundreds boards, number lines, rulers, and concrete geometricshapes (e.g., pattern blocks, 3-D|
solids). Students also have experiences with educational technologies, such as calculators and virtual manipulatives, which support
conceptual understanding and higher-order thinking skills. During classroom instruction, students have access to various
mathematical tools as well as paper, and determine which tools are the most appropriate to use. For example, while measuring the
length of the hallway, students can explain why ayardstick is more appropriate to use than a foot ruler OR when solving 58 + 27,
students can explain why place value blocks are more appropriate than counters asa manipulative.

Mathematically proficient studentsin Second Grade are precise in their communication, calculations, and measurements. In all
mathematical tasks, studentsin Second Grade communicate clearly, using grade-level appropriate vocabulary accurately as well as
giving precise explanations and reasoning regarding their process of finding solutions. Forexample, while measuring an object, care
istakento line upthe tool correctlyin orderto getan accurate measurement. During tasks involving number sense, students
considerif theiranswerisreasonable and check theirwork to ensure the accuracy of solutions.

Mathematically proficient students in Second Grade carefully look for patterns and structuresinthe numbersystem and otherareas
of mathematics. Forexample, students notice number patterns within the tens place as they connect skip count by 10s off the
decade to the corresponding numbers ona 100s chart. While workinginthe Numbers and Operationsin Base Ten domain, students
work with the ideathat 10 onesequalsaten, and 10 tens equals 1 hundred. In addition, Second Grade students also make use of
structure whenthey work with subtraction as missingaddend problems, suchas50- 33 = can be writtenas 33+ __ =50 and can
be thought of as,” How much more do | need to add to 33 to get to 50?”

Mathematically proficient studentsin Second Grade begin to look for regularity in problem structures when solving mathematical
tasks. For example, aftersolvingtwo digit addition problems by decomposing numbers (33+25 =30 + 20 + 3 +5), students may begin
to generalizeand frequently apply that strategy independently on future tasks. Further, students begin tolook for strategies to be
more efficientin computations, including doubles strategies and makingaten. Lastly, while solving all tasks, Second Grade students
accurately check for the reasonableness of their solutions during and after completing the task.

Adaptedfromthe work of the State Department of Education of North Carolina.



Implementing Standards for Mathematical Practice

This guide was created to help educatorsimplementthese standards into their classroom instruction. Theseare the
practices for the students, and the teacher can assist studentsin using them efficiently and effectively.

#1 — Make sense of problems and perseverein solving them.

Summary of this Practice:

Interpretand make meaning of the problem looking for starting points. Analyzewhatisgiventoexplainto
themselves the meaning of the problem.

Plan a solution pathway instead of jumpingto a solution.

Monitortheirprogress and change the approach if necessary.

See relationships between various representations.

Relate current situations to concepts orskills previously learned and connect mathematical ideas to one another.
Continually ask themselves, “Does this make sense?”

Understand various approachesto solutions.

Student Actions Teacher Actions

e Actively engage insolving problems and thinkingis e Allowstudentstimetoinitiate aplan; using question
visible (doing mathematics vs. following steps or promptsas neededtoassiststudentsindevelopinga
procedures with nounderstanding). pathway.

e Relate current “situation” to concepts or skills e Constantly askstudentsiftheirplansandsolutions
previously learned, and checking answers using make sense.
different methods. e Questionstudentstosee connections to previous

e Monitorand evaluate theirown progress and change solution attempts and/ortasks to make sense of the
course when necessary. current problem.

e Alwaysask, “Does this make sense?” astheyare e Consistently ask students to defend and justify their
solving problems. solution(s) by comparingsolution paths.

What questions develop this Practice?

How would you describe the probleminyourown words? How would you describe whatyou are trying to find?
What do you notice about...?

What informationisgiveninthe problem? Describe the relationship between the quantities.

Describe whatyou have already tried. What might you change? Talk me through the steps you’ve used to this point.
What stepsinthe process are you most confidentabout? Whatare some otherstrategies you mighttry?

What are some otherproblemsthat are similarto thisone?

How might you use one of your previous problemsto help you begin? How else mightyou
organize...represent...show...?

What are the characteristics of a good math task for this Practice?

Requires studentsto engage with conceptual ideas that underliethe procedures to complete the task and develop
understanding.

Requires cognitive effort - while procedures may be followed, the approach or pathway is not explicitly suggested by
the task, or taskinstructions and multiple entry points are available.

Encourages multiple representations, such as visual diagrams, manipulatives, symbols, and problem situations.
Making connections among multiple representations to develop meaning.

Requires studentsto access relevant knowledge and experiences and make appropriate use of themin working
through the task.




#2 — Reason abstractly and quantitatively.

Summary of this Practice:

e Make sense of quantities and theirrelationships.

e Decontextualize (representasituation symbolically and manipulate the symbols) and contextualize (make meaning of
the symbolsina problem) quantitative relationships.

¢ Understand the meaning of quantities and are flexible in the use of operations and their properties.

e Create alogical representation of the problem.

e Attendtothe meaningof quantities, notjust how to compute them.

Student Actions Teacher Actions

e Use variedrepresentationsand approaches when e Askstudentstoexplainthe meaning of the symbols
solving problems. inthe problemandintheirsolution.

e Representsituations symbolically and manipulating e Expectstudentstogive meaningtoall quantitiesin
those symbols easily. the task.

e Give meaningto quantities (notjustcomputingthem) | e Questionstudentssothatunderstandingofthe
and making sense of the relationships within relationships between the quantitiesand/orthe
problems. symbolsinthe problemand the solution are fully

understood.

What questions develop this Practice?

e What do the numbersusedinthe problemrepresent? What s the relationship of the quantities?

e Howis___ relatedto_ ?

e Whatisthe relationshipbetween  and ?

e What does meanto you? (e.g. symbol, quantity, diagram)
What properties mightyou use tofind a solution?

e How didyoudecide thatyouneededtouse  ? Could we have used anotheroperation or property to solve this
task? Why or why not?

What are the characteristics of a good math task for this Practice?
¢ Includes questionsthatrequire studentsto attend to the meaning of quantities and their relationships, notjust how
to compute them.
e Consistently expects studentsto convertsituationsinto symbolsin orderto solve the problem; and thenrequires
students to explain the solution within a meaningful situation.
e Containsrelevant, realisticcontent.
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#3 — Construct viable arguments and critique the reasoning of others.

Summary of this Practice:

Justify conclusions with mathematical ideas.
Listen to the arguments of others and ask useful questions to determine if an argument makes sense.

Analyze problems and use stated mathematical assumptions, definitions, and established resultsin constructing
arguments.

Ask clarifying questions or suggestideas toimprove/revisethe argument.
Compare two arguments and determine correct or flawed logic.

Student Actions

Teacher Actions

Make conjectures and exploring the truth of those
conjectures.

Recognize and use counterexamples.

Justify and defend all conclusions and using data
withinthose conclusions.

Recognize and explain flaws in arguments, which may
needtobe demonstrated using objects, pictures,
diagrams, or actions.

Encourage students to use proven mathematical
understandings, (definitions, properties, conventions,
theorems etc.), to supporttheirreasoning.
Question students sothey can tell the difference
between assumptions and logical conjectures.
Ask questions that require students to justify their
solution and theirsolution pathway.
Promptstudentstorespectfully evaluate peer
argumentswhen solutions are shared.

Ask students to compare and contrast various
solution methods

Create variousinstructional opportunities for
students to engage in mathematical discussions
(whole group, small group, partners, etc.)

What questions develop this Practice?

What mathematical evidence would supportyoursolution? How can we be sure that...? How could you prove

that...?
Will it still work if...?

What were you considering when...? How did you decide to try that strategy?

How did you test whetheryourapproach worked?

How did you decide what the problem was asking you to find? (What was unknown?)
Didyou try a method thatdid notwork? Why didn’tit work? Would it ever work? Why or why not?
What is the same and whatis differentabout...? How could you demonstrate a counter-example?

What are the characteristics of a good math task for this Practice?

Structuredto bring out multiplerepresentations, approaches, or erroranalysis.

Embeds discussion and communication of reasoning and justification with others.

Requires studentsto provide evidence to explain theirthinking beyond merely using computational skills to find a

solution.

Expects studentsto give feedback and ask questions of others’ solutions.
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#4 — Model with mathematics.

Summary of this Practice:

Understand reasoning quantitatively and abstractly (able to decontextualize and contextualize).

Apply the math they know to solve problemsin everyday life.

Simplify acomplex problem and identify important quantities to look at relationships.

Represent mathematics to describe asituation either with an equation oradiagram andinterpretthe resultsofa

mathematical situation.

Reflecton whetherthe results make sense, possibly improving/revising the model.

Ask themselves, “How can | represent this mathematically?”

Student Actions

Teacher Actions

Apply mathematics to everyday life.

Write equations to describe situations.

[llustrate mathematical relationships using diagrams,
data displays, and/orformulas.

Identify important quantities and analyzing
relationships to draw conclusions.

Demonstrate and provide students experiences with
the use of various mathematical models.

Question students to justify their choice of modeland
the thinking behind the model.

Ask students about the appropriateness of the model
chosen.

Assist studentsin seeingand making connections
among models.

What questions develop this Practice?

What numbermodel could you construct to representthe problem?

How can you representthe quantities?

What isan equation orexpression that matchesthe diagram..., numberline..., chart..., table...?
Where did you see one of the quantitiesinthe taskin yourequation orexpression?

What math do you know that you could use to represent this situation?

What assumptions do you have to make to solve the problem?

What formulamightapplyinthissituation?

What are the characteristics of a good math task for this Practice?

Structuresrepresentthe problem situation and theirsolution symbolically, graphically, and/or pictorially (may

include technological tools) appropriate to the context of the problem.
Invites students to create a context (real-world situation) that explains numerical /symbolic representations.

Asks students to take complex mathematics and make it simpler by creatingamodel that will represent the

relationship between the quantities.




#5 — Use appropriate tools strategically.

Summary of this Practice:

Use available tools recognizing the strengths and limitations of each.

Use estimation and other mathematical knowledge to detect possible errors.
Identify relevant external mathematical resources to pose and solve problems.
Use technological tools to deepen theirunderstanding of mathematics.

Use mathematical models forvisualize and analyze information
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Student Actions

Teacher Actions

e Choosetoolsthatare appropriate forthe task.
e Knowwhentouse estimates and exactanswers.
e Use toolsto pose or solve problems to be most

effectiveand efficient.

Demonstrate and provide students experiences with
the use of various math tools. A variety of tools are
withinthe environment and readily available.
Question students as towhy they chose the tools
they usedto solve the problem.

Consistently modelhow and when to estimate
effectively, and requiring students to use estimation
strategiesinavariety of situations.

Ask studentto explain their mathematical thinking
withthe chosen tool.

Ask studentstoexplore otheroptions when some
toolsare notavailable.

What questions develop this practice?

What mathematical tools could we use tovisualizeand represent the situation?

What information do you have?

What do you know that is not stated in the problem? What approach are you consideringtrying first?

What estimate did you make forthe solution?

In thissituation would it be helpful touse...agraph..., numberline..., ruler..., diagram..., calculator..., manipulative?

Why was it helpful touse...?

What can usinga show us that may not?

In what situations mightit be more informative or helpful to use...?

What are the characteristics of a good math task for this Practice?

Lendsitself to multiplelearningtools. (Tools may include; concrete models, measurementtools, graphs, diagrams,

spreadsheets, statistical software, etc.)

Requires students to determineand use appropriate tools to solve problems.

Asks students to estimate in avariety of situations:

= atask whenthereisnoneedto have an exactanswer
= atask whenthereisnotenoughinformationtogetanexactanswer
= 3taskto checkif the answerfroma calculationisreasonable



#6 — Attend to precision.

Summary of this Practice:

Communicate precisely with othersand try to use clear mathematical language when discussing their reasoning.
Understand meanings of symbols used in mathematics and can label quantities appropriately.

Express numerical answers with adegree of precision appropriate forthe problem context.

Calculate efficiently and accurately.

Student Actions Teacher Actions
e Use mathematical terms, both orally andin written e Consistently use and model correct content
form, appropriately. terminology.
e Use and understanding the meanings of math e Expectstudentstouse precise mathematical
symbolsthatare usedintasks. vocabulary during mathematical conversations.
e (Calculate accurately and efficiently. e Questionstudentstoidentify symbols, quantities
e Understand the importance of the unitin quantities. and unitsina clear manner.

What questions develop this Practice?

What mathematical terms applyin this situation? How did you know your solution was reasonable?
Explain how you might show that yoursolution answers the problem.

Is there a more efficient strategy?

How are you showingthe meaning of the quantities?

What symbols or mathematical notations are importantin this problem?

What mathematical language..., definitions..., properties can you use to explain...?

How could youtestyour solutiontoseeifitanswersthe problem?

What are the characteristics of a good math task for this Practice?

Requires studentsto use precise vocabulary (in written and verbal responses) when communicating mathematical
ideas.

Expects students to use symbols appropriately.
Embeds expectations of how precise the solution needs to be (some may more appropriately be estimates).
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#7 — Look for and make use of structure.

Summary of this Practice:

e Applygeneral mathematical rules to specificsituations.
¢ Look forthe overall structure and patternsin mathematics.
e See complicatedthingsassingle objects oras being composed of several objects.

Student Actions Teacher Actions

Look closely at patternsin numbers and their e Encourage studentstolookfor somethingthey

relationships to solve problems. recognize and having students apply the information

Associate patterns with the properties of operations inidentifying solution paths (i.e.

and theirrelationships. compose/decompose numbers and geometric

Compose and decompose numbers and number figures, identify properties, operations, etc.)

sentences/expressions. e Expectstudentstoexplainthe overallstructure of the
problemandthe bigmath ideausedtosolve the
problem.

What questions develop this Practice?

What observations do you make about...? What do you notice when...?

What parts of the problem mightyou eliminate..., simplify...?

What patternsdo youfindin...?

How doyou know if somethingisapattern?

What ideas that we have learned before were usefulin solving this problem?

What are some other problemsthat are similarto this one? How does thisrelate to...?
In what ways does this problem connect to other mathematical concepts?

What are the characteristics of a good math task for this Practice?

4351
32

Requires studentstolook forthe structure within mathematicsin orderto solve the problem. (i.e.—decomposing
numbers by place value; working with properties; etc.)

Asks studentstotake a complexideaandthenidentify and use the component parts to solve problems. i.e.
Building on the structure of equal sharing, students connect the understanding to the traditional division algorithm.
When “unitsize” cannot be equally distributed, itis necessary to break downinto asmaller “unitsize”. (example
below)

3 hundreds units cannot be distributed into 4 equal groups. Therefore, they must be broken down into tens units.
31 There are now 35 tens units to distribute into 4 groups. Each group gets 8 sets of tens, leaving 3 extra tens units that need to become ones units.

-28 | This leaves 31 ones units to distribute into 4 groups. Each group gets 7 ones units, with 3 ones units remaining. The quotient means that each group has 87
3 | with 3 left.

e Expectsstudentstorecognize and identify structures from previous experience(s)and apply this understandingin a

new situation.i.e.7X 8 =(7x5) +(7x 3)OR7 x 8 = (7 x 4) + (7 X 4) newsituations could be, distributive
property, area of composite figures, multiplication fact strategies.



#8 — Look for and express regularity in repeated reasoning.

Summary of this Practice:

See repeated calculations and look for generalizations and shortcuts.

See the overall process of the problem and still attend to the details.

Understand the broader application of patterns and see the structure in similarsituations.
Continually evaluatethe reasonableness of theirintermediate results.
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Student Actions Teacher Actions

e Noticeif processesare repeated andlook forboth o Askwhat math relationships or patterns can be used
general methods and shortcuts. to assistin making sense of the problem.

e Evaluate the reasonableness of intermediateresults e Askfor predictions about solutions at midpoints
while solving. throughoutthe solution process.

e Make generalizations based on discoveries and e Questionstudentstoassistthemin creating
constructingformulas when appropriate. generalizations based on repetitioninthinkingand

procedures.

What questions develop this Practice?

Will the same strategy workin other situations?

Is this always true, sometimes true or nevertrue? How would we prove that...?

What do you notice about...?

What is happeningin this situation? What would happenif...?

Is there a mathematical rule for...?

What predictions or generalizations can this pattern support? What mathematical consistencies do you notice?

What are the characteristics of a good math task for this Practice?

Presentseveral opportunities to reveal patterns orrepetition in thinking, so students can make a generalization or
rule.

Requires studentsto see patterns orrelationshipsin orderto develop a mathematical rule.

Expects studentsto discoverthe underlying structure of the problem and come to a generalization.

Connectstoa previous task to extend learning of a mathematical concept.
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Critical Areas for Mathematicsin 2™ Grade

In Grade 2, instructional time should focus on four critical areas:

1.

Extending understanding of base-ten notation.

Students extend their understanding of the base-ten system. Thisincludes ideas of countingin twos, fives, tens,
and multiples of hundreds, tens, and ones, as well as number relationships involving these units, including
comparing. Students understand multi-digit numbers (up to 1000) writtenin base-ten notation, recognizing that
the digitsin each place representamounts of thousands, hundreds, tens, orones (e.g., 853is 8 hundreds +5
tens + 3 ones). Students extend this understanding to include decomposition of numbers to assist with later
workin operations (e.g., 853 can also be decomposedinto 85tensand 3 ones OR 7 hundreds, 15 tens, and 3
ones OR 8 hundreds, 4tens, and 13 ones, etc.)

Building fluency with addition and subtraction.

Students use theirunderstanding of addition to develop fluency (efficiency, accuracy, and flexibility) with
addition and subtraction within 100. They solve problems within 1000 by applying their understanding of

models foraddition and subtraction, and they develop, discuss, and use efficient, accurate, and generalizable
methods (students are expected to use more than the traditional algorithm) to compute sums and differences of
whole numbersin base-ten notation, using theirunderstanding of place value and the properties of operations
(e.g., Commutative Property and Associative Property). They select and accurately apply methods that are
appropriate forthe context and the numbersinvolved to mentally calculate sums and differences for numbers
with onlytensor only hundreds. Students understand thataword problem can be represented with an equation
based on the situation, but the solution may use arelated equation thatis easierto manipulate(e.g., aword
problem may be represented with asituation equation such as 25+? = 62; and students understand thateven
though the word problemis ajoiningsituation, itis easierto solve usingasubtraction equation {62 — 25 =?}).

Using standard units of measure.

Studentsrecognize the need forstandard units of measure (centimeterandinch) and they use rulers and other
measurementtools with the understanding that linear measure involves an iteration of units. They recognize
that the smallerthe unit, the more iterations they need to covera given length.

Describing and analyzing shapes.

Students describe and analyze shapes by examining theirsides and angles. Students investigate, describe, and
reason about decomposing and combining shapesto make othershapes. Through building, drawing, and
analyzingtwo- and three-dimensional shapes, students develop afoundation for understanding area, volume,
congruence, similarity,and symmetryin latergrades.



Dynamic Learning Maps (DLM) and Essential Elements

The DynamicLearning Maps and Essential Elements are knowledge and skills linked to the grade-level expectations
identified in the Common Core State Standards. The purpose of the DynamicLearning Maps Essential Elementsisto

build a bridge fromthe contentin the Common Core State Standards to academicexpectations for students with the
most significant cognitive disabilities.

For more information please visit the Dynamic Learning Maps and Essential Elements website.



http://www.ksde.org/Agency/Division-of-Learning-Services/Career-Standards-and-Assessment-Services/CSAS-Home/Assessments/Dynamic-Learning-Maps-DLM-Essential-Elements

Growth Mindset

s The term “growth mindset” comesfrom the groundbreaking work of Carol
Filnetdii g imit of my abiliies* Dweck. She identified that everyone holds ideas about their own potential.
GROWTH FIXED Some people believe that theirintelligence ismore orless fixed in math—
MINDSET that you can do math or you can’t, while others believe they canlearn

“Ican learn to do anything | want”

“Chall hel 1 i H H H
iy N anythingandthat theirintelligence can grow.

termine my al

rmined

en I'm frustrated,
ke totry Eg_weup N In a fixed mindset, people believe their basic qualities, like their
: intelligence ortalent, are simply fixed traits. They spend theirtime
documentingtheirintelligence ortalentinstead of developingit. Theyalso
believethattalentalone creates success—without effort. Students with afixed mindsetare those who are more likely to

give up easily.

“"Feedback is constructive”

) m it by the success of others”

In a growth mindset, people believe thattheir most basicabilities can be developed through dedication and hard
work—brains and talent are just the starting point. This view creates alove of learningand a resilience thatis essential
for greataccomplishment. Students with a growth mindset are those who keep goingeven when workis hard, and who
are persistent.

Itis possible to change mindsetsand to shift students’ mindsets from fixed to growth and cause higher mathematics
achievementandsuccessinlife. Watch this shortvideotogeta better understanding of what Growth Mindsetisand the

benefitsitcanbringour students.

You can find a variety of resources related to Growth Mindset at: http://community.ksde.org/Default.aspx ?tabid=6383.

youngmewg Building a Mathematical Mindset Community o \DSES
Teachers and students believe can Communication and comrections are valued.
learn maths at HIGH LEVELS. ¢ Students work in groups sharing ideas and visuals.

e Students are not tracked or grouped by achievement | e Students relate ideas to previous lessons or topics ‘

e All students are offered high level work ¢ Students connect their ideas to their peers' ideas, &’

* “Iknow you can do this” “| believe in you" visuals, and representations. v ’

¢ Praise effort and ideas, not the person e Teachers create opportunities for students to see connechions.

e Students vocalize self-belief and confidence e Students relate ideas to events in their lives and the world.
The maths is VISU3L. The maths is OPEN.

e Teachers ask students to draw their ideas % e Students are invited to see maths differently

e Tasks are posed with a visual component e Students are encouraged to use and share

e Students draw for each other when they explai different ideas, methods, and perspectives

e Students gesture to illustrate their thinking =] e Creativity is valued and modeled.

D e Students’ work looks different from each other
e Students use ownership words - “my method”, "my idea”

The environment is filled with wowpee and The classroom is a risk-taking, MISTRKE VALVING
CURIOSITY. environment Ee
Students extend their work and investigate ((\Fv Students share ideas even when they are wrong (- - -
Teacher invites curiosity when posing tasks 1 9 ﬂ Peers seek fo understand rather than correct
Students see maths as an unexplored puzzle
0 o

Students feel comfortable when they are stuck or wron
Students freely ask and pose questions \_,\/_/ Teachers and students work together when stuck
Students seek important information ‘:3

“I've never thought of it like that before.'q:b

Tasks are low floor/high ceiling
Students disagree with each other and the teacher

Developed by Jo Boaler/Youcubed.org and Tulare County Office of Education


http://tedxmanhattanbeach.com/past-events/october-2012-conference-journey-to-purpose/presenters/eduardo-briceno/
http://community.ksde.org/Default.aspx?tabid=6383
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Grade 2 Content Standards Overview

Operations and Algebraic Thinking (2.0A)
A. Representsandsolves problemsinvolving addition and subtraction
OA.1
B. Addand subtract within 20
OA.2

C. Work with equal groups of objects to gain foundations for
multiplication
OA.3 OA.4

Number and Operations in Base Ten (2.NBT)
A. Understand place value.
NBT.1 NBT.2 NBT.3 NBT.4
B. Use place value understandingand properties of operations to add
and subtract.
NBT.5 NBT.6 NBT.7 NBT.8
NBT.9

Measurement and Data (2.MD)
A. Measure and estimate lengthsin standard units

MD.1 MD.2 MD.3 MD.4
B. Relate additionandsubtractiontolength
MD.5 MD.6
C. Work withtime and money
MD.7 MD.8 MD.9

D. Representandinterpretdata
MD.10 MD.11

Geometry (2.G)
A. Reasonwithshapesandtheirattributes
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Domain: Operations and Algebraic Thinking (OA)

P Cluster A: Represent and solve problems involving addition and subtraction.

Standard: 2.0A.1

Use addition and subtraction within 100to solve one- and two-step word problems involving situations of adding to,

taking from, putting together, taking apart, and comparing, with unknowns in all positions, (e.g. by using drawings and

situation equations and/or solution equations with a symbolforthe unknown numberto represent the problem.) Refer to

shaded section of Table 1 for specific situation types. (2.0A.1)

For Example:

Situation Equation: 20-8 =7
'+0=24
Solution Equation: 20-8=7

24.2=0

A clown had 20 balloons. He sold 8. Another clown came by and gave him more. He now has 24 balloons. How many did the clown gire him?

Suggested Standards for Mathematical Practice (MP):

v MP.1
MP.2
MP.3
MP.4
MP.5
MP.8

ASANENENEN

Connections:
Thisclusteris connectedto:

Make sense of problems and persevere in solvingthem.
Reason abstractly and quantitatively.

Constructviable arguments and critique the reasoning of other.
Model with mathematics.

Use appropriate tools strategically.

Look for and express regularity in repeated reasoning.

D. Representandsolve problems involving addition and subtraction and Work with addition and subtraction

equationsin Grade 1, to relate addition and subtraction to length and Work with time and money in Grade 2,
and to Solve problems involving the four operations, and identify and explain patterns in arithmeticin Grade 3.

Explanation and Examples:

This standard callsforcalls for students toadd and subtract numbers within 100 in the context of one-and two-step
word problems. Students should have ample experiences working on all the subtypes of problems illustrated within

Table 1 and that have unknownsinall positions, including:

Results Unknown:
There are 29 students on the
playground. Then 18 more students
showed up. How many students are
there now?

29 +18 =?

Change Unknown:
There are 29 students on the
playground. Some more students
show up. There are now 47 students.
How many students came?
2947 =47

Start Unknown:
There are some students onthe
playground. Then 18 more students
came. There are now 47 students.
How many students were onthe
playground atthe beginning?
7418 =47
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This standard also calls forstudents to solve one- and two-step problems using drawings, objects and equations.

Students should be able to use place value blocks, hundreds charts, numberlines, or create drawings of any of these
toolsto supporttheirwork. See Table 1 in the Appendix to see examples of the different situation types that second
grade students are expected to masterforone-step problems.

Two step-problemsincludesituations where students have to add and subtract within the same problem.

Example:

Firstthere are 25 studentsinthe cafeteria. Eighteen more students come in. Afterafew minutes, somestudents have to
leave. If there are 14 students still in the cafeteria, how many students left the cafeteria? Write an equation foryour
problem.

EXPECT students to use place value blocks (base 10), number line, hundreds chart, etc. to show, solve and explain
theirreasoning. Justexplaining by tellingthe steps of the procedure will not be enough. Students need to
understand the operations and the process. Instead of asking for the “answer”, say: “Use the model and explain,” “what
are the relationships,” “what is the structure,” or “justify your answer.”

Word problems thatare connected to students’ lives can be used to develop fluency with addition and subtraction.
Table 1in the Appendix describes the different addition and subtraction situations and theirrelationship to the position
of the unknown.

Example:

o Take From (Result unknown): David had 63 stickers. He gave 37 to Susan. How many stickers does David have
now? 63 — 37 =?

e AddTo: David had $37. His grandpagave him some money for his birthday. Now he has $63. How much money
did David’s grandpagive him? $37+?= $63

e Compare:David has 63 stickers. Susan has 37 stickers. How many more stickers does David have than Susan?
63 —37 =7

0 Eventhoughthe modeling of the two problemsabove is different, the equation, 63 — 37 =?can
represent both situations (How many more do | need to make 637?)

e Take From (Start Unknown): David had some stickers. He gave 37 to Susan. Now he has 26 stickers. How many

stickers did David have before? ?—37 = 26

It isimportantto attend to the difficulty level of the problem situationsin relation to the position of the unknown.
e ResultUnknown, Total Unknown, and Both Addends Unknown problems are the least complex for students.
e Thenextlevel of difficulty includes Change Unknown, Addend Unknown, and Difference Unknown.
e The most difficult are Start Unknown and versions of Bigger and Smaller Unknown (Compare problems).

This standard focuses on developing an algebraicrepresentation of aword problem through addition and subtraction.
The intentis NOT to introduce traditional algorithms or rules, but to “make meaning” of operations.

Second graders should work on ALL problem types regardless of the level of difficulty. Mastery is expected in second
grade.

» Major Clusters € Supporting Clusters @ Additional Clusters
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Instructional Strategies:
Solving algebraic problems requires emphasizing the most crucial problem-solving strategy—understanding the

situation.

Students now build on theirwork with one-step problems to solve two-step problems and model and represent their
solutions with equations forall the situations shown in Table 1, see Appendix. The problems should involve sums and
differenceslessthan orequal to 100 usingthe numbers 0to 100. Itisimportantthat students develop the habit of
checkingtheiranswertoa problemto determineif it makes senseforthe situation and the questions being asked.

Ask students towrite word problems for their classmates to solve. Start by giving students the answerto aproblem,
thentell them whetheritis an addition orsubtraction problem situation. For example, ask students to write an addition
word problem fortheir classmates to solve which requires adding four two-digit numbers with 100as the answer.
Students thenshare, discuss, and compare theirsolution strategies afterthey solve the problems.

Tools/Resources
See: “PiesforSale,” NCSM, Great Tasks for Mathematics K-5, (2013).
See: “Show What You Know,” NCSM, Great Tasks for Mathematics K-5, (2013).

[llustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 20AA1
0 Pencilanda Sticker
O NBT Saving Money 2

See: Progressionsfor Common Core State Standards in Mathematics: K-5, Numberand Operationsin Base Ten for

detailed information.

Dr. Douglas Clements and Dr. JuliaSarama are well respected early numeracy
educators and researchers. Theirbook, Learning and Teaching Early Math: The

Learning and Teaching with Learning
Learning Trajectories Approach, provides afabulous learning trajectory for Trajectories (LT?)

Addition and Subtraction fromthe ages of 1 to 7. These researchers explain more about the different situations that
students are expected to know and solve. In addition to this trajectory, they have others that are useful when diagnosing

students’ gapsin mathematical understanding. Clements and Sarama have provided educators access to theironline
trajectories. Make sure you registerso you can use theirdevelopmental progressions and the activities and lessons to go
with each stage of learning.

Visit K-5 Math Teaching Resources section showingthe developmental
stages of addition and subtraction with corresponding games and activities.

These links from the K-5 Math Teaching Resources site offer word problems
withresult unknown forboth addition and subtraction problems. There are
card available forthe othersituation types butthey are only available with the

purchase of their Math Centers.
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https://tasks.illustrativemathematics.org/2
http://commoncoretools.me/wp-content/uploads/2011/04/ccss_progression_nbt_2011_04_073_corrected2.pdf
https://www.learningtrajectories.org/
https://www.learningtrajectories.org/
https://www.k-5mathteachingresources.com/addition-and-subtraction-centers.html
https://www.k-5mathteachingresources.com/addition-and-subtraction-centers.html
https://www.k-5mathteachingresources.com/support-files/add-to-result-unknown-within-100.pdf
https://www.k-5mathteachingresources.com/support-files/take-from-result-unknown-within-100.pdf
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Greg Tang’s website has some great resources forteachers but one hidden gemis the Word Problem Generator. Click

here to access an online tool that will provide you with one oralist of problems targeted to specificsituations as shown
on Table 1 (see Appendix). NOTE: This will only generate one-step word problems. Second grade students need to quickly

move to two-step word problems.

Thinking Blocks on Math Playground allows students several ways to model problems.

Common Misconceptions:

Some students end theirsolution of atwo-step problem afterthey completejust the first step. They may have
misunderstood the question or only focused on finding the first part of the problem. Frequently key words willonly
provide aclue to one of the operations needed to solve a problem and so kids are misled in thinking thatthey have
solved the problem. Instead of focusing on key words, have students think about whatis happeningin the situationand
then determine what equations are needed to solve the problem. This will help alleviate the tendency to stop after
solvingjust one of the piecesin atwo-step word problem.

Students need to solve problems where key words are contrary to such thinking.
e Forexample, the use of the word left does not indicate subtraction as a solution method: Debbietook the 8
stickers she nolongerwanted and gave them to Anna. Now Debbie has 11 stickers left. How many stickers did
Debbie have to begin with?

It is important that students not rely on using key words to solve problems. The goal is for students to make sense of
the problem and understand what it is asking themto do, rather than search for “tricks” and/or guess at the
operation needed to solve the problem.

Students need many opportunities to solve avariety of two-step problems and develop the habit of reviewing their
solution afterthey think they have finished.

Many children have misconceptions about the equal sign. Students can misunderstand the use of the equal sign eveniif
they have proficient computational skills. The equal sign means “isthe same as” or “has the same value as”, however,
many primary students think thatthe equal sign tells you that the “answeris comingup.” Using an equations balance
can help students with this misconception.
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http://gregtangmath.com/wordproblems
https://www.mathplayground.com/thinkingblocks.html
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Students need to see examples of numbersentences with an operation to the right of the equal sign and the answeron

the leftand with number expressions of both sides, so they do not over-generalize from limited examples.

A few examples:

e 9=12-3
e 15=5+5+5
e 7+4=8+3

e 15-8=7+8

P  Major Clusters € Supporting Clusters @ Additional Clusters
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Domain: Operations and Algebraic Thinking (OA)

»  Cluster B: Add and subtract within 20.

Standard:2.0A.2

Fluently (efficiently, accurately, and flexibly) add and subtract within 20 using mental strategies (counting on, making a
ten, decomposinganumber, creating an equivalent buteasier and known sum, and using the relationship between
addition and subtraction) Work with equal groups of objects to gain foundations for multiplication. (2.0A.2)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
v' MP.7 Look for and make use of structure.
v MP.8 Look for andexpressregularityin repeated reasoning.

Connections:

This clusteris connected to:
e Representandsolve problems involving addition and subtraction and Add and subtract within 20 in Grade 1, and

to Useplace value understanding and properties of operations to add and subtractin Grade 2

Explanation and Examples:

This standard mentions the word fluentlywhen students are adding and subtracting numbers within 20. Fluency means
accurately (correctanswer), efficiently (within 4-5seconds), and flexibly (using strategies, such as “making 10” or
“breaking apart numbers”) finding solutions.

Mental Strategies
e Countingon(+1and +2)
e Makingten(8+ 6 can be solved by decomposingthe 6into 2+ 4 and then combiningthe 8
and 2 tomake a ten. Then 10 plusthe leftover4is 14.)
e Usingthe relationship between addition and subtraction (e.g., knowingthat8 + 4 = 12,
oneknows12 — 8 = 4)
e Creatingequivalentbuteasierorknownsums(e.g., adding6+ 7 by creatingthe known

Second Gradersinternalize facts and develop fluency by repeatedly using strategies that make sense tothem. This leads
to long-termretention and better outcomes than using timed tests. Timing students before they knowthe solutions to
the problems makes them retain wronganswers.

Researchindicatesthatteachers’ can best supportstudents’ memorization of sums and differences through varied
experiences such as, making 10, breaking numbers apart and working on mental strategies. These strategiesreplacethe
use of repetitive timed testsin which students try to memorize operations as if there were notany relationships among
the variousfacts. When teachersteach facts for automaticity, ratherthan memorization, they encourage studentsto
THINK about the relationships among the facts. (Fostnot & Dolk, 2001)

When students are able to demonstrate fluency they are accurate, efficient, and flexible. Students must have efficient
strategiesin orderto know sums from memory.
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Itisno accidentthat the standard says “know from memory” ratherthan “memorize”. The firstdescribesan outcome,
whereasthe secondis describingamethod of achieving that outcome. Sothe standards are not dictating timed tests.

(McCallum, 2011)

Example: 9+5=

?
Student 1 Student 2
Counting On Decomposing a Number Leading to a Ten
I started at 9 and then counted 5 more. | landed | know that9 and 1is 10,sol broke 5into 1 and 4.
on 14. 9 plus 1is 10.Then | have to add 4 more, which
gets me to 14.

Which one is more efficient? Have these discussions with students so they will be flexiblein theirthinking.

Example: 13-9=

=?
Student 1 Student 2
Using the Relationship between Addition and Creating an easier problem using compatible
Subtraction numbers
I know that 9 plus 4 equals 13.S0, 13 minus 9 Instead of 13 minus 9. 1 added 1 to each of the
equals 4. numbers to make the problem 14 minus 10. |
know the answeris4.So0 13 minus9isalso4.

This standard is strongly connected to all the rest of the standardsin this domain. It focuses on students being ableto
fluently add and subtract numbersto 20. Adding and subtracting fluently refers to knowledge of procedures, knowledge
of whenand how to use them appropriately, and skillin performing them flexibly, accurately, and efficiently.

Instructional Strategies:

An efficient strategy is one that can be done mentally and quickly. Provide many activities that will help students
develop astrongunderstanding of number relationships, addition and subtraction so they can develop, share and use
efficient strategies for mental computation.

Students gain computational fluency, using efficient and accurate methods for computing, as they come to understand
the role and meaning of arithmeticoperationsin number systems. Efficient mental processes become automatic with
use.
e Have studentsstudy how numbers are related to the anchor numbers 5 and 10, sothey can apply these
relationships totheirstrategiesforknowing5+4 or 8 + 3.
e Students might picture 5+ 4 on a ten-frame to mentally see 9as the answer, or 1 less than 10.
e Forremembering8+ 7, students mightthink, since 8is 2 away from 10, take 2 away from 7 to make 10+5=15 or
know that 7+7= 14 and one more makes 15.
e Anotherexample: After multiple experiences with ten-frames, when studentsadd to 9, they mentally SEE9, but
THINK 10 and generalize that9 + 8 isthe same thingas 10 + 7. Then, apply thissame thinkingto 19 + 8 is the
same thingas 20 + 7, SEE 19, THINK 20, and soon.

» Major Clusters € Supporting Clusters @ Additional Clusters



27
Provide activities in which students apply the commutative and associative properties to their mental strategies for
sums less or equal to 20 usingthe numbers 0 to 20.

Provide simpleword problems designed for students toinventand try a particular strategy as they solve it. Have
students explain theirstrategies so their classmates can understand it.

Guide the discussion so the focusis on the methods that are most useful. Encourage students to try the strategies that
were shared so they can eventually adopt efficient strategies that work forthem.

Make posters forstudent-developed, mental strategies for addition and subtraction within 20. Use names forthe
strategies that make sense to the students andinclude examples of the strategies.

Presentaparticularstrategy along with the specificaddition and subtraction facts relevant to the strategy. Have
students use objects and drawings to explore how thesefacts are alike.

Tools/Resources:
[llustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 20AB.2
0 Buildingtoward fluency
0 HittingThe Target Number
O MD Delayed Gratification

Dr. Douglas Clements and Dr. JuliaSarama are well respected early numeracy
educators and researchers. Theirbook, Learning and Teaching Early Math: The

Learning and Teaching with Learning
Learning Trajectories Approach, provides afabulous learning trajectory for Trajectories (LT?%)

Addition and Subtraction fromthe ages of 1 to 7. These researchers explain more about the different situations that

students are expected to know and solve. Inaddition to this trajectory, they have others that are useful when diagnosing
students’ gapsin mathematical understanding. Clements and Sarama have provided educators access to theironline

trajectories. Make sure you register soyou can use theirdevelopmental progressions and the activitiesand lessons to go
with each stage of learning.

Visit K-5 Math Teaching Resources section showingthe developmental
stages of addition and subtraction with corresponding games and activities.

Common Misconceptions:

Students may over-generalize and begin to think thatanswers to addition problems must be greater. (Example: Adding 0
to any numberresultsinasum that is equal to that numberand notgreater.) Provide word problems involving0and
have students model using drawings with an empty space forO.

Students are usually proficient when they focus on a strategy relevant to particular facts. When these facts are mixed
with others, students may revert to counting as a strategy and ignore the efficient strategies they learned.

Provide alist of facts fromtwo or more strategies and ask students to name a strategy that would work forthat fact.
Students should be expected to explain why they chose that strategy then show how to use it. This relates to efficiency.
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Domain: Operations and Algebraic Thinking (OA)

@ Cluster C: Work with equal groups of objects to gain foundations for multiplication.

Standard:2.0A.3

Determine whetheragroup of objects (up to 20) hasan odd or even number of members, (e.g. by pairing objects or
counting them by 2s); write an equation to expressan even number as a sum of two equal addends. (2.0A.3)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of other.
MP.7 Look for and make use of structure.
MP.8 Look for and expressregularityin repeated reasoning.

AURNEN

Connections:
This clusteris connected to:
o Work with addition and subtraction equations and Use place value understanding and properties of operations
to add and subtractin Grade 1, and to Use place value understanding and properties of operations to add and
subtractin Grade 2.

Explanation and Examples:

This standard calls forstudentsto apply theirwork with the doubles addition facts to the concept of odd and even
numbers. Students should have ample experiences exploring thatif a numbercan be decomposed (broken apart) into
two equal (whole number) addends (e.g. 10= 5+ 5), then that number(10in this case) is an even number. Ifit cannot be
decomposedintotwo equal addends, thenitisan odd number.

Students should explore this concept with concrete objects (e.g., counters, connecting cubes, etc.) before moving
towards pictorial representations of groups or arrays.

Example:
Is 8 an even number? Prove youranswer.
Student 1 Student 2
I grabbed 8 counters. | paired the counters up into I know that 4 plus 4 equals 8. So 8 isaneven

groups of 2. Since | didn’t have any counters left over, number.
I know that 8 is an even number

Student 3 Student 4
I drew 8 boxes ina rectangle that had two columns. Idrew 8 circles.| matched one on the left with
Sinceevery box on the left matches a box on the right, | one on the right. Sincethey all match up | know
I know that 8 is even. that 8 is an even number.

Students exploreodd and even numbersin avariety of ways including the following:
1. Studentsmayinvestigateifanumberisoddor evenusingconcrete models.
2. Determiningif the numberof objects can be dividedinto two equal sets, arranged into pairs or counted by twos.
3. Afterthe above experiences, students may discover thatthey only need tolook at the digitin the ones place to
determineifanumberisodd or evensince any numberof tens will always splitinto two even groups.
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Example:

Students need opportunities writing equations representing sums of two equal addends, suchas:2+2=4,3 +3 =6,
5+5=10, 6+ 6 =12, or 8 + 8 =16. Thisunderstanding will lay the foundation for multiplication and is closely connected
to 2.0A.4.

Instructional Strategies: 2.0A.3&2.0A.4
Students need to understand thata collection of objects can be one thing (orone group) and that a group contains a
given number of objects.
e |Investigate separatingno more than 20 objectsinto two equal groups.
e Findthe numbersthatwill have some objects remaining and no objects remaining after separatingthe
collectionsintotwo equal groups.
e Oddnumberswill have some objects remaining while even numbers will not. Foran even numberof objectsina

collection, show the total as the sum of equal addends (repeated addition).

Tools/Resources:
[llustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 20A.C3
O RedandBlueTiles
O Buttonsodd andeven
e 20ACA4
O CountingDotsinArrays

Visit K-5 Math Teaching Resources click on Number, then on 2" Grade. Scroll

downto 2.0A.3 to access resources specifically for this standard.

Common Misconceptions:
Students will look at the number of digits to determineif the numberis odd or
eveninstead of the quantity itself. Example: 53 isan even number because it has 2 digits. Thisis a misconception.

Students will determine whetheranumberis odd or even by the firstdigitinthe numberinstead of the digitin the ones
place.
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Domain: Operations and Algebraic Thinking (OA)

@ Cluster C: Work with equal groups to gain foundations for multiplication.

Standard:2.0A.4

Use addition to find the total number of objects arranged in rectangular arrays with upto 5 rows and up to 5 columns;
write an equation to express the total as a sum of equal addends. (2.0A.4)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of other.
MP.7 Look for and make use of structure.
MP.8 Look for and expressregularity in repeated reasoning.

AURNEN

Connections: See 2.0A.3

Explanation and Examples:

This standard expects students to use rectangulararrays to work with repeated addition. Thisisabuilding block for
multiplicationin 3rd Grade. Students should explore this concept with concrete objects (e.g., counters, square tiles,
connecting cubes, etc.) as well as pictorial representations on grid paperor otherdrawings.

Based on the commutative property of addition, students can add eitherthe rows or the columns and still arrive atthe
same solution.

Example
Find the total number of objects below. (Students use concrete objects to show, solve and explain)

Student 1 Student 2
I see 3 countersineach column andthere are 4 | see 4 counters ineach row and there are 3 rows.
columns.So | added 3+ 3 + 3+ 3. Thatequals 12. So | added 4+4+4. That equals 12.

Students arrange any set of objectsinto a rectangulararray. Objects can be cubes, buttons, counters, etc. Objects do not
have to be square to make an array. Geoboards can also be used to demonstrate rectangular arrays. Students thenwrite
equationsthatrepresentthe total as the sum of equal addends as shown below

LR X N ¥

L LR N X X X X

L LR N T Y X X ]

L 2 X N (L E X X J )
4+4+4+4= 16 5+5+5+5=20
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Instructional Strategies:

A rectangulararray isan arrangement of objectsin horizontal rows and vertical columns. Arrays can be made out of any
number of objects that can be put into rows and columns.
e Allrows containthe same number of items and all columns contain an equal number of items.
e Havestudentsuse objectsto build all the arrays possible with no more than 25 objects. Theirarrays can have up
to 5 rowsand 5 columns.
e Askstudentstodraw the arrays on grid paperand write two different equations under the arrays. One showing
the total as a sum by rows and the othershowingthe total asa sum by columns.
e Both equationswill show the total asa sum of equal addends.

The equationbyrows:20=5+5+5+5
The equationbycolumns:20=4+4+4+4 +4

Build on knowledge of composing and decomposing numbers toinvestigatearrays withupto 5rowsand upto 5
columnsindifferent orientations. Forexample, form an array with 3 rows and 4 objectsin each row. Representthe total
number of objects with equations showinga sum of equal addends two different ways: by rows, 12 =4+ 4 + 4; by
columns,12=3+3 +3 +3.

Show that by rotating the array 90° to form 4 rows with 3 objects in each row. Write two different equationsto
represent 12 as a sum of equal addends: by rows, 12 =3 + 3+ 3 + 3; by columns, 12 = 4 + 4 + 4. Have students discuss
this statementand explaintheirreasoning. The two arrays are different and yet the same.

Ask students to think of a full ten-frame showing 10 circles as an array. One view of the ten-frame is 5 rows with 2 circles
in each row. Students count by rows to 10 and write the equation10=2 + 2+ 2 + 2 + 2. Then students put two full ten-
frames togetherend-to-end so they form 10 rows of 2 circles or (10 columns of 2 circles). They use this largerarray to
count by 2s upto 20 and write an equation thatshows 20 equal to the sum of ten 2s.

Tools/Resources:

Illustrative Mathematics Grade 2 tasks: Scroll to the appropriate sectionto find named tasks.
e 20A.C4
0 CountingDotsinArrays

See Learning Progressions for Operations & Algebraic Thinking for detailed information

Visit K-5Math Teaching Resources click on Number, then on 2" Grade. Scroll down
to 2.0A.4 to access resources specifically for this standard.
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Common Misconceptions:
Students may not be consistentin how they describe arrays. They may notrememberthe convention that was
discussedinclass. They cannot justify thatthe commutative property applies.
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Domain: Number and Operations in Base Ten (NBT)

P Cluster A: Understand place value.

Standard: 2.NBT.1
Understand that the three digits of a three-digit number represent amounts of hundreds, tens, and ones; (e.g. 706
equals 7 hundreds, Otens, and 6 ones.) Understand the following as special cases:

a. 100 can be thought of as a bundle of ten tens—called a “hundred.” (2.NBT.1a)

b. The numbers 100, 200, 300, 400, 500, 600, 700, 800, 900 referto one, two, three, four, five, six, seven, eight, or
nine hundreds (2.NBT.1b)

c. Show flexibilityin composing and decomposing hundreds, tens and ones (e.g. 207 can be composed from 2
hundreds 7 ones OR 20 tens 7 ones OR 207 ones OR 1 hundred 10 tens 7 ones OR 1 hundred 9tens 17 ones, etc.)
(2017)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reason abstractly and quantitatively.
v MP.7 Look for and make use of structure.
v MP.8 Look for and expressregularityin repeated reasoning.

Connections:
This clusteris connectedto:
e Extendthe counting sequence and Understand placevaluein Grade 1
o Work with equal groups of objects to gain foundations for multiplication in Grade 2
e Useplace value understanding and properties of operations to perform multi-digit arithmeticin Grade 3.

Explanation and Examples:

This standard expects students towork on decomposing numbers by place value. Students should have ample
experiences with concrete materials and pictorial representations examining that all numbers between 100 and 999 can
be decomposedinto hundreds, tens, and ones and then into several different combinations within those place values.

Example:
285 can be shown as 2 hundreds, 8 tens, and 5 ones but itis also correct to show thisnumberas 28 tensand 5 ones OR

1 hundred, 18 tens, and 5 ones OR 2 hundreds, 7 tens, and 15 ones and so on.

Interpretthe value of a digit (1-9and 0) in a multi-digit numeral by its position within the number with models, words
and numerals.

Use 10 as a benchmark numberto compose and decompose when adding and subtracting whole numbers.
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2.NBT.1a calls for studentsto extend their work from 1st Grade by exploringahundred asa unit(or bundle) of tentens.

2.NBT.1b builds onthe work of 2.NBT.2a. Students should explore the ideathat numbers such as 100, 200, 300, etc., are
groups of hundreds that have notens or ones. Students can represent this with place value (base 10) blocks.
2.NBT.1c extends the thinking to various decompositions by place value. Thisis needed for regrouping later on.

T

. s
1s the same as FWW

- T

6 hundreds are the same as 600

Understanding that 10 ones make one ten and that 10 tens make one hundred is fundamental to students’
mathematical development. Itis also important that students can reverse this thinkingand know that 1 ten can be
decomposedinto 10 ones and 1 hundred can be decomposedinto 10 tens.

Students need multiple opportunities countingand “bundling” groups of tensin first grade. In second grade, students
build ontheirunderstanding by making bundles of 100s with or without leftovers using base ten blocks, cubesin towers
of 10, ten frames, etc. This emphasis on bundling hundreds will support students’ discovery of place value patterns.
Equallyimportantisthe ideaof beingable to “unbundle” to decompose numbers.

As students are representing the various amounts, itisimportantthatemphasisis placed on the language associated
with the quantity. For example, 243 can be expressedin multiple ways such as 2 groups of hundred, 4 groups of tenand
3 ones, aswellas 24 tensand 3 ones.

When students read numbers, they should read in standard form as well as using place value concepts. Forexample, 243
should be read as “two hundred forty-three” as well as two hundreds, 4tens, 3 ones.

Instructional Strategies: 2.NBT.1through 2.NBT.4

The understandingthat 100 is 10 tens or 100 onesiis critical to the understanding of place value. Using proportional
models like base-ten blocks and bundles of tens along with numerals on place-value mats provides connections between
physical and symbolicrepresentations of anumber. These models can be used to compare two numbers and identifythe
value of theirdigits. Itis essential to find outif students truly understand how base-ten blocks represent numbers before
doing extensive work. If students have not had enough time with groupable models (connecting cubes, building ten
frames, etc.) before using tradeable models for place value (base-ten blocks), then they may be just “going through the
motions” and not really understanding what they are doing to represent the numbers. Viewthis video by Marilyn Burns
as she works with Jonathan and discovers that this student has gapsin place value understanding.
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Model three-digit numbers using base-ten blocks in multiple ways. Forexample, 236 can be 236 ones, OR 23 tensand 6

ones, OR 2 hundreds, 3 tens and 6 ones, OR 20 tens and 36 ones. Use activities and games that have students match
different representations of the same number.

Provide gamesand othersituations that allow students to practice skip-counting. Students can use nickels, dimesand
dollarbills to skip countby 5, 10 and 100. Pictures of the coins and bills can be attached to models familiarto students: a
nickel ona five-framewith 5dots or pennies and a dime on a ten-frame with 10 dots or pennies.

On a numberline, have students use a clothespin or markertoidentify the numberthatisten more thana given number
or five more thana given number.

Have students create and compare all the three-digit numbers that can be made using numbersfrom0to 9. For
instance, usingthe numbers 1, 3, and 9, students will write the numbers 139, 193, 319, 391, 913 and 931.

When students compare the numeralsin the hundreds place, they should conclude thatthe two numbers with 9
hundreds would be greaterthan the numbers showing 1 hundred or 3 hundreds. When two three-digit numbers have
the same digitinthe hundreds place, students need to compare theirdigitsin the tens place to determine which
numberislarger.

Tools/Resources:
Illustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.

e 2.NBT.A.1
O Regrouping
Three composing/decomposing problems
Bundlingand Unbundling
Boxes and Cartons of Pencils
Largest Number Game
Ten $10s make $100
Counting Stamps
One, Ten, and One Hundred More and Less
Making 124
Lookingat Numbers Every Which Way
e 2.NBT.A.la
O Party Favors

O 0O0O0O0O0O0Oo

@]

See: Progression for Common Core State Standards in Mathematics: K-5, Numberand Operationsin Base Ten for

detailed information.

Visit K-5Math Teaching Resources click on Number, then on 2" Grade. Scroll
downto 2.NBT.1to access resources specifically for this standard.
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Common Misconceptions: 2.NBT.1through 2.NBT.4
Some students may not move beyond thinking of the number 358 as 300 ones plus 50 ones plus 8 ones to the concept of
8 singles, 5bundles of tens, and 3 bundles of hundreds. You may have to go back to groupable models (connecting cubes
or ten frames) to establish understanding. Then when students use base-ten blocks, they need to model the collecting of
10 ones (singles)to make a ten or 10 tens to make a hundred. Itisimportantthat students connecta group of 10 ones
withthe word ten and a group of 10 tens with the word hundred.

P  Major Clusters € Supporting Clusters @ Additional Clusters



37
Domain: Number and Operations in Base Ten (NBT)

P Cluster A: Understand place value.

Standard: 2.NBT.2
Countwithin 1000; skip-countby 2s, 5s, 10s, and 100s; explain and generalize the patterns. (2.NBT.2)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.
MP.8 Look for and expressregularityinrepeatedreasoning.

ASANIN

Connections: See 2.NBT.1

Explanation and Examples:

The standard expects students to count within 1,000. This means that students are expected to “count on” from any
numberand say the nextfew numbers that come afterwards. They also need to be able to tell the numbers thatcome
before numbers.

Understand that counting by 2s, 5s, 10s, and 100s is counting groups of items by that amount.

Example:
What are the next 3 numbers after498? 499, 500, 501.
Whenyou count back from 201, whatare the first 3 numbers thatyou say? 200, 199, 198.

Students should explore the patterns of numbers when they skip count. When students skip count by 5s, the ones digit
alternates between 5and 0, if they start at 0. When students skip count by 100s, the hundreds digitis the only digit that
changes, andit increases by one number. Students should skip count startingata number otherthan 0. Example: start
at 5 andskip countby 2s; 5,7, 9, 11, 13, ... . Startat 7 and skip count by 5s; 7, 12, 17, 22, 27, . ... Discuss the patterns
created. What do they notice?

Examples:
e Theuse of the 100s chart is great tool for studentsto identify the counting patterns.
e Theuse of money (nickels, dimes, dollars) or base ten blocks may be helpful visual cues.

The ultimate goal forsecond gradersis to be able to countin multiple ways with no visual support.

Instructional Strategies: See 2.NBT.1
Use the “Counting Around the Class” routine to support skip countingand then discuss the patterns of the numbers.
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Tools/Resources:
[llustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2.NBT.A.2
O Saving Money 2

“Counting Around the Class” questions.

Visit K-5 Math Teaching Resources click on Number, then on 2" Grade. Scroll
downto 2.NBT.2 to access resources specifically for this standard.

Common Misconceptions: See 2.NBT.1
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Domain: Number and Operations in Base Ten (NBT)

P Cluster A: Understand place value.

Standard: 2.NBT.3

Read and write numbers within 1000 using base-ten numerals, number names, expanded form, and unit form. (2.NBT.3)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
v' MP.6 Attendto precision.
v MP.7 Look for and make use of structure.
v MP.8 Look for and expressregularity in repeated reasoning.

Connections: See 2.NBT.1

Explanation and Examples:
This standard calls forstudentsto read, write and represent anumber of objects with various forms. These
representations caninclude place value (base 10) blocks, pictorial representations or other concrete materials.

Base-ten numerals—726
Numbernames—seven hundred twenty-six
Expandedform—700 +20 + 6

Unit form— 7 hundreds, 2 tens, 6 ones

When writingthe numberinwords (numbernames), rememberthatthe word “and” should notbe used between any of
the whole-numberwords— “and” represents the decimal point.

Examples:
When students say the expanded form, it may sound like this: “6hundreds plus 3 tens plus 7 ones” OR 600 plus 30 plus
7.” Thatisacceptable.

Instructional Strategies: See2.NBT.1

Tools/Resources:
Illustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2.NBT.A.3
O Lookingat Numbers Every Which Way
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Visit K-5Math Teaching Resources click on Number, then on 2" Grade. Scroll
downto 2.NBT.3 to access resources specifically for this standard.

Common Misconceptions: See 2.NBT.1

Domain: Number and Operations in Base Ten (NBT)

D Cluster A: Understand place value.

Standard: 2.NBT.4

Compare two three-digit numbers based on meanings of the hundreds, tens, and ones digits, using >, <, =, and #
relational symbols to record the results of comparisons. (2.NBT.4)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.

MP.6 Attendto precision.

MP.7 Look for and make use of structure.

ASRNIN

MP.8 Look for and expressregularityin repeated reasoning.
Connections: See 2.NBT.1
Explanation and Examples:

This standard builds onthe work of 2.NBT.1 and 2.NBT.3 by having students compare two numbers by examining the
amount of hundreds, tensand onesin each number. Do not use TRICKS such as an alligator or Pac Man. Use math.

Students were introduced to the symbols greaterthan (>), less than (<), equal to (=), and not equal (#) in First Grade, and
are expected to use themin Second Grade with numbers within 1,000.

Students should have ample experiences communicating their comparisonsinwords before using only symbols.

Example: 452 455
Student 1 Student 2
452 has 4 hundreds 5 tens and 2 ones. 455 has 4 452 is less than 455.1 know this because when |
hundreds 5 tens and 5 ones. They have the same countup | say452 before | say455.

number of hundreds and the same number of tens, but
455 has 5 ones and 452 only has 2 ones,452 is less than
455, 452< 455

To compare, students apply theirunderstanding of place value. They first attend to the numeral inthe hundreds place,
thenthe numeralintensplace, then, if necessary, tothe numeral inthe ones place. Comparativelanguage includes but
isnot limited to: more than, less than, greaterthan, most, greatest, least, same as, equal to and not equal to. Students
use the appropriate symbols torecord the comparisons.
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Instructional Strategies: See2.NBT.1

These symbolsare relational (=, #, <,>) but many students view them the same as the operational symbols they are more
familiarwith (+, -). To alleviate this misconception, make sure you use the symbols in conjunction with the numberline.

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Display a numberline with the relational symbols (<,>) above it. Make sure these symbols are easily moved.

< >

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Now put up the two numbers you wantto compare:

15 8

Explainthatyou want to compare where the number15is inrelation tothe number8. So you move the two relational
symbols above the 8.

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Ask the studentswhere the 15isinrelationtothe 8 —is to the |eft, which would show itto be a lessernumber, orisitto
the right, which would show itto be a greaternumber? Thisis using the relationship between the numbers and not on
tricks. When usingan alligator or Pac Man, students are getting the relationalunderstanding of the symbols. These
symbols are asking where the firstnumberis onthe numberlineinrelation to the second number. So use the number
line when establishing understanding.

Tools/Resources:

Illustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2NBT.A4
O Ordering3-digitnumbers
Comparisons 2
Comparisons 1
Digits 2-5-7
Number Line Comparisons
Using Picturesto Explain Number Comparisons

OO0 O0OO0Oo

Visit K-5 Math Teaching Resources click on Number, then on 2"¢ Grade. Scroll
downto 2.NBT.4 to access resources specifically for this standard.
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Common Misconceptions: See 2.NBT.1

Often students think of these relational symbols as operational symbolsinstead. In orderto alleviate this misconception,
allow studentsto use the numberline and the hundred chart to see the relationship between one numberand the
other. See Instructional Strategies above.
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Cluster B: Use place value understanding and properties of operations to add and subtract.

Standard: 2.NBT.5

Fluently (efficiently, accurately, and flexibly) add and subtract within 100 using strategies based on place value,

properties of operations, and/orthe relationship between addition and subtraction (e.g. composing/decomposing by
like base-10units, using friendly orbenchmark numbers, using related equations, compensation, number line, etc.).

(2.NBT.5)

Suggested Standards for Mathematical Practice (MP):

v" MP.2 Reasonabstractlyand qu

MP.6 Attendto precision.

NSRNEN

Connections: 2.NBT.5through 2.NBT.9

This clusteris connected to:

antitatively.

MP.7 Look for and make use of structure.
MP.8 Look for and expressregularityin repeated reasoning.

e Understand and apply properties of operations and the relationship between addition and subtractionand Add
and subtract within 20 and Use place value understanding and properties of operations to add and subtractin

Grade 1

e Addandsubtractwithin 20 in Grade 2
e Useplace value understanding and properties of operations to perform multi-digit arithmeticin Grade 3.

Explanation and Examples:

This standard mentions the word fluentlywhen students are adding and subtracting numbers within 100. Fluency means
accuracy (correct answer), efficiency (reasonable steps and time in computing), and flexibility (using strategies; such as

making 10 or breaking numbers apart).

Example: 67 +25 =

Place Value Strategy
| broke both 67 and 25 into tens and ones.
6 tens plus 2 tens equals 8tens. Then |
added the ones. 7 ones plus 5 ones equals
12 ones. | then combined my tens and
ones. 8 tens plus 12 ones equals 92.

Counting On and Decomposing a Number
Leading to a Ten

| wanted to startwith 67 andthen break

25 apart.| started with 67 and counted on

to my next ten. 67 plus 3 gets me to 70. 1

then added 2 more to get to 72. 1 then

added my 20 and got to 92.

Associative Property:
| broke 67 and 25 into tens and ones so
I had to add 60+7+20+5. | added 60 and
20 firstto get 80. Then |l added 7 to get
87.Then | added 5 more. My answer is
92.

Example: 63-32 =

Relationship between Addition and Subtraction
I broke apartboth 63 and 32 intotens andones. | know that 2 plus 1 equals 3,sol have 1 leftinthe ones place. | know that 3
plus 3 equals 6,sol havea 3in my tens place. My answer has a 1in the ones placeand 3 inthe tens place,somy answer is 31.
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Adding and subtracting fluently refers to knowledge of procedures, knowledge of when and how to use them
appropriately, and skill in performing them flexibly, accurately, and efficiently.

Students should have experiences solving problems written both horizontally and vertically. They need to communicate
theirthinkingand be able to justify their strategies both verbally and with paperand pencil.

Addition strategies based on place value for 48 + 37 may include:
e Addingbyplacevalue:40+30=70and 8+ 7 =15 and 70 + 15 = 85.
e Incremental adding (breakingone numberintotensandones); 48 + 10 = 58, 58 + 10 =68, 68 + 10 = 78,
78 +7=85
e Compensation (makingafriendly number): 48+2 =50, 37 -2 =35, 50 + 35 =85

Subtraction strategies based on place value for 81 - 37 may include:
e Addingup (fromsmallernumbertolargernumber): 37+ 3=40,40+40=80, 80+ 1 =81, and 3 +40 +1 =44,
e Incremental subtracting:81-10=71, 71 -10=61, 61-10=51,51-7=44
e Subtracting by place value: 81 -30=51,51-7=44

Propertiesthat students should know and use are:
e Commutative property of addition (Example: 3+5=5+ 3)
e Associative property of addition (Example: (2+7) + 3 =2 + (743) )
e Identity propertyof 0 (Example:8+0 = 8)

Studentsinsecond grade need to communicate their understanding of why some properties work for some operations
and not for others.

e Commutative Property: In firstgrade, studentsinvestigated whetherthe commutative property works with
subtraction. The intent was for students to recognize that taking 5 from 8 is not the same as taking 8 from 5.
Students should also understand that they will be working with numbersin later grades that will allow them to
subtract greater numbers from smaller numbers. This exploration of the commutative property continuesin
second grade.

Instructional Strategies:

Provide many activities that will help student develop astrong understanding of number relationships, as wellas,
develop strategies foraddition and subtraction that will lead to efficient strategies for mental computation. An efficient
strategy isone that can be done mentally and fairly quickly. Students gain computational fluency, using efficient and
accurate methods for computing as they come to understand the role and the meaning of arithmeticoperationsin the
numbersystem.

Students need to build ontheirflexible strategies for adding within 100from Grade 1 to using numbers 0 to 1000.

Initially students apply base-ten concepts and use direct modeling with physical objects or drawings to find different
waysto solve problems. They move toinventing strategies that do not involve physical material or counting by onesto
solve problems. Studentinvented strategies likely will be based on place value concepts, the commutative and
associative properties and the relationship between addition and subtraction. These strategies should be done mentally
or with written record forsupport.
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It isvital that student-invented strategies be shared, explored, recorded and tried by others. Recordingexpressions and
equationsinthe strategies horizontally encourages student to think aboutthe numbersand the quantitiesthey

representinstead of the digits.

Notevery studentwill invent strategies, butall student can and will try strategies they have seen that makes sense to
them. Differentstrategies will be chosen by different students.

Students will decompose and compose tens and hundreds when they develop theirown strategies for solving problems
where regroupingis necessary. They might use the make-ten strategy (37+ 8 =40+ 5) add 3 to 37 then5, or (62 +9 =
60 + 7) take off 2 and get 60 then add 7 more) because noones are exchanged foratenor a tenfor ones.

Have students analyze problems beforethey solvethem. Presentavariety of subtraction problems within 1000. Ask
students toidentify the problems requiringthem to decompose the tens orhundreds tofind asolution and explaintheir
reasoning.

Tools/Resources:
[llustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2.NBT.B.5
O Jamir'sPennylar
O SavingMoney 2
O SavingMoney1

See: “Show What You Know,” NCSM, Great Tasks for Mathematics K-5, (2013).

Visit K-5 Math Teaching Resources click on Number, then on 2"¢ Grade. Scroll
downto 2.NBT.5 to access resources specifically for this standard.

Thinking Blocks on Math Playground allows students several ways to model problems.

Common Misconceptions: 2.NBT.5through 2.NBT.9

Students may think thatthe 4 in 46 represents 4, not 40 or 4 tens. Students need many experiences representing two-
and three-digit numbers with manipulatives that group (base ten blocks) and those that do NOT group, such as counters,
etc.

When adding two-digit numbers, some students might start with the digitsinthe ones place and record the entire sum.
Thentheyadd the digitsinthe tens place and record this sum. Assess students’ understanding of a ten and provide
more experiences modeling addition with grouped and pre-grouped base-ten materials as mentioned above.

When subtracting two-digit numbers, students might start with the digits in the ones place and subtract the smallerdigit
fromthe greaterdigit. Thenthey move tothe tensand the hundreds places and subtract the smaller digits fromthe
greaterdigits. Assess students’ understanding of a ten and provide more experiences modeling subtraction with
grouped and pre-grouped base-ten materials.
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Domain: Number and Operations in Base Ten (NBT)

P Cluster B: Use place value understanding and properties of operations to add and subtract.

Standard: 2.NBT.6
Add up to fourtwo-digit numbers using strategies based on place value and properties of operations. (2.NBT.6)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.
MP.8 Look for and expressregularityin repeatedreasoning.

ASANIN

Connections: See 2.NBT.5

Explanation and Examples:
This standard callsforstudents to add a string of two-digit numbers (up to fournumbers) by applying place value
strategies and properties of operations.

Example: 43 +34 +57 +24 =

Student 1 - Associative Property Student 2 - Place Value Strategies

Isaw the 43 and 57 and added them first,sincel know 3 plus 7 | broke up all of the numbers into tens and ones. Firstl added

equals 10. When | added them 100 was my answer. Then | added | the tens. 40+ 30 +50 + 20 = 140.Then | added the ones. 3 +

34 andhad 134. Then | added 24 and had 158. 4 +7 +4=18.Then | combined the tens and ones and had
158 as my answer.

Student 3 - Place Value Strategies and Associative Property Student 4

I broke up all thenumbers intotens andones. Firstl added up I added up the ones.3 +4 + 7 + 4. | changed the order of the

the tens. 40+ 30 +50 +20. | changed the order of the numbers numbers to make addingeasier.| know that 3 plus 7 equals

to make addingeasier. 10 and 4 plus 4 equals 8.10 plus 8 equals 18. | then
combined my tens and my ones. 140 plus 18 equals 158.

Students demonstrate addition strategies with up to four two-digit numbers either with or without regrouping.
Problems should often be providedin astory problemformatto help develop astrongerunderstanding of larger
numbers and theirvalues.

Instructional Strategies: See2.NBT.5

Tools/Resources:
Illustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2.NBT.B.6
O Toll Bridge Puzzle

Thinking Blocks on Math Playground allows students several ways to model problems.

Common Misconceptions: See 2.NBT.5
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Domain: Number and Operations in Base Ten (NBT)

» Cluster B: Use place value understanding and properties of operations to add and subtract.

Standard: 2.NBT.7

Add and subtract within 1000, using concrete models or drawings and strategies based on place value, properties of
operations, and/orthe relationship between addition and subtraction; relate the strategy to a written method.
Understand that in adding or subtracting three-digit numbers, like base-ten units such as hundreds and hundreds, tens
and tens, ones and ones are used; and sometimesitis necessary to compose or decompose tens orhundreds. (2.NBT.7)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.7 Look for and make use of structure.
MP.8 Look for and expressregularityin repeated reasoning.

ASRNENIN

Connections: See 2.NBT.5

Explanation and Examples:

This standard builds onthe work from 2.NBT.5 by increasing the size of numbers (two 3-digit numbers). Students should
have ample experiences in using concrete materials (placevalue blocks, ten frames) and pictorial representations to
supporttheirwork.

This standard also references composing and decomposing aten when adding and subtracting. This work shouldinclude
strategies such as makinga 10, makinga 100, breakingaparta 10, or creatingan easier problem. While the standard
(traditional)algorithm could be used here, students’ experiences should extend beyond onlyworking with that
algorithm. The partial sums algorithm naturally emphasizes place value and so should be used along with the
compensation strategy and the counting up strategy. View these video clips sharing the compensation strategy. View
thisvideo clip forthe counting up or counting on strategy.

Thereisa strong connection between this standard and place value understanding with addition and subtraction of
smaller numbers. Students may use concrete models ordrawings to supporttheiraddition or subtraction of larger
numbers.

Strategiesare similartothose statedin 2.NBT.5, as students extend theirlearning toinclude greater place values moving
fromtensto hundredsto thousands. Interactive whiteboards and document cameras may also be used to model and

justify student thinking.

Students use numberlines, base ten blocks, etc. to show, solve and explain reasoning. Explanation of thinkingis a critical
component of this standard.
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Example: 354 +287 =

Student 1
Uses a number line. “I started at 354 and
jumped 200. | landed on 554. | then
made 8 jumps of 10and landed on 634. |
then jumped 7 and landed on 641.”

Student 2
Uses baseten blocks & mat. “I broke all
of the numbers up by placeusinga place
valuechart. |firstadded the ones (4+7),
then the tens (50+80) and then the

Student 3
Uses placevalueblocks. “I made a pile
of 354. Ithen added 287. That gave
me 5 hundreds, 13 tens and 11 ones. |
noticed that | could trade some pieces.

hundreds200=500) | then combined my
answers:500+130=630. 630+11=641".

I had 11 ones, andtraded 10 ones for
aten. I then had 14 tens, sol traded
10 tens for a hundred and ended up
with 6 hundreds, 4 tens and 1 one

Instructional Strategies: See2.NBT.5

Tools/Resources:
[llustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.

e 2.NBT.B.7
O How Many Days Until Summer Vacation?
O Many Ways to do Addition 2

See: Progression for Common Core State Standards in Mathematics: K-5, Numberand Operationsin Base Ten detailed
information.

Thinking Blocks on Math Playground allows students several ways to model problems.

See: “Creating Story Problems “, Georgia Department of Education. In thislesson, students will add and subtract
numbers lessthan 100 and understand the relationship between addition and subtraction. The activity applies
reading/listening to story problems. Studentswriteand solve problemsinvolving avariety of situations, choosing

strategiesincluding- part-part- whole, comparing, grouping, doubling, counting on and counting back situations.
Students will use drawings, equations, and written responses to solve singlestory problems

Visit K-5 Math Teaching Resources click on Number, then on 2" Grade. Scroll

downto 2.NBT.7 to access resources specifically for this standard.

Common Misconceptions: See 2.NBT.5

@ Additional Clusters
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Domain: Number and operations in Base Ten (NBT)

P Cluster B: Use place value understanding and properties of operations to add and subtract.

Standard: 2.NBT.8

Mentally add 10 or 100 to a given number 100 — 900, and mentally subtract 10 or 100 from a given number 100 —900.
(2.NBT.8)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere insolvingthem.
MP.2 Reasonabstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of other.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.
MP.8 Look for and expressregularityin repeated reasoning.

SRV NE VR NE RN

Connections: See 2.NBT.5

Explanation and Examples:

This standards expects students to mentally add and subtract multiples of 10 or 100 to any numberbetween 100 and
900. When computing sums of 3-digit numbers, students might use strategies based on Level 3composition and
decomposition and Level 2 counting-on strategies when finding the value of an expression such as 148 + 473. (See Table
1 inAppendix) Example: they mightsay “100 and 400 is 500. And 70 and 30 is another hundred, so 600. Then, 8, 9, 10,
11....and the other 10 is 21. So, 621”. (Inorderto discussthe strategiesbeingused, the teachershould writedown the
student’sthinkingasitisbeingshared.) There are two kinds of decompositionsin this strategy. Both addends are
decomposedinto 100s, 10s, and ones; and the firstaddend decomposed successively into the part already added and
the part still toadd.

Students should have ample experiences developing proficiency with mental computation. Mentally addingand
subtracting 10 or 100 to a given numberunderstanding that they are only changingthe digitin the tens place (multiples
of ten) orthe digitinthe hundreds place (multiples of 100). Working with place value blocks before moving to mental
computation will be beneficial for most students.

Mental math strategies mayinclude:
e Countingon; 300, 400, 500, etc.
e Countingback; 550, 450, 350, etc.

Examples:
e 100 more than 653 is (753)
e 10lessthan87 is (77)

e “Start at 248. Countup by 10s until | tell youto stop.”
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Instructional Strategies: See2.NBT.5
See: “PiggyBanks”, NCSM, Great Tasks for Mathematics K-5, (2013).

Tools and Resources:

[llustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2.NBT.B.8

0 Choral Counting

Visit K-5 Math Teaching Resources click on Number, then on 2" Grade. Scroll
downto 2.NBT.8 to access resources specifically for this standard.

Common Misconceptions: See 2.NBT.5

»  Major Clusters € Supporting Clusters @ Additional Clusters
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Domain: Number and Operations in Base Ten (NBT)

P Cluster B: Use place value understanding and properties of operations to add and subtract.

Standard: 2.NBT.9

Explain why addition and subtraction strategies work using place valueand the properties of operations. The
explanations given may be supported by drawings or objects. (2.NBT.9)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of other.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.7 Look for and make use of structure.
MP.8 Look for and expressregularityin repeated reasoning.

SRR NN

Connections: See 2.NBT.5

Explanation and Examples:

This standard callsforthe studentto explain using concrete objects, pictures and words (oral or written) why addition or
subtraction strategies work. The expectation is that students apply their knowledge of place value and the properties of
operationsintheirexplanation. Thisis where itis critical that they see the connection between standards.

Understanding place value and then beingable to describe how it works when computing, along with the properties of
operations, isexpected. Students don’t need to name the properties butthey need to know that they can use themand

how to use them when computing.

Students should have the opportunity to solve problems and then explain why their strategies work—using place value
language and/orthe use of the properties of operations.

Example:
There are 36 birdsinthe park. 25 more birds arrive. How many birds are there? Solve the problem and show yourwork.

Student 1 Student 2
| broke 36 and 25 into tens and ones and then added lused placevalueblocks and made a pileof 36. Then |
them. 30 +6 + 20+ 5. | can change the order of my added 25.1had 5 tens and 11 ones. | hadto trade 10

numbers, soladded 30+20 and got 50. Then | added ones for a 10. Then | had 6 tens and 1 one. That makes
on 6 to get 56. Then ladded 5 to get 61. This strategy 61. This strategy works because | added up the tens
works becausel broke all the numbers up by their andthen added up the ones andtraded ifl had more
placevalue. than 10 ones.

Students could also have experiences examining strategies and explaining why they work. Also include incorrect
examples forstudentstoexamine. Operations embedded within meaningful context promote development of
reasoning and justification.
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One of yourclassmates solved the problem56- 34 = __ by writing —/know that/need to add 2 to the number 4 to get

6. also know that | need to add 20 to 30 to get 20 to getto 50. So, the answeris 22.|| Is their strategy correct? Explain

why or why not?

Example:

One of yourclassmates solved the problem 25+ 35 by adding 20 + 30 +5 + 5. Is theirstrategy correct? Explain why or

why not?

Example:

Mason read 473 pagesin June. He read 227 pagesinJuly. How many pages did Mason read altogether?

Karla’s explanation:
473+ 227=___. ladded the ones
together (3 + 7) andgot 10. Then |
added the tens together (70 + 20) and

got 90. | knew that 400 + 200 was 600.

Debbie’s explanation:
473+ 227 = | started by adding
200to 473 and got 673. Then | added 20
to 673 and| got 693 andfinallyl added 7
to 693 and| knew that Mason had read

Becky’s explanation:
| used base ten blocks ona baseten mat
to help me solvethis problem. | added 3
ones (units) plus 7 ones and got 10 ones
which made one ten. | moved the 1 ten

So | added 10+ 90 for 100 and added
100+ 600 and found out that Mason
hadread 700 pages altogether.

700 pages altogether. to the tens place.lthen added 7 tens
rods plus 2 tens rods plus 1tens rodand
got 10tens or 100. | moved the 1
hundred to the hundreds place. Then |
added 4 hundreds plus 2 hundreds plus
1 hundred and got 7 hundreds or 700.

So Masonread 700 books.

Students should be able to connect different representations and explain the connections. Representations caninclude
numbers, words (including mathematical language), pictures, numberlines, and/or physical objects. Students should be
able to use any/all of these representations as needed.

Instructional Strategies: See2.NBT.5

Visit K-5 Math Teaching Resources click on Number, then on 2" Grade. Scroll
downto 2.NBT.9 to access resources specifically for this standard.

Tools and Resources:
[llustrative Mathematics Grade 2 tasks: Scroll to the appropriate sectionto find named tasks.
e 2.NBT.B.9
0 PeytonandPresley Discuss Addition

Thinking Blocks on Math Playground allows students several ways to model problems.

Common Misconceptions: See 2.NBT.5
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Domain: Measurement and Data (MD)

D Cluster A: Measure and estimate lengths in standard units.

Standard:2.MD.1

Measure the length of an object by selectingand using appropriate tools such as rulers, yardsticks, metersticks, and
measuringtapes. (2.MD.1)

Suggested Standards for Mathematical Practice (MP):
v MP.5 Use appropriate tools strategically.
v' MP.6 Attendto precision.
v MP.7 Look for and make use of structure.

Connections:
This clusteris connected to:
e Measurelengths indirectly and by iterating length unitsin Grade 1, and to Geometric measurement: recognize
perimeter as an attribute of plane figures and distinguish between linear and area measures in Grade 3.

Explanation and Examples:

This standard calls forstudents to measure the length of objects in both customary (inches and feet) and metric
(centimeters and meters). Students should have ample experiences choosing objects, identifying the appropriate tool
and unit, and then measuring the object. The teachershould allow students to determine which tools and units to use.

Foundational understandings to help with measure concepts:
o Understand that largerunits can be subdivided into equivalent smaller units (partition).
e Understandthat the same unitcan be repeated to determine the measure (iteration).
e Understandthe relationship between the size of aunitand the number of units needed (compensatory
principal).
e Understand measuring two-dimensional space (area) using non-standard units.

Studentsinsecond grade will build upon what theylearned in first grade from measuring length with non-standard units
to the new skill of measuring length in metricand U.S. Customary with standard units of measure.

They should have many experiences measuring the length of objects with rulers, yardsticks, metersticks, and tape
measures.

Students will need to be taught how to use a ruler appropriately to measure the length of an object, especially where to
beginthe measuring. Itisimportantto help students locate the starting point on the measuringinstrument. Some have
a protected edge (thisis the process of justification of objectand the instrument). The use of how to use rulers needs to
be targeted after students understand the attributes thatare to be measured. Dr. JohnVan de Walle has noted thatif
we don’t make sure students understand the attributes sufficiently, then ourlessons focus on using the instrumentand
the understanding of “what” is being measured is missed and leads to misconceptions.
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Ask students questions such as: “Do you start at the end of the ruleror at the zero?” helps them focus on where to start

on the instrument. Then ask them: “Why do we have to start at the zero?” and “Are we looking atthe spaces or the tic
marks onthe rulers?” (The spacesindicate the length of the object—not the ticmarks. The tic marks delineate the end
of the space.)

Instructional Strategies: 2.MD.1through2.MD.4

Second graders are transitioning from measuring lengths with informal or nonstandard units to measuring with standard
units:inches, feet, centimeters, and meters. The measure of lengthis a count of how many units are needed to match
the length of the object or distance being measured. Emphasizethatthe space is what is being measured, not the tic
marks onthe ruler.

Students have to understand whata length unitisand how it is used to find a measurement. They need many
experiences measuring lengths with appropriatetools so they can become very familiar with the standard units and
estimate lengths.

Use language thatreflects the approximate nature of measurement, such as the length of the room is about 26 feet.

Insist that students always estimate lengths before they measure. Estimation helps them focus on the attribute to be
measured, the length units,and the process. Afterthey find measurements, have students discuss the estimates, their
proceduresforfindingthe measurements and the differences between their estimates and the measurements.

If asking student to estimate and measure more than one object, the sequence is—estimate, measure, estimate,
measure.... Using this sequence helps the student refine their ability to estimate.

Rulersthat have only one system (either customary or metric) work most effectively with student beginning this stage of
learningto measure. And usingrulers with justthe units marked and not the subunits (such as halves and fourths) assists
studentsin focusingon the correct units of measure.

Resources/Tools:

Illustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2MD.A

0 How Bigis aFoot?

For detailed information--See Learning Progressions on Measurement

Centimeterrulers and tapes
Inch rulersandtapes
Yardsticks and Meter sticks
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Visit K-5 Math Teaching Resources click on Measurementand Data, then on 2"

Grade. Scroll downto 2.MD.1 to access resources specifically for this standard.

Common Misconceptions:

When some students see standard rulers with numbers on the markings, they believe that the numbers are counting the
marks instead of the units or spaces between the marks.

Have students use informal or standard length units to make theirown rulers by marking each whole unitwithanumber
inthe middle. They will see thatthe rulerisarepresentation of arow of units and focus on the spaces.

Some students might think thatthey can only measure lengths with aruler starting at the left edge. Providesituations
where the rulerdoes not start at zero. For example, aruleris broken and the firstinch numberthat can be seenis2. If a
pencil ismeasuredanditis9 inches onthisruler, the students must subtract 2 inches fromthe 9inchesto adjustfor
where the measurement started. Some student become confused when the rulerthey are using have both customary
and metricmeasuresonit. By coveringon scale with masking tape the studentbecomes less confused.
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Domain: Measurement and Data (MD)

D Cluster A: Measure and estimate lengths in standard units.

Standard:2.MD.2

Measure the length of an object twice, using length units of different lengths for the two measurements; describe how
the two measurements relate to the size of the unit chosen. (2.MD.2)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of other.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.

ASANENIN

Connections: See 2.MD.1

Explanation and Examples:
This standard expects students to measure an object usingtwo units of different lengths. Concentrate on the “spaces”
for the unitsand not the marks on the rulers.

Example:
A student measuresthe length of theirdesk and finds thatitis 3 feetand 36 inches.

Students should explore the ideathatthe number of units for length of the deskis greaterin inchesthaninfeet. This
conceptis referredto asthe compensatory principle.

Students need multiple opportunities to measure using different units of measure. They should not be limited to
measuringto one standard unit. Students should have access to various tools, both U.S. Customary and metric. The
more students work with a specificunit of measure, the betterthey become at choosingthe appropriate tool when

measuring.

Students measure the length of the same object using different tools (ruler with inches, ruler with centimeters, a
yardstick, or meterstick). This will help students learn which tool is more appropriate for measuring agiven object.

They describe the relationship between the size of the measurement unitand the number of units needed to measure
something. Forinstance, astudent might say, “The longerthe unit, the fewerlneed.”

Instructional Strategies: See2.MD.1

Common Misconceptions: See 2.MD.1
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Domain: Measurement and Data (MD)

D Cluster A: Measure and estimate lengths in standard units.

Standard:2.MD.3

Estimate lengths usingwhole units of inches, feet, centimeters, and meters. (2.MD.3)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
v MP.5 Use appropriate tools strategically.
v' MP.6 Attendto precision.

Connections: See 2.MD.1

Explanation and Examples:
This standard expects students to estimate the lengths of objects usinginches, feet, centimeters, and meters. Students
should make estimates after seeingabenchmark unit, such as the length of one inch, before makingtheir estimate.

It can be helpfulforstudentsto find personal benchmarks. Often the width of one of theirfingersisacm. For some
students the space between theirelbow and the end of theirhandis a foot. You need to explain that their personal
benchmarks may change as they get older.

Example:

Estimation helps develop familiarity with the specificunit of measure being used. To measure the length of ashoe,
knowledge of aninch or a centimeterisimportant so that one can approximate the lengthininches orcentimeters.
Setting up personal benchmarks can be beneficial.

Students should begin practicing estimation with items which are familiarto them (length of desk, pencil, favorite book,
etc.).

Instructional Strategies: See2.MD.1

Resources/Tools:
[llustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2MD.A.1

0 Determininglength

Visit K-5 Math Teaching Resources click on Measurement and Data, then on 2™
Grade. Scroll downto 2.MD.3 to access resources specifically for this standard.
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Domain: Measurement and Data (MD)

D Cluster A: Measure and estimate lengths in standard units.

Standard:2.MD.4

Measure to determine how much longerone objectisthan another, expressingthe length difference interms ofa
standard length unit (inches, feet, centimeters, and meters). (2.MD.4)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
v MP.5 Use appropriate tools strategically.
v' MP.6 Attendto precision.

Connections: See 2.MD.1

Explanation and Examples:

This standard expects students to determinethe difference in length between two objects. Students should choose
objects, identify appropriate tools and units, measure both objects, and then determine the differencesin lengths using
the same unit of measure

Second graders should be familiarenough with inches, feet, yards, centimeters, and meters to be able to compare the
differencesinlengths of two objects. They can make direct comparisons by measuring the difference in length between

two objects by layingthem side by side and selecting an appropriate standard length unit of measure.

Students should use comparative phrases such as “It islonger by 2 inches” or “It is shorterby 5 centimeters” to describe
the difference between two objects.

It isimportant that students have multiple opportunities to work with actual objects in the process of measuring.
Instructional Strategies: See2.MD.1

Resources/Tools:
Visit K-5 Math Teaching Resources click on Measurementand Data, then on 2™

Grade. Scroll downto 2.MD.4 to access resources specifically for this standard.

[llustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2MD.A3
0 Determininglength

Common Misconceptions: See 2.MD.1
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Domain: Measurement and Data (MD)

P Cluster B: Relate addition and subtraction to length.

Standard: 2.MD.5

Use addition and subtraction within 100to solve one- and two-step word problemsinvolving lengths thatare givenin
the same units, e.g. by using drawings (such as drawings of rulers) and equations with a symbolforthe unknown number
to represent the problem. (2.MD.5)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere insolvingthem.
MP.2 Reason abstractly and quantitatively.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.8 Look for and expressregularityin repeated reasoning.

SANIENEN

Connections: 2.MD.5 through 2.MD.6
This clusteris connectedto:
o Useplace value understandingand properties of operations to add and subtractin Grade 1,
e Representandsolve problems involving addition and subtraction in Grade 2,
e Geometric measurement: recognize perimeter as an attribute of plane figures and distinguish between linear and
area measuresin Grade 3.

Explanation and Examples:

This standard applies the concept of length to solve addition and subtraction word problems with numbers within 100.
Students must use the same unitinthese problemsand discuss why itdoesn’t work to use different units of measure.

Example:
In P.E. class Kate jumped 14 inches. Mary jumped 23 inches. How much fartherdid Mary jump than Kate? Write an
equationandthensolve the problem.

Student1 Student2
My equationis14+ =23 since | am tryingto find out My equationis23-14 =__ .| drewanumberline.|
the difference between Kate and Mary’s jump. l used started at 23. | moved back to 14 and counted how far |
place value blocks and counted out 14. | then added moved (the units). | moved back 9 spots.
blocks until I got to 23. | needed to add 9 blocks. Mary Mary jumped 9more inchesthan Kate.
jumped 9 more inches than Kate.

Students need experience working with addition and subtraction to solve word problems (make connections to all the
subtypes within Table 1 (See Appendix) which include measures of length. Itisimportant that word problems stay within

the same unit of measure.

Some representations students can use include drawings, number lines, rulers, pictures, and/or physical objects.
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As students beginto work measurement problems,rememberto considerthe different types of equations that can be

used to create problems.
Equationsinclude:

e 10+15=c
e (- 20=5

e c-10=25

e 20+ b=35
e 15+ag=35
e 35=0g+15
e 35=20+b

Example:
e A wordproblemfor5—n=2couldbe: Mary is makinga dress. She has 5 yards of fabric. She uses some of the

fabricand has 2 yards left. How many yards did Mary use?

There isa strong connection between this standard and demonstrating fluency of addition and subtraction facts.
Additionfacts through 10 + 10 and the related subtraction facts should be included.

Instructional Strategies: (2.MD.5-6)

Connectthe whole-number units on rulers, yardsticks, meter sticks and measuring tapes to number lines showing
whole-number units starting at 0. Use these measuring tools to model different representations for whole-numbersums
and differences less than orequal to 100 using the numbers 0 to 100.

Use the meterstick to view units of ten (10 cm) and hundred (100 cm), and to skip count by 5s and 10s.

Provide one- and two-step word problems thatincludedifferent lengths measurement made with the same unit (inches,
feet, centimeters, or meters). Students add and subtract within 100 to solve problems forthese situations:

e addingto, takingfrom,

e puttingtogether,

e takingapart,

e comparing,

with unknowns in all positions.

Students use drawings and write equations with asymbol forthe unknown to solve the problems.
e Havestudentsrepresenttheiraddition and subtraction within 100on a numberline. They can use notebook or
grid paper to make theirown numberlines.
e Firsthave them mark and label aline on paperwith whole-number units that are equally spaced and relevant to
the addition or subtraction problem.
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e Thenhave them show the addition or subtraction using curved lines segments above the numberline and

betweenthe numbers marked onthe numberline. For49 + 5, start at 49 on the line and draw a curve to 50
Continue drawing curvesto 54.

e Drawingthe curvesor makingthe “hops” between the numbers willhelp students focus on aspace as the length
of aunitand the sumor difference asalength.

49 + 1 + 1 + 1 + 1 + 1 = 54
AN TENY/ANYTANTA:
[ [ 1 [ [ [
49 50 51 32 53 54

Resources/Tools
e Rulers
e Yardsticks
o Metersticks
e Measuringtapes
e Cashregistertapes or paperstrips

See: Progression for Common Core State Standards in Mathematics: K-5, Geometric Measurement for detailed
information about this standard.

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource referencedin the flip books requires membership access, check with your school/district to see if they have an
institutional membership which would grant you access all NCTM documents. If they do not have a membership, this
would be a valuable resource to request.

e “HoppingBackwardto Solve Problems”. Inthislesson students determine differences using the numberlineto
compare lengths.
o  “Where Willl Land?”. In thislesson students find differences usingthe numberline, a continuous modelfor

subtraction.
Thinking Blocks on Math Playground allows students several ways to model problems.
Illustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.

e 2.MD.B.5
0 HighJump Competition

Visit K-5 Math Teaching Resources click on Measurement and Data, then on 2™
Grade. Scroll downto 2.MD.5 to access resources specifically for this standard.
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Common Misconceptions:

Students may think thatthey always have to start at zero. Adjustments can be made if measured from a different
startinglocation than zero.

Help students develop and understanding of what the problemis asking. Often “key words” can be misleadingand

usually will only help with one step of the problem. Thisis alimitation when working with multi-step word problems.
The teaching of a “key word approach” limits the development of understanding what the problemsis actually asking.
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Domain: Measurement and Data (MD)

D Cluster B: Relate addition and subtraction to length.

Standard: 2.MD.6

Representwhole numbers aslengths from 0 on a number line diagram with equally spaced points corresponding to the
numbersOQ, 1, 2, ..., andrepresent whole-number sums and differences within 100on a numberline diagram. (2.MD.6)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
v MP.4 Model with mathematics.
v MP.5 Use appropriate tools strategically.

Connections: See 2.MD.5

Explanation and Examples:
This standard expectsthe studentto create numberlines within 100 to solve addition and subtraction problems.
Students should create the numberlinewith evenlyspaced points corresponding to the numbers.

T

Studentsrepresenttheirthinkingwhen addingand subtracting within 100 by usinga numberline. Aninteractive
whiteboard ordocument camera can be used to help students demonstrate their thinking. Theirthinking should connect
to strategiesthatexpand beyond one by one counting.

Example:
Usingan open numberline allows students to think beyond one-to-one counting. This counting up methodisvery

effectiveand canfrequently be done mentally.

7 =37 =3

P
5 Lo o

¥
3 70 7

Instructional Strategies: See2.MD.5
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Resources/Tools:
[llustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2.MD.B.6
0 Frogand Toad onthe NumberLine

Common Misconceptions: See 2.MD.5
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Domain: Measurement and Data (MD)

@ Cluster C: Work with time and money.

Standard:2.MD.7
Tell and write time from analog and digital clocks to the nearest five minutes. (2.MD.7)

Suggested Standards for Mathematical Practice (MP):
v MP.5 Use appropriate tools strategically.
v' MP.6 Attendto precision.

Connections: 2.MD.7 through 2.MD.8
This clusteris connected to:
o Tell and write time in Grade 1
e Representandsolve problems involving addition and subtraction in Grade 2
e Solveproblemsinvolving measurement and estimation of intervals of time, liquid volumes, and masses of objects
in Grade 3.

Explanation and Examples:
This standard calls forstudentsto tell and write time after reading analog and digital clocks.

Time should be to 5 minute intervals. Teachers should help students make the connection between skip counting by 5s
(2.NBT.2) and telling time on an analog clock.

In first grade, studentslearned totell timetothe nearest hourand half-hour. Students build on this understandingin
second grade by skip-counting by 5 to recognize 5-minuteintervals on the clock. They need exposure to both digital and
analogclocks.

Itisimportantthat they can recognize time in both formats and communicate their understanding of time using both
numbers and language. Common time phrasesinclude the following: quartertill , quarterafter___, tentill , ten
after___, and halfpast___.

Instructional Strategies: 2.MD.7through 2.MD.8

Second graders expand theirwork with telling time from analog and digital clocks to the nearest hour or half-hourin
Grade 1to tellingtime tothe nearest five minutes.
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Tools/Resources:
[llustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2.MD.C.7
O OrderingTime

Visit K-5Math Teaching Resources click on Measurement and Data, then on
2" Grade. Scroll down to 2.MD.7 to access resources specifically for this
standard.

Common Misconceptions: 2.MD.7through 2.MD.8

Some students might confuse the hourand minutes hands. Forthe time of 3:45, they say the time is 9:15. Also, some
students name the numeral closest to the hands, regardless of whetherthisis appropriate. Forinstance, forthe time of
3:45 theysaythetimeis 3:09 or 9:03.

One way to avoid this confusionisto use Dr. John Van de Walle’s strategy of usingaone-handed clock to begin telling
time. Thismethod isexplainedin his book (Teaching Student-Centered Mathematics: PreK-2) and is called the One-
handed Clock. The hour hand gives the mostinformation about the time. To give students a better understanding of this
you will need to buytwoinexpensive clocks. Place both clocksinanarea so all students can see them but are easy for
you to access. Make sure both clocks are setto the same correct time and then remove the minute hand from one of
the clocks. The clock with both hands should then be covered so that students will see just the one-handed clock. At
various times during the day, draw your students’ attention to the one-handed clock and ask them to tell you the time.
Thenremove the coverfrom the two-handed clock to verify the time. Students will begin to see that the hourhand gives
theman idea of how many minutes pastthe houritisbased on how faritisbetweentwonumbers.

Provide opportunities for students to experience and measure times to the nearest five minutes and the nearest hour.
Have them focus on the movementand features of the hands on real or geared manipulative clocks.
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Domain: Measurement and Data (MD)

@ Cluster C: Work with time and money.

Standard: 2.MD.8

Solve word problems involving dollar bills, quarters, dimes, nickels, and pennies, using Sand ¢ symbols appropriately
(Do not use decimal point, if showing 25cents, use the word centsor ¢). Forexample: If you have 2 dimes and 3 pennies,
how many cents do you have?(2.MD.8)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere insolvingthem.
MP.2 Reason abstractly and quantitatively.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.
MP.8 Look for and expressregularity in repeated reasoning.

SRV NEN

Connections: See 2.MD.7

Explanation and Examples:
This standard expects students to solve word problems involving either dollars or cents— nota combination.
Since students have not beenintroduced to decimals, problems should either have only dollars or only cents.

Example:
What are some possible combinations of coins (pennies, nickels, dimes, and quarters) that equal 37 cents?

Example:
What are some possible combinations of dollar bills (51, $5 and $10) that equal 12 dollars?

Since money is notspecifically addressed in kindergarten orfirst grade, students should have multiple opportunities to
identify, count, recognize, and use coins and bills. They should also experience making equivalent amounts using both
coinsand bills, but not mixed together. “Dollar bills” should include denominations up to one hundred (51, $5, $10, $20,
$100).

Students should solve story problems connecting the different representations. These representations may include
objects, pictures, charts, tables, words, and/or numbers. Teachers should make sure that students are usingall subtypes
of problemsfrom Table 1 fromthe standards document.

Example:

Sandra wenttothe store andreceived 76¢ in change. What are three different sets of coins she could have received?

Instructional Strategies: See2.MD.7
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The topic of money begins at Grade 2 and builds onthe work in other clustersinthisand previous grades. Help students

learn money concepts and solidify theirunderstanding of othertopics by providing activities where students make
connections between them.

Students use the context of moneytofind sums and differences less than orequal to 100 usingthe numbers 0 to 100.
Theyadd and subtractto solve one- and two-step word problems involving money situations of adding to, taking from,
putting together, taking apart, and comparing, with unknowns in all positions.

Students use drawings and equations with asymbol forthe unknown numberto represent the problem. The dollar
sign, S, is used forlabelingwhole-dollaramounts without decimals, such as $29.

Students needtolearnthe relationships between the values of a penny, nickel,dime, quarterand dollar bill.

Tools/Resources:
Illustrative Mathe matics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2.MD.C.8
O Jamir'sPennylJar
Susan's Choice
Visiting the Arcade
Saving Money 1
Alexander, Who Used to be Rich Last Sunday
PetShop
Choices, Choices, Choices

O O0O0O0OO0oOo

Visit K-5Math Teaching Resources click on Measurement and Data, then on
2" Grade. Scroll down to 2.MD.8 to access resources specifically for this
standard.

Thinking Blocks on Math Playground allows students several ways to model problems.

Common Misconceptions:
Sometimes students will record twenty-ninedollars as 295. Remindthem thatthe dollarsign goesinfront. The cent

sign goes afterthe numberand there is no decimal point used with the cent sign nor can both signs be usedin the same
amount.

Students might over-generalize the value of coins when they count them. They might countthem asindividual objects.
Also, some students think that the value of acoin isdirectly related toits size, so the biggerthe coin, the moreiitis
worth.
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Domain: Measurement and Data (MD)

@ Cluster C: Work with time and money.

Standard: 2.MD.9
Identify coins and billsand theirvalues. (2017)

Suggested Standards for Mathematical Practice (MP):
v MP.2 Reason abstractly and quantitatively.

MP.4 Model with mathematics.

MP.5 Use appropriate tools strategically.

MP.6 Attendto precision.

AR

Connections: See 2.MD.7

Explanation and Examples:
This standard expects students to know all coins and bills and theirvalues.

Since money is notspecifically addressed in kindergarten orfirst grade, students should have multiple opportunities to
identify, count, recognize, and use coins and bills. They should also experience making equivalentamounts using both
coins and bills, but not mixed together. “Dollar bills” should include denominations up to one hundred ($1, $5, $10, $20,
$100).

Instructional Strategies: See2.MD.7

The topic of money begins at Grade 2 and builds onthe work in other clustersinthisand previous grades. Help students
learn money concepts and solidify theirunderstanding of othertopics by providing activities where students make
connections between them.

Students use drawings and equations with asymbol forthe unknown numberto represent the problem. The dollar
sign, S, is used forlabelingwhole-dollaramounts without decimals, such as $29.

Students need tolearnthe relationships between the values of a penny, nickel, dime, quarterand dollar bill.
Common Misconceptions:

Students might over-generalize the value of coins. Some students think that the value of a coinis directly related toits
size, sothe biggerthe coin, the more itis worth.

Place pictures of a nickel on the top of five-frames that are filled with pictures of pennies. In alike manner, attach

pictures of dimes and penniesto ten-frames and pictures of quartersto 5 x 5 grids filled with pennies. Have students use
these materialsto determine the value of aset of coinsin cents.
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Domain: Measurement and Data (MD)

@ Cluster D: Represent and interpret data.

Standard:2.MD.10

Generate measurement data by measuring lengths of several objects to the nearest whole unit, or by making repeated
measurements of the same object using different units. Show the measurements by makingaline plot, where the
horizontal scale is marked off in whole-number units. (2.MD.9)

Suggested Standards for Mathematical Practice (MP):
v MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.
MP.8 Look for and expressregularity in repeated reasoning.

AURNEN

Connections: 2.MD.10 through 2.MD.11

This cluster connects to:
e Measurelengths indirectly and by iterating length units and Represent and interpret datain Grade 1
e Representand interpret datain Grade 3.

Explanation and Examples:
This standard callsforstudentsto representthe length of several objects by makingaline plot. Students should round
theirlengthstothe nearest whole unit.

Example:
Measure objectsinyourdeskto the nearestinch, display data collected onaline plot. How many objects measured 2
inches? 3 inches? Which length had the most number of objects? How do you know?

- rrrl

12 3 4 s & 7 8 8 10 1

This standard emphasizes representing data usingaline plot. Students will use the measurement skills learned in earlier
standards to measure objects. Line plots are firstintroduced in this grade level.

A line plot can be thought of as plotting dataon a numberline. Aninteractive whiteboard may be used to create and/or
model line plots as well as “Class” line-plots on chart paper.
Number of Pencils Measured

]
|
0 1 2 3
Length of Pencils (in inches)
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X
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Instructional Strategies: 2.MD.10through 2.MD.11

Line plots are useful tools for collecting data because they show the number of things alonga numericscale.

The line plotis made by simply drawinganumberline then placingan X above the corresponding value on the line that
represents each piece of data. Make sure students understand thatthe Xs need to be of consistentsize and are lined up
similartoa bar graph.

Line plots are essentially bar graphs with a potential barforeach value onthe numberline but generally are quicker to
make which also allows formore depth of instruction when less time is used for the “drawing/shading” of a bar graph. It
alsoreinforcesthe ideas presented ona numberline. Students need to make sure their Xs are all the same size so their
line plotis notdistorted.

Pose a question related to the lengths of several objects. Measure the objects to the nearest whole inch, foot,
centimeterormeter. Create aline plot with whole-number units (0, 1, 2, ...) on the numberline to representthe
measurements.

At first students should create real object or picture graphs (pictograph) (where the objectis drawnratherthan a
number). On picture graphs record the number of countable parts.

These graphs show itemsin a category and do not have a numerical scale. Forexample, areal object graph could show
the students’ shoes (one shoe perstudent) linedendtoendin horizontal orvertical rows by theircolor.

Students would simply countto find how many shoes are in each row or bar. The graphs should be limitedto 2to 4 rows
or bars.

Students then move to making horizontal orvertical bar graphs with two to four categories and a single-unit scale.Use
the informationin the graphsto pose and solve simple puttogether, take-apart, and compare problemsillustratedin
Table 1 (Appendix).

Tools/Resources:

[llustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2.MD.D.9
O TheLongestWalk
O GrowingBeanPlants
0 Hand Span Measures

Visit K-5 Math Teaching Resources click on Measurement and Data, then on 2™
Grade. Scroll down to 2.MD.9 (to use this resource you mustlook at the purple
tag at the end of the standard) to access resources specifically for this standard.

Common Misconceptions: 2.MD.10 through 2.MD.11

The attributes for the same kind of object can vary. This will cause equal valuesinan object graph to appearunequal.
For example, when makingan object graph using shoes forboys and girls, five adjacent boy shoes would likely appear
longerthanfive adjacentgirl shoes. To standardize the objects, placethe objects onthe same-sized construction paper
or sticky-note, then make the object graph.
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Domain: Measurement and Data (MD)

@ Cluster D: Represent and interpret data.

Standard: 2.MD.11

Draw a picture graph and a bar graph (with single-unitscale)torepresentadataset with up to four categories. Solve
simple put-together, take-apart, and compare problems usinginformation presented in abar graph (See Table 1).
(2.MD.10)

Suggested Standards for Mathematical Practice (MP):
v MP.1 Make sense of problemsand persevere insolvingthem.
MP.2 Reasonabstractly and quantitatively.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.
MP.8 Look for and expressregularityin repeated reasoning.

SRR NN

Connections: See 2.MD.10

Explanation and Examples:

This standard callsforstudents to work with categorical data by organizing, representing and interpreting data.
Students should have experiences posing a question with four possible responses and then work with the datathat they
collect.

Example:
Students pose aquestion and up to four possible responses. Which is your favorite flavor of ice cream? Chocolate,
vanilla, strawberry, orcherry?

Students collecttheir data by usingtallies oranother way of keeping track.

Students organize their data by totaling each categoryin a chart or table. Picture and bar graphs are introduced in
Second Grade.

Flavor Number of People
Chocolate 12

Vanilla 5
Strawberry

Cherry

Students display their data using a picture graph or bar graph using a single unitscale. Students answer simple problems
related to addition and subtraction that ask them to puttogether, take apart, and compare numbers. (See Table 1in

the Appendix)forexamples of these.
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Students should draw both picture and bar graphs representing data that can be sorted up to four categories using

single unitscales(e.g., scales should count by ones). The datashould be used to solve puttogether, take-apart, and
compare problems aslistedin Table 1, page 49.

In second grade, picture graphs (pictographs) include symbols that represent single units. Pictographs should includea
title, categories, category label, key, and data.

Number of Books Read

Nancy [ 44 <4 44
wan |44 4 4+ 4 4+4
<~ = 1 Book

Second Graders should draw both horizontal and vertical bar graphs. Bar Graphs include atitle, scale, scale label,

category label and data.
Books Read Books Read

fun

Nancy!|

Juan

Marie|

Number of Books Read
O MWHRL OO WOD

. 0123 456 78 910
Mancy Juan Marie Number of Books Read

Instructional Strategies: See2.MD.10

Tools/Resources:
[llustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2.MD.D.10
O Favorite Ice Cream Flavor

See: “PiesforSale,” NCSM, Great Tasks for Mathematics K-5, (2013).

GeorgiaDepartment of Education:
e “BarnYard Legs” Thisactivity useschildren’s literature connections and has students create graph and tables

and interprettheir meaning.

Visit K-5 Math Teaching Resources click on Measurement and Data, then on 2™

Grade. Scroll down to 2.MD.10 (to use this resource you mustlook at the purple
tag at the end of the standard) to access resources specifically for this standard.

Common Misconceptions: See 2.MD.10
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Domain: Geometry (G)

@® Cluster A: Reason with shapes and their attributes.

Standard: 2.G.1

Recognize and draw shapes having specified attributes, such as a given number of angles ora given number of equal
faces. Identify triangles, quadrilaterals, pentagons, hexagons, and cubes. (2.G.1)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.

MP.4 Model with mathematics.

MP.5 Use appropriate tools strategically.

MP.7 Look for and make use of structure.

ASRNIN

Connections:
This clusteris connectedto:
e Reason with shapes and their attributesin Grade 1
e Develop understanding of fractions as numbers and Reason with shapes and their attributes in Grade 3.

Explanation and Examples:

This standard callsforstudents to identify (recognize) and draw shapes based on a given set of attributes. These include
triangles, quadrilaterals (squares, rectangles, and trapezoids), pentagons, hexagons and cubes.

Example:
Draw a closed shape that has five sides. Whatis the name of the shape? Student - | drew a shape with 5 sides. It is called
a pentagon.

Students should be able toidentify, describe, and draw triangles, quadrilaterals, pentagons, and hexagons. Pentagons,
triangles, and hexagons should appearas both regular (equal sides and equal angles) and irregular.

Students recognize all foursided shapes as quadrilaterals. Students use the vocabulary word “angle” in place of “corner”
but they donot need to name angle types.

triangle quadrilaterals

nooQ

D\
N 790
pentagons hexagons

AQO | O
M & QO
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Instructional Strategies: 2.G.1through 2.G.3

Geosticks, geoboards, interactive whiteboards and document cameras may be used to help identify shapes and their
attributes. Shapesshould be presentedin avariety of orientations and configurations.

Tools/Resources:
Illustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2GA.1
O Polygons

See: “Creative Cards”, NCSM, Great Tasks for Mathematics K-5, (2013).

GeorgiaDepartment of Education:
e “3-D Detectives”. In thisactivity students describe and classify plane figures (triangles, square, rectangle,
trapezoid, quadrilateral, pentagon, hexagon, and irregular polygonal shapes).
e “What’sina Name”. Inthisactivity students will describe and classify plane figures (triangles, square,

rectangle, trapezoid, quadrilateral, pentagon, hexagon, and irregular polygonal shapes) according to the number
of edgesand vertices.

Visit K-5Math Teaching Resources click on Geometry, then on 2"¢ Grade. Scroll
downto 2.G.1 to access resources specifically for this standard.

Common Misconceptions: (2.G.1through 2.G.3)

Some students may think thata shape ischanged by its orientation. They may

see a rectangle with the longerside as the base, but claim that the same rectangle with the shorterside asthe baseisa
differentshape. Thisiswhyitis so importantto have youngstudents handle shapes and physically feel that the shape
does notchange regardless of the orientation, asillustrated below.

— ]

If students are only shown equilateral triangles, then when they see scalene orisosceles triangles, they do not recognize
them as triangles eventhough they have three sides. You must make sure you are always showing students various
types of shapes and not justthe regularshapesthattheyseein pattern blocks and on posters.
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Domain: Geometry (G)

@® Cluster A: Reason with shapes and their attributes.

Standard: 2.G.2

Partition arectangle into rows and columns of same-size squares and count to find the total number of them. (2.G.2)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
v' MP.6 Attendto precision.
v MP.8 Look for and expressregularityin repeated reasoning.

Connections: See2.G.1

Explanation and Examples:
This standard expects students to partition arectangle into squares (orsquare-like regions) and then determine the total
numberof squares. Thisrelates to the standard 2.0A.4 where students are arranging objectsin an array of rowsand

columns.

Example:
Splitthe rectangle into 3 rows and 4 columns. How many small squares did you make?

This standard is a precursorto learningabout the area of a rectangle and using arrays for multiplication. An interactive
whiteboard or manipulatives such as square tiles or other square shaped objects can be used to help students’ partition

rectangles.

Rows are horizontal and columns are vertical.
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Instructional Strategies: See2.G.1
Modeling multiplication with partitioned rectangles promotes students’ understanding of multiplication. Tell students
that they will be drawing asquare on grid paper. The length of each side is equal to 2 units.

Resources/Tools:
Visit K-5Math Teaching Resources click on Geometry, then on 2" Grade.

Askthemto guess how many 1 unitby 1 unitsquareswill be insidethis 2unitby 2 unitsquare.

Students now draw this square and countthe 1 by 1 unitsquaresinside it.

They compare thisnumberto theirguess.

Next, studentsdraw a2 unitby 3 unitrectangle and count how many 1 unitby 1 unitsquaresareinside.

Now they choose the two dimensions forarectangle, predict the numberof 1unitby 1 unitsquaresinside, draw
the rectangle, countthe numberof 1 unitby 1 unitsquaresinside and compare this numberto theirguess.
Students repeatthis process fordifferent-size rectangles. Finally, ask them to what they observed as they
worked on the task.

Scroll downto 2.G.2 to access resources specifically for this standard.

Illustrative Mathematics Grade 2 tasks: Scroll to the appropriate sectionto find

named tasks.

2.G.A.2
0 PartitioningaRectangle into UnitSquares

Common Misconceptions: See 2.G.1
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Domain: Geometry (G)

@® Cluster A: Reason with shapes and their attributes.

Standard: 2.G.3

Partition circles and rectanglesintotwo, three, orfourequal shares, describethe shares using the words halves, thirds,
. . . . .11 1.,

half of, a third of, etc., and describe the whole as two halves, three thirds, four fourths. Note: fraction notation 21321

notexpected at this grade level. Recognize that equal shares of identical wholes need not have the same shape. (2.G.3)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
v MP.3 Constructviable arguments and critique the reasoning of other.
v" MP.6 Attendto precision.
v MP.8 Look for and expressregularityin repeated reasoning.

Connections: See 2.G.1

Explanation and Examples:
This standard calls forstudents to partition (divide) circles and rectanglesinto 2, 3 or 4 equal shares (regions).

Students should be given ample experiences to explore this concept with paper strips and pictorial representations.
Students should also work with the vocabulary terms halves, thirds, half of, third of, and fourth (or quarter) of. While
students are working on this standard, teachers should help them to make the connectionthata “whole” is composed
of two halves, three thirds, orfourfourths.

This standard also addresses the ideathat equal shares of identical wholes may not have the same shape.

Example:
Divide each square into fourths adifferent way.

This standard introduces fractions in an area model. Students need experiences with different sizes, circles, and
rectangles. These different partitions of asquare afford the opportunity for students to identify correspondences
between the differently-shaped fourths (MP.1), and to explain how one of the fourths showninthese squares can be
transformed into one of the “other” fourths shown. (MP.7).
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Different pattern blocks compose a regular hexagon

ol 1 X

2G3 Partition circles and rectangles into two, three, or four equal
shares, describe the shares using the words halves, thirds, half
of, a third of, etc., and describe the whole as two hales, three
thirds, four fourths. Recognize that equal shares of identical
wholes need not have the same shape.

Squares partitioned into fourths

These different partitions of a square afford the opportunity for
students to identify comespondences between the
differently-shaped fourths (MP.1), and to explain how one of the
fourths on the left can be transformed into one of the fourths on
the right (MP.7).

263 Partition circles and rectangles into two, three, or four equal
shares, describe the shares using the words halves, thirds, half
of, a third of, etc., and describe the whole as two hales, three
thirds, four fourths. Recognize that equal shares of identical
wholes need not have the same shape.

See Learning Progressions on Geometry fordialed information.

For example, students should recognize that when they cut a circle into three equal pieces, each piece will equalone

79

third of its original whole. Inthis case, students should describe the whole as three thirds. If acircle is cut into fourequal

pieces, each piece willequal one fourth of its original wholeand the whole is described as four fourths. Circles are

difficultto show equal parts so you may want to use rectangular shapes such as strips of construction paperbefore using

circles.

Itisimportantfor studentsto see circles and rectangles partitioned in multiple ways so they learn to recognize that

w|w
INEN

equal shares can be different shapes within the same whole. An interactive whiteboard may be used to show partitions

of shapes.

»  Major Clusters

halves

fourths

€ Supporting Clusters

@ Additional Clusters


http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_g_k6_2012_06_27.pdf
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Instructional Strategies: See2.G.1

Tools/Resources:
Illustrative Mathematics Grade 2 tasks: Scroll to the appropriate section to find named tasks.
e 2G.AS3
O Representing Half of a Rectangle
O Which Pictures Represent One Half?

Resources/Tools:

Visit K-5Math Teaching Resources click on Geometry, then on 2" Grade.
Scroll downto 2.G.3 to access resources specifically for this standard.

Common Misconceptions: See 2.G.1

Students also may believethataregion model represents one out of two, three or four fractional parts without regard
to the fact that the parts have to be equal shares, e.g., acircle divided by two equally spaced horizontal lines represents
three thirds.

Itisvital that students understand different representations of fair shares. Provide a collection of different-sizecircles
and rectangles cut from paper. Ask students to fold some shapesinto halves, some into thirds,and some into fourths.
They compare the locations of the foldsin theirshapes as a class and discuss the different representations for the
fractional parts.

To fold rectanglesinto thirds, ask students if they have everseen how letters are folded to be placedin envelopes. Have
them fold the papervery carefully to make sure the three parts are the same size. Askthemto discuss why the same
process does notwork to fold a circle into thirds.

P  Major Clusters € Supporting Clusters @ Additional Clusters


https://tasks.illustrativemathematics.org/2
https://www.k-5mathteachingresources.com/addition-and-subtraction-centers.html

APPENDIX: TABLE 1. Common Addition and Subtraction Situations

Shadingtaken from OA progression

Result Unknown

Change Unknown

Start Unknown

Two bunniessaton the grass. Two bunnies were sittingon Some bunnies were sittingon the
Three more bunnies hopped the grass. Some more bunnies | grass. Three more bunnies
there. How many bunniesare | hoppedthere. Thenthere were | hoppedthere. Then there were
Add to on the grass now? five bunnies. How many five bunnies. How many bunnies
2+3=7? bunnies hopped overto the were on the grass before?
firsttwo? ?+3=5
2+?=5
Five appleswere onthe Five appleswere on the Some apples were onthe
table. | ate two apples. How table. | ate some apples. table. | ate twoapples. Then there
Taken from many applesare on the table Thenthere were three apples. | were three apples. How many
now? How many applesdid appleswere onthe table before?
5-2=7 | eat? ?-2=3
5-?=3
Total Unknown Addend Unknown Both Addends Unknown?
Three red apples and two Five applesare onthe table. Grandma has five flowers.
Put green applesare onthe table. | Three are redand therestare | How manycan she putinherred
Together/ How many apples are on the green. How many applesare vase and how manyin herblue
Take Apart? table? green? vase?
3+42=7 3+?=55-3=" 5=0+5,5=5+0
5=1+4,5=4+1
5=2+3,5=3+2
Difference Unknown Bigger Unknown Smaller Unknown
(“How many more?”version): | (Versionwith “more”): (Version with “more”):
Lucy has two apples. Julie has | Julie hasthree more apples Julie has three more apples than
five apples. How many more than Lucy. Lucy has two apples. | Lucy. Julie hasfive apples. How
applesdoesJulie have than How many apples doesJulie many apples does Lucy have?
Lucy? have?
Compare?
(“How many fewer?” version): | (Version with “fewer”): (Version with “fewer”):
Lucy has twoapples. Julie has | Lucy has 3 fewerapplesthan Lucy has 3 fewerapplesthan Julie.
five apples. How many fewer | Julie. Lucy hastwo apples. Julie has five apples.
applesdoes Lucy have than How many apples does Julie How many apples does Lucy
Julie? have? have?
2+?=55-2="? 2+3=7?,3+2=> 5-3=7?,?7+3=5

Blue shadingindicates the four Kindergarten problem subtypes. Students ingrades 1 and 2 work with all subtypes and variants (blue
andgreen). Yellow indicates problems thatare the difficultfour problem subtypes or variants thatstudents in Grade 1 work with but

do not need to master until Grade 2.
These take apart situations can be used to show all the decompositions of a given number. The associated equations, which have the total on the left of the equal sign, help children
understand that the = sign does not always mean makes or results in but always does mean is the same number as.
2Either addend can be unknown, so there are three variations of these problem situations. Both Addends Unknown is a productive extension of this basic situation, especially for small
numbers less than or equal to 10.
3For the Bigger Unknown or Smaller Unknown situations, one version directs the correct operation (the version using more for the bigger unknown and using less for the smaller unknown).
The other versions are more difficult.
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TABLE 2. Common Multiplication and Division Situations

Grade level identification of introduction of problem situations taken from OA progression

Group Size Unknown

Number of Groups

Unknown Product (“How many in each group?” Unknown
Division) (“How many groups?”
Division)

3xX6 =7

3x?=18;18+3 =7

?X6=18;18 -6 =7

There are 3 bags with 6
plums in each bag. How
many plums are there in
all?

If 18 plums are shared
equally into 3 bags, then
how many plums will be in
each bag?

If 18 plums are to be
packed 6 to a bag, then
how many bags are
needed?

Equal Measurement example. Measurement example. Measurement example.
Groups | Youneed 3 lengths of You have 18 inches of You have 18 inches of
string, each 6 inches long. | string, which you will cut string, which you will cut
How much string will you into 3 equal pieces. into pieces that are 6
need altogether? How long will each piece inches long. How many
of string be? pieces of string will you
have?

There are 3 rows of apples | If 18 apples are arranged If 18 apples are arranged
with 6 apples in each row. | into 3 equal rows, how into equal rows of 6
How many apples are many apples will be in apples, how many rows
there? each row? will there be?

Arrays?,

Area® Area example. Area example. Area example.

What is the area ofa 3 cm | A rectangle has area 18 A rectangle has area 18

by 6 cm rectangle? square centimeters. If one | square centimeters. If one
side is 3 cm long, how side is 6 cm long, how
long is a side next to it? long is a side next to it?

A blue hat costs $6. A red | A red hat costs $18 and A red hat costs $18 and a

hat costs 3 times as much | that is 3 times as much as | blue hat costs $6. How

as the blue hat. How much | a blue hat costs. How many times as much does

does the red hat cost? much does a blue hat the red hat cost as the
cost? blue hat?

Measurement example.

Compare | A rubber band is 6 cm Measurement example. Measurement example.
long. How long will the A rubber band is stretched | A rubber band was 6 cm
rubber band be whenitis | to be 18 cm long and that | long at first. Now it is
stretched to be 3 times as | is 3 times as long as it stretched to be 18 cm
long? was at first. How long was | long. How many times as

the rubber band at first? long is the rubber band
now as it was at first?

General axb=7? ax?=p,andp+a=7? ?xb=p,andp+b="?

Multiplicative compare problems appear first in Grade 4 (green), with whole number values and with the “times as much” language
from the table. In Grade 5, unit fractions language such as “one third as much” may be used. Multiplying and unit language change
the subject of the comparing sentence (“A red hat costs n times as much as the blue hat” results in the same comparison as “A blue
hatis 1/n times as much as the red hat” but has a different subject.)
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TABLE 3. The Properties of Operations

Name of Property

Associative

Representation of Property

(@+b)+c=a+(b+c)

Example of Property,
Using Real Numbers

(78 +25) + 75 =78 + (25 + 75)

Commutative

a+b=b+a

2+98 =98 + 2

Additive Identity

a+0=aand 0+a=a

9875 + 0 = 9875

Additive Inverse

Associative

For every real number a, there is a
real number —a suchthata +
—a=-a+a=0

(@xb) xc=ax (bxc)

—47+47 =0

(32 x5) x2=32x% (5 %2)

Commutative

axXxb=bXa

10 x 38 =38 x 10

Distributive

axb+c)=axb+axc

Multiplicative
p_ axXl=aand 1xXa=a 387 x 1 =387
Identity
For every real number a, a + 0,
Lo . there is a real number lsuch that
Multiplicative 1 1 ° 8 X§ _
Inverse ax—=-xa=1 378"

7x(E04+2)=7%x504+7x2

(Variables a, b, and c represent real numbers.)

Excerpt from NCTM’s Developing Essential Understanding of Algebraic Thinking, grades 3-5p. 16-17



TABLE4. The Properties of Equality

Name of Property Representation of Property Example of property
Reflexive Pr?perty d=a 3245 = 3,245
of Equality
Symmetric Proper
y . perty If a=b,then b =a 2+98=90+ 10,then90 + 10 = 2 + 98
of Equality
Transitive Property If 2498 =90 + 10 and 90 + 10 =52 + 48
of Equality Ifa=band b=c,thena=c then
2498 =52+48
Addition Property 1 2 1 3 2 3
If a=b,thena+c=b+c If —=—,then —+=-=—-+4+-—
of Equality 4 f 2 4 2 5 4 5
i 1 2 1 1 2 1
Subtraction ] Ifa=b,thena—c=b—c If 5=—,then 5 —c=-—¢
Property of Equality 2 4 2 5 4 5
ipli i 1 2 1 1 2 1
MUItlpllcatlon_ If a=b,thenaxc=b Xxc If 5 =—,then Xz =—X¢
Property of Equality 2 4 2°5 475
ivisi 1 2 1 1 2 1
D|V|5|onPrqpertyof Ifa=band c # 0,thena+c=b+c If -=—,then - +—-=—+<
Equality 2 4 25 45
Substitution Ifa = b, then b may be substituted for g in Iy 20 ;ean +10
Property of Equality anyexpressioncontaininga. 90 +20 = 90 + (10 + 10)

(Variables a, b, and c can representany number in the rational, real, orcomplex number systems.)
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TABLE 5. The Properties of Inequality

Exactly one of the followingistrue:a < b,a = b,a > b.
Ifa>band b > cthena > c.
If a> b,then b < a.
If a> b,then —a < —b.

If a>b,thena+c>b+c.
Ifa>band c >0,thena xXc>bXc.
Ifa>band c <0,thenaXxc<bXec.
Ifa>band c> 0,thena+~c> b+ c.

Ifa>band c <0,thena+~c<b-+c.

Here a, b, and c stand forarbitrary numbersin the rational orreal numbersystems.
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TABLE 6. Development of Counting in K-2 Children

Levels 8+06=14 14-8=06
Level 1: Count All Take Away
Count all a b a
12345 67 8 123 45 6 1 2345 678 910 111215314
00000 COO0 0QOQO0OO00 O 00 0000
12345 678 010111213 14 tl:2345 6'.-'812 3456
[+
Level 2: Count On To solve 14 - Slcmmtong =14
Count on g 10 111,.
Q0000 C0O0Q Q0OO000O O J 14
5 o121 14 1 took away 8 / 4,;;1/
\j
Stol14i563014-8=6
Tevel 3: Recompose: Make a Ten 4-8TImakeatenfor8+7=14
Recompose
Make aten (general). | 5 o 00 OO o 00
i 0 O 1+C;OC} _DzD +C}4
apart to make 10 N
with the other 6
addend
Make a ten (from 5 ’@O_Q_OO' '09990’ g + 6 = 14
within each addend) A—
Doubles + n 6+8
=6+6+2
= 12 +2=14

Note: Many children attempt to count down for subtraction, but counting down 1s difficult and error-prone.
Children are much more successful with counting on: it makes subtraction as easy as addition.

Beginning--A child can countvery small collections (1-4) collection of items and understands that the last word tells
“how many” even. Beyond on small numbers the numberwords may be said without the lack of numerical

understanding. Thisis often referred to as rote counting.

Level 1—The child uses one to one correspondence to find the number of objectsintwo sets. Evenif the quantityis
known forthe firstset, the child will start with the first set and continue counting oninto the second set. The child
begins the countwith one. Thisalso connectsto Piaget’s Hierarchical Inclusion—thatin orderto have 7 —you have to

have 6, 5, 4, etc.

Level 2 — At thislevel the student begins the counting, starting with the known quantity of the first setand “counts on”
fromthat pointin the sequence to establish how many. This methodis usedtofind the total intwo sets. This counting

isnot rote. Thislevel of counting requires several connections between cardinality and counting meanings of the

numberwords.

Level 3 - At thislevel the student begins using known facts to solve for unknown facts. Forexample, the student uses
“make a ten” where one addend breaks apart to make 10 with anotheraddend OR a doubles plus/minus one strategy.

Students begintoimplicitly use the properties of operations.



Table 7. Cognitive Rigor Matrix/Depth of Knowledge (DOK)

Kansas Math Standards require high-level cognitive demand asking students to demonstrate deeper conceptual understanding through the application of
contentknowledgeand skills to new situations and sustained tasks. Foreach Assessment Targetthe depth(s) of knowledge (DOK)that the student needs to
bring to the item/task will be identified, usingthe Cognitive Rigor Matrix shown below.

Depth of Thinking DOK Level 1 DOK Level 2
(Webb)+ Type of Thinkin DOK Level 3

(Revised Bloom)

DOK Level 4
Recall & Reproduction Basic Skills & Concepts Strategic Thinking & Reasoning Extended Thinking

Recall conversions, terms, facts

e Evaluatean expression o Specify, explain relations hips e Use concepts tosolve non-routine problems .
; . L ; : - s . e Relate mathematical conceptsto other

e Locate pointsona grid or numberon number | ® Make basic inferences or logical e Use supporting evidence to justify conjectures, A

R . . . . content areas, other domains

line predictions from data/observations generalize, or connectideas o

. . . . e Develop generalizations of the results
e Solve a one-step problem e Use models/diagrams to explain e Explain reasoning when more than one . )
. R tmath relationshipsi d concepts response is possible obtained and the strategies usedandapply
gpresen mathrelationshipsin words, . . . . them to new problem situations

pictures, or symbols ® Make and explain estimates ® Explain phenomenainterms of concepts
e Followsimple procedures e Selecta procedureand perform it e Designinvestigationfor a specific purpose or
e Calculate, measure, apply arule (e.g., e Solve routine problem applying research question ® Initiate, design, and conduct a project that

rounding) multiple concepts or decision points e  Usereasoning, planning, andsupporting specifiesa problem, identifies solution
e Applyalgorithmorformula e Retrieveinformationto solve a evidence paths, solvesthe problem, andreports
® Solve linear equations problem e Translatebetween problem & symbolic results
® Make conversions ® Translate between representations notationwhen not a direct translation

e Categorizedata, figures e Compare information withinor across data
X . . e Organize, order data sets or texts

e Retrieveinformation from atable or graphto ) . . " . )

answera question e Selectappropriategraphandorganize | ¢ Analyze anddraw conclusions fromdata, citing] ®  Analyze multiple sources of evidence or
e Identi ttern/trend & display data evidence data sets

entify a pattern/tren e Interpretdatafroma simplegraph e Generalize a pattern
Extend a pattern e Interpretdatafromcomplex graph

e Cite evidenceand developa logical argument | e  Apply understanding in a novel way, provide
e Compare/contrast solution methods argumentor justification for the new

® Verify reasonableness application

Generate conjecturesor hypotheses e Synthesize information across multiple
® Brainstormideas, concepts, problems, or based on observationsor prior Develop an altemnative solution sourcesor data sets
perspectivesrelatedto a topicor concept knowledge and Synthesize information within one data set ® Designamodel toinform and solvea

experience practical or abstract situation
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