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About the Flip Books

This project attempts to organize some of the most valuable resources that help develop the intent, understanding and
implementation of the 2017 Kansas Mathematics Standards. These documents provide a starting pointforteachersand
administrators to begin discussion and exploration into the standards. Itis not the only resource to support
implementation of the 2017 Kansas Mathematics Standards.

This projectis builton the previous work started inthe summer of 2012 from Melisa Hancock (Manhattan, KS), Debbie
Thompson (Wichita, KS) and Patricia Hart (Wichita, KS) who provided the initial development of the “flip books.” The
“flip books” are based on a model that Kansas had for earlier standards; however, this edition specifically targets the
Kansas Mathematics Standards that were adoptedin the summerof 2017. These flip books incorporate the resources
from otherstate departments of education, the mathematics learning progressions, and otherreliable sourcesincluding
The National Council of Teachers of Mathematics and the National Supervisors of Mathematics. Inaddition,
mathematics educators across the country have suggested changes/additions that could or should be made to further
enhance its effectiveness. The documentis posted onthe KSDE Mathematics website at
http://community.ksde.org/Default.aspx?tabid=5646 and will continue to undergo changes periodically. When
significant changes/additions are implemented, the modifications will be posted and dated.

For questions or comments about the flipbooks, please contact Melissa Fast at the Kansas State Department of Education — mfast@ksde.org.


http://community.ksde.org/Default.aspx?tabid=5646
mailto:mfast@ksde.org

Planning Advice - Focus on the Clusters

The (mathematics standards) call for a greater focus. Ratherthan racing to cover topics in today’s mile-wide, inch-deep
curriculum, we need to use the power of the eraser and significantly narrow and deepen how time and energy is spent in
the mathematics classroom. There is a necessity to focus deeply on the major work of each grade to enable students to
gain strong foundations: solid conceptualunderstanding, a high degree of proceduralskill and fluency, and the ability to
apply the mathematics they know to solve problems both in and out of the mathematics classroom.
(www.achievethecore.org)

Not all standards should have the same instructionalemphasis. Some groups of standards require agreater emphasis
than others. Inorderto be intentional and systematic, priorities need to be setfor planning, instruction, and
assessment. “Noteverythinginthe Standards should have equal priority” (Zimba, 2011). Therefore, thereisaneedto
elevate the content of some standards overthat of others throughout the K-12 curriculum.

When the Standards were developed the following were considerations in the identification of priorities: 1) the needto
be qualitative and well-articulated; 2) the understanding that some content willbecome more important than other; 3)
the creation of a focus means that some essentialcontent will get a greater share of the time and resources “while the
remaining contentislimitedinscope.” 4) a “lower” priority does notimply exclusion of content, butis usually intended
to be taught in conjunction with orin support of one of the major clusters.

“The Standards are built on the progressions, so priorities have to be chosen with an eye to
the arc of big ideas in the Standards. A prioritization scheme that respects progressions in the
Standards will strike a balance between the journey and the endpoint. If theendpointis
everything, few will have enough wisdom to walk the path, if the endpoint is nothing, few will
understand wherethejourneyis headed. Beginnings and the endings both need particular
care. ... It would also be a mistake to identify such standard as a locus of emphasis. (Zimba,
2011)

The importantquestionin planninginstructionis: “Whatis the mathematics you want the student to walk away with?”
In orderto accomplish this, educators need to think about “grain size” when planninginstruction. Grain size corresponds
to the knowledge you want the student to know. Mathematicsis simplestatthe right grainsize. Accordingto Phil Daro
(Teaching Chapters, Not Lessons—Grain Size of Mathematics), strands are too vague and too large a grainsize, while
lessons are too small a grain size. Units or chapters produce about the right “grain size”. Inthe planning process
educators should attend to the clusters, and think of the standards as the ingredients of a cluster. Coherence of
mathematical ideas and concepts exists at the clusterlevel across grades.

A caution--Grain size is important but can result in conversations that do not advance the intent of this structure.
Extended discussions among teachers whereitis argued for “2 days” instead of “3 days”on a topic becauseit is a lower
priority can detract from the overall intent of suggested priorities. The reverse is also true. As Daro indicates, focusing on
lessons can provide too narrow a view which compromises the coherence value of closely related standards.


http://www.achievethecore.org/

The videoclip Teaching Chapters, Not Lessons—Grain Size of Mathematics presents Phil
Daro further explaining grain size and the importance of itin the planning process. (Click
on phototo viewvideo.)

Alongwith “grainsize”, clusters have been given priorities which have important
implications forinstruction. These priorities should help guide the focus forteachers as
they determine allocation of time for both planningand instruction. The priorities provided help guide the focus for
teachersas they determinedistribution of time for both planningand instruction, helping to assure that studentsreally
understand mathematics before moving on. Each cluster has been given a priority level. As professional educators begin
planning, developing and writing units, these priorities provide guidancein assigning time forinstruction and formative
assessment within the classroom.

Each clusterwithinthe standards has been givenapriority level influenced by the work of Jason Zimba. The three levels
are referred toas — Major, Supporting and Additional. Zimba suggests that about 70% of instruction should relateto
the Major clusters. The lowertwo priorities (Supporting and Additional) can work together by supporting the Major
priorities. You can find the grade Level Focus Documents forthe 2017 Kansas Math Standards at:
http://community.ksde.org/Default.aspx?tabid=6340.

Recommendations for Cluster Level Priorities

Appropriate Use:

e Use the prioritiesas guidance toinforminstructional decisions regarding time and resources spent on clusters
by varyingthe degrees of emphasis.

e Focusshould be on the major work of the grade in order to open up the time and space to bring the Standards
for Mathematical Practice tolife in mathematics instruction through sense-making, reasoning,arguingand
critiquing, modeling, etc.

e Evaluate instructional materials by taking the clusterlevel priorities into account. The majorwork of the grade
must be presented with the highest possible quality; the additional work of the grade should supportthe major
prioritiesand not detractfromthem.

e Setprioritiesforotherimplementation efforts such as staff development, new curriculum development, and
revision of existing formative orsummative testing at the state, district or school level.

Things to Avoid:

o Neglectingany of the material in the standards. Seeing Supporting and Additional clusters as optional.

e Sortingclusters (from Majorto Supportingto Additional)and then teaching the clustersin order. This would
remove the coherence of mathematicalideas and create missed opportunities to enhance the major work of the
grade with the other clusters.

e Usingthe clusterheadings asa replacement forthe actual standards. All features of the standards matter—from
the practices to surrounding text, including the particular wording of the individual content standards. Guidance
for prioritiesis given atthe clusterlevel as away of thinking about the content with the necessary specificity yet
without going sofar into detail as to comprise the coherence of the standards (grain size).


http://community.ksde.org/Default.aspx?tabid=6340
https://vimeo.com/79909978

Mathematics Teaching Practices

(High Leverage Teacher Actions)

[National Council of Teachers of Mathematics. (2014). Principles to Actions: Ensuring MathematicalSuccess for All.
Reston, VA: National Council of Teachers of Mathematics.]

The eight Mathematics Teaching Practices should be the foundation for mathematics instruction and learning. This
framework was informed by overtwenty years of research and presented in Principles to Actions by the National Council
of Teachers of Mathematics (NCTM). If teachers are guided by this framework, they can move “toward improved
instructional practice” and support “one anotherin becomingskilled at teaching in ways that matter for ensuring
successful mathematics learning forall students” (NCTM, 2014, p. 12).

1. Establish mathematics goals to focus learning.
Effective teaching of mathematics establishes clear goals forthe mathematics that students are learning,
situates goals within learning progressions, and uses the goals to guide instructional decisions.

2. Implementtasks that promote reasoning and problem solving.
Effective teaching of mathematics engages students in solving and discussing tasks that promote mathematical
reasoningand problem solving and allow multiple entry points and varied solution strategies.

3. Use and connect mathematical representations.
Effective teaching of mathematics engages students in making connections among mathematical
representationsto deepen understanding of mathematics concepts and procedures and as tools for problem
solving.

4. Facilitate meaningful mathematical discourse.
Effective teaching of mathematics facilitates discourse among students to build shared understanding of
mathematical ideas by analyzing and comparing student approaches and arguments.

5. Pose purposeful questions.
Effective teaching of mathematics uses purposeful questions to assess and advance students’ reasoning and
sense makingaboutimportant mathematical ideas and relationships.

6. Build procedural fluency from conceptual understanding.
Effective teaching of mathematics builds fluency with procedures on a foundation of conceptual understanding
so that students, overtime, become skillfulin using procedures flexiblyas they solve contextual and
mathematical problems.

7. Support productive struggle in learning mathematics.
Effective teaching of mathematics consistently provides students, individually and collectively, with
opportunities and supports to engage in productive struggle as they grapple with mathematicalideas and
relationships.

8. Elicit and use evidence of student thinking.
Effective teaching of mathematics uses evidence of student thinking to assess progress toward mathematical
understanding and to adjustinstruction continually in ways that supportand extend learning.


http://www.nctm.org/principlestoactions

Standards for Mathematical Practice in Grade 5

The Standards for Mathematical Practice are practices expected to be integratedinto every mathematics lesson for all students Grades K-12. Below are a few
examples of how these Practices may be integrated into tasks that Grade 5 students complete.

Practices Explanations and Examples
D RVELGEELHEEE] Mathematically proficient students in Grade 5 solve problems by applying their understanding of operations with whole numbers,
of problen'!s and decimals, and fractions including mixed numbers. They solve problems related to volume and measurement conversions. Students seek
sgl';fi?“;:‘ee';. the meaningof a problemandlook forefficient waystorepresentand solve it. Fifth graders may consider different representations of

the problem and different solution pathways, both their own and those of otherstudents, in ordertoidentify and analyze

correspondences amongapproaches. When they find that their solution pathway does not make sense, theylook foranother pathway
that does. They check theirthinking by asking themselves, “What is the most efficient way to solve the problem?”, “Does this make
sense?”,and “Can| solve the probleminadifferent way?”

2) Reason Mathematically proficient studentsin Grade 5 recognize that a number re presents a specific quantity. They extend this understanding from

abstr:.cttlg anld whole numbers to theirwork withfractionsand decimals. This involvestwo processes - decontextualizing and contextualizing. Grade 5 students
uantitatively. ; . - . . .

q y decontextualize bytaking a real-world problemand writingand solving equations based onthe word problem. Forexample, consider the task,

“There are 2 § of ayardof ropeintheshed.If atotal of 4 % yardis needed for a project,how muchmore ropeis needed?” Students
decontextualize the problem by writingthe equation 4£ -2 2 =7 andthensolvingit. Further, students contextualize the problemafter they

. . 3 1 . . .
find theanswer, byreasoning that 1 cor 1 > yards of ropeistheamount needed. Also, Grade 5 students write simple expressionsthat record

calculationswith numbersand represent or round numbers using place value concepts.

3) Construct Mathematically proficient students in Grade 5 construct arguments using representations, such as objects, pictures, and drawings. They
viable explain calculations based upon models and properties of operations and rules that generate patterns. They demonstrate and explain
arguments and . . L . . . L . . .

critique the the relationship between volumeand multiplication. They refine their mathematical communication skills as they participatein
reasoning of mathematical discussions involving questions like “How did you get that?” and “Why is that true?” They explain their thinking to others
others. and respond to others’ thinking through either discussions or written responses. In Grade 5, students return to their conjectures and
arguments about whole numbers to determine whether they apply to fractions and decimals. Forexample, they might make an
argument based on an area representation of multiplication to show that the distributive property applies to problems involving

fractions.




4) Model with Mathematically proficient studentsin Grade 5 experiment with representing problem situationsin multiple waysincluding numbers, words
mathematics. (mathematical language), drawingpictures, using objects, makinga chart, list, or graph, creatingequations, etc. Students need opportunities
to connect thedifferentrepresentationsand explain the connections. They should be ableto use all of these representations as needed. Fifth
graders should evaluate their results in the context of the situationand whetherthe results make sense. Theyalsoevaluate the utility of
modelsto determine whichmodels are mostusefuland efficient to solve problems. Example, whenstudentsencountersituations suchas
sharing a pan of browniesamong 6 people, they might firstshowhowto divide the browniesinto 6 equal pieces using a picture of a
rectangle. Therectangle divided into 6 equal pieces isamodel of the essential mathematics elements of the situation. When the students

write the name of each piecein relationto the whole pan as o they are now modeling the situation with mathematical notation.

5) Use Mathematically proficient studentsin Grade 5 considerthe availabletools (including estimation) when solving a mathematical problem

:pplropriate and decide when certain tools might be helpful. Forinstance, they may use unit cubes tofill arectangular prism and then use a rulerto
ools

strategically measure the dimensions. They use graph paperto accurately create graphs and solve problems or make predictions from real world

L . 4 1 . . .
data. Estimationisalso seenasatool. Forexample,inordertosolve s 5@ 5t grader might recognize thatknowledge of equivalents

1, . L1, . 3 . 1 . — .
OfE isan appropriate tool:smce?s equwalenttoE , the result can easily be found: g.ThIS practicesisalso related tolookingfor

structure (SMP 7), which often results in building mathematical tools that can then be used to solve problems.

6) Attend Mathematically proficient studentsin grade 5 continue to refine their mathematical communication skills by using clearand precise
to - language in theirdiscussions with others andintheir own reasoning. Students use appropriate terminology when referring to
precision. expressions, fractions, geometricfigures, and coordinategrids. They are careful about specifying units of measureand state the
meaning of the symbols they choose. Forinstance, when figuring out the volume of arectangular prismthey record theiranswersin

cubic units.

AR S G B Mathematically proficient studentsin Grade 5 look closely to discover a pattern or structure. Forinstance, students use properties of
make use of operations as strategies to add, subtract, multiply and divide with whole numbers, fractions, and decimals. They examine numerical
Sructure: patternsand relate themtoa rule or a graphical representation. Forexample, when 5" graders calculate16 X 9, they mightapply the
structure of place value and the distributive property to find the product: 16 x 9 = (10 + 9) x 9 = (10 X 9) + (6 X 9).

RIS B Mathematically proficient studentsin Grade 5 use repeated reasoning to understand algorithms and make generalizations about
express. . patterns. Students connect place value and their prior work with operations to understand algorithms to fluently multiply multi-digit
::ﬁzl:t:tly i numbers and perform all operations with decimals to hundredths. Students explore operations with fractions with visual models and
reasoning. begin to formulate generalizations. Forexample, 5" graders might notice a patternin the change to the product when afactor is
increasedby1: 5 X7 = 35 and 5 X 8 = 40---the productchangesby5; 9 X 4 = 36 and 10 X 4 = 40—the productchangesby4.
Fifth graders mightthen expressthisregularity by saying somethinglike, “When you change one factor by 1, the productincreases by
the other factor.” As students practice articulating their observations, theylearn to communicate with greater precisions (SMP 6). As
they explain why these generalizations must be true, they construct, critique, and compare arguments (SMP 3).




Implementing Standards for Mathematical Practice

This guide was created to help educatorsimplement these standards into their classroom instruction. Theseare the
practices for the students, and the teacher can assist studentsin using them efficiently and effectively.

#1 — Make sense of problems and perseverein solving them.

Summary of this Practice:

Interpretand make meaning of the problem looking for starting points. Analyzewhatisgiventoexplainto
themselves the meaning of the problem.

Plan a solution pathway instead of jumpingto a solution.

Monitortheir progressand change the approach if necessary.

See relationships between various representations.

Relate current situations to concepts orskills previously learned and connect mathematical ideas to one another.
Continually ask themselves, “Does this make sense?”

Understand various approachesto solutions.

Student Actions Teacher Actions

e Actively engage insolving problems and thinkingis e Allowstudentstimetoinitiate aplan; using question
visible (doing mathematics vs. following steps or promptsas neededtoassiststudentsindevelopinga
procedures with nounderstanding). pathway.

e Relate current “situation” to concepts or skills e Constantly askstudentsiftheirplansandsolutions
previously learned, and checking answers using make sense.
different methods. e Questionstudentstosee connections to previous

e Monitorand evaluate theirown progress and change solution attempts and/ortasks to make sense of the
course when necessary. current problem.

e Alwaysask, “Does this make sense?” astheyare e Consistently ask students to defend and justify their
solving problems. solution(s) by comparingsolution paths.

What questions develop this Practice?

How would you describe the probleminyourown words? How would you describe what you are trying to find?
What do you notice about...?

What informationisgiveninthe problem? Describe the relationship between the quantities.

Describe whatyou have already tried. What might you change? Talk me through the steps you’ve used to this point.
What stepsinthe process are you most confidentabout? Whatare some otherstrategies you mighttry?

What are some otherproblemsthat are similarto thisone?

How might you use one of your previous problemsto help you begin? How else mightyou
organize...represent...show...?

What are the characteristics of a good math task for this Practice?

Requires studentsto engage with conceptual ideas that underliethe procedures to complete the task and develop
understanding.

Requires cognitive effort - while procedures may be followed, the approach or pathway is not explicitly suggested by
the task, or taskinstructions and multiple entry points are available.

Encourages multiple representations, such as visual diagrams, manipulatives, symbols, and problem situations.
Making connections among multiple representations to develop meaning.

Requires studentsto access relevant knowledge and experiences and make appropriate use of themin working
through the task.




#2 — Reason abstractly and quantitatively.

Summary of this Practice:

e Make sense of quantities and theirrelationships.

e Decontextualize (representasituation symbolically and manipulate the symbols) and contextualize (make meaning of
the symbolsina problem) quantitative relationships.

¢ Understand the meaning of quantities and are flexible in the use of operations and their properties.

e Create alogical representation of the problem.

e Attendtothe meaningof quantities, notjust how to compute them.

Student Actions Teacher Actions

e Use variedrepresentationsand approaches when e Askstudentstoexplainthe meaning of the symbols
solving problems. inthe problemandintheirsolution.

e Representsituations symbolically and manipulating e Expectstudentstogive meaningtoall quantitiesin
those symbols easily. the task.

e Give meaningto quantities (notjustcomputingthem) | e Questionstudentssothatunderstandingofthe
and making sense of the relationships within relationships between the quantitiesand/orthe
problems. symbolsinthe problemand the solution are fully

understood.

What questions develop this Practice?

e What do the numbersusedinthe problemrepresent? What s the relationship of the quantities?

e Howis___ relatedto_ ?

e Whatisthe relationshipbetween  and ?

e What does meanto you? (e.g. symbol, quantity, diagram)
What properties mightyou use tofind a solution?

e How didyoudecide thatyouneededtouse  ? Could we have used anotheroperation or property to solve this
task? Why or why not?

What are the characteristics of a good math task for this Practice?
¢ Includes questionsthatrequire studentsto attend to the meaning of quantities and their relationships, notjust how
to compute them.
e Consistently expects studentsto convertsituationsinto symbolsin orderto solve the problem; and thenrequires
students to explain the solution within a meaningful situation.
e Containsrelevant, realisticcontent.
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#3 — Construct viable arguments and critique the reasoning of others.

Summary of this Practice:

Justify conclusions with mathematical ideas.
Listen to the arguments of others and ask useful questions to determine if an argument makes sense.

Analyze problems and use stated mathematical assumptions, definitions, and established resultsin constructing
arguments.

Ask clarifying questions orsuggestideas toimprove/revisethe argument.
Compare two arguments and determine correct or flawed logic.

Student Actions

Teacher Actions

Make conjectures and exploring the truth of those
conjectures.

Recognize and use counterexamples.

Justify and defend all conclusions and using data
withinthose conclusions.

Recognize and explain flaws in arguments, which may
needtobe demonstrated using objects, pictures,
diagrams, or actions.

Encourage students to use proven mathematical
understandings, (definitions, properties, conventions,
theorems etc.), to supporttheirreasoning.
Question students sothey can tell the difference
between assumptions and logical conjectures.
Ask questions that require students to justify their
solution and theirsolution pathway.
Promptstudentstorespectfully evaluate peer
argumentswhen solutions are shared.

Ask students to compare and contrast various
solution methods

Create variousinstructional opportunities for
students to engage in mathematical discussions
(whole group, small group, partners, etc.)

What questions develop this Practice?

What mathematical evidence would supportyoursolution? How can we be sure that...? How could you prove

that...?
Will it still work if...?

What were you considering when...? How did you decide to try that strategy?

How did you test whetheryourapproach worked?

How did you decide whatthe problem was asking you to find? (What was unknown?)
Didyou try a method thatdid notwork? Why didn’tit work? Would it ever work? Why or why not?
What is the same and whatis differentabout...? How could you demonstrate a counter-example?

What are the characteristics of a good math task for this Practice?

Structuredto bring out multiplerepresentations, approaches, or erroranalysis.

Embeds discussion and communication of reasoning and justification with others.

Requires studentsto provide evidence to explain theirthinking beyond merely using computational skills to find a

solution.

Expectsstudentsto give feedback and ask questions of others’ solutions.
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#4 — Model with mathematics.

Summary of this Practice:

Understand reasoning quantitatively and abstractly (able to decontextualize and contextualize).

Apply the math they know to solve problemsin everyday life.

Simplify acomplex problem and identify important quantities to look at relationships.

Represent mathematics to describe asituation either with an equation oradiagram andinterpretthe resultsofa

mathematical situation.

Reflecton whetherthe results make sense, possibly improving/revising the model.

Ask themselves, “How can | represent this mathematically?”

Student Actions

Teacher Actions

Apply mathematics to everyday life.

Write equations to describe situations.

[llustrate mathematical relationships using diagrams,
data displays, and/orformulas.

Identify important quantities and analyzing
relationships to draw conclusions.

Demonstrate and provide students experiences with
the use of various mathematical models.

Question students to justify their choice of modeland
the thinking behind the model.

Ask students about the appropriateness of the model
chosen.

Assist studentsin seeingand making connections
among models.

What questions develop this Practice?

What numbermodel could you construct to representthe problem?

How can you representthe quantities?

What isan equation orexpression that matchesthe diagram..., numberline..., chart..., table...?
Where did you see one of the quantitiesinthe taskin yourequation orexpression?

What math do you know that you could use to represent this situation?

What assumptions do you have to make to solve the problem?

What formulamightapplyinthissituation?

What are the characteristics of a good math task for this Practice?

Structuresrepresentthe problem situation and theirsolution symbolically, graphically, and/or pictorially (may

include technological tools) appropriate to the context of the problem.
Invites students to create a context (real-world situation) that explains numerical /symbolic representations.

Asks students to take complex mathematics and make it simpler by creatingamodel that will represent the

relationship between the quantities.




#5 — Use appropriate tools strategically.

Summary of this Practice:

Use available tools recognizing the strengths and limitations of each.

Use estimation and other mathematical knowledge to detect possible errors.
Identify relevant external mathematical resources to pose and solve problems.
Use technological tools to deepen theirunderstanding of mathematics.

Use mathematical models forvisualize and analyze information
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Student Actions

Teacher Actions

e Choosetoolsthatare appropriate forthe task.
e Knowwhentouse estimates and exactanswers.
e Use toolsto pose or solve problems to be most

effectiveand efficient.

Demonstrate and provide students experiences with
the use of various math tools. A variety of tools are
withinthe environment and readily available.
Question students as towhy they chose the tools
they usedto solve the problem.

Consistently modelhow and when to estimate
effectively, and requiring students to use estimation
strategiesinavariety of situations.

Ask studentto explain their mathematical thinking
with the chosentool.

Ask studentstoexplore otheroptions when some
toolsare notavailable.

What questions develop this practice?

What mathematical tools could we use tovisualizeand represent the situation?

What information do you have?

What do you know that is not stated in the problem? What approach are you consideringtrying first?

What estimate did you make forthe solution?

In this situation would it be helpful touse...agraph..., numberline..., ruler..., diagram..., calculator..., manipulative?

Why was it helpful touse...?

What can usinga show us that may not?

In what situations mightit be more informative or helpful touse...?

What are the characteristics of a good math task for this Practice?

Lendsitself to multiplelearningtools. (Tools may include; concrete models, measurementtools, graphs, diagrams,

spreadsheets, statistical software, etc.)

Requires students to determine and use appropriate tools to solve problems.

Asks students to estimate in avariety of situations:

= atask whenthereisnoneedto have an exactanswer
= atask whenthereisnotenoughinformationtogetanexactanswer
= 3taskto checkif the answerfroma calculationisreasonable



#6 — Attend to precision.

Summary of this Practice:

Communicate precisely with othersand try to use clear mathematical language when discussing their reasoning.
Understand meanings of symbols used in mathematics and can label quantities appropriately.

Express numerical answers with adegree of precision appropriate forthe problem context.

Calculate efficiently and accurately.

Student Actions Teacher Actions
e Use mathematical terms, both orally and in written e Consistently use and model correct content
form, appropriately. terminology.
e Use and understanding the meanings of math e Expectstudentstouse precise mathematical
symbolsthatare usedintasks. vocabulary during mathematical conversations.
e (Calculate accurately and efficiently. e Questionstudentstoidentify symbols, quantities
e Understand the importance of the unitin quantities. and unitsina clear manner.

What questions develop this Practice?

What mathematical terms applyinthissituation? How did you know your solution was reasonable?
Explain how you might show that yoursolution answers the problem.

Is there a more efficient strategy?

How are you showingthe meaning of the quantities?

What symbols or mathematical notations are importantin this problem?

What mathematical language..., definitions..., properties can you use to explain...?

How could youtestyour solutiontoseeifitanswersthe problem?

What are the characteristics of a good math task for this Practice?

Requires studentsto use precise vocabulary (in written and verbal responses) when communicating mathematical
ideas.

Expects students to use symbols appropriately.
Embeds expectations of how precise the solution needs to be (some may more appropriately be estimates).
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#7 — Look for and make use of structure.

Summary of this Practice:

e Applygeneral mathematical rules to specificsituations.
¢ Look forthe overall structure and patternsin mathematics.
e See complicatedthings assingle objects or as being composed of several objects.

Student Actions Teacher Actions

Look closely at patternsin numbers and their e Encourage studentstolookfor somethingthey

relationships to solve problems. recognize and having students apply the information

Associate patterns with the properties of operations inidentifying solution paths (i.e.

and theirrelationships. compose/decompose numbers and geometric

Compose and decompose numbers and number figures, identify properties, operations, etc.)

sentences/expressions. e Expectstudentstoexplainthe overallstructure of the
problemandthe bigmath ideausedtosolve the
problem.

What questions develop this Practice?

What observations do you make about...? What do you notice when...?

What parts of the problem mightyou eliminate..., simplify...?

What patternsdo youfindin...?

How doyou know if somethingisapattern?

What ideas that we have learned before were usefulin solving this problem?

What are some other problemsthat are similarto this one? How does thisrelate to...?
In what ways does this problem connectto other mathematical concepts?

What are the characteristics of a good math task for this Practice?

4351
32

Requires studentstolook forthe structure within mathematicsin orderto solve the problem. (i.e.—decomposing
numbers by place value; working with properties; etc.)

Asks studentstotake a complexideaandthenidentify and use the component parts to solve problems. i.e.
Building on the structure of equal sharing, students connect the understanding to the traditional division algorithm.
When “unitsize” cannot be equally distributed, itis necessary to break downinto asmaller “unitsize”. (example
below)

3 hundreds units cannot be distributed into 4 equal groups. Therefore, they must be broken down into tens units.
31 There are now 35 tens units to distribute into 4 groups. Each group gets 8 sets of tens, leaving 3 extra tens units that need to become ones units.

-28 | This leaves 31 ones units to distribute into 4 groups. Each group gets 7 ones units, with 3 ones units remaining. The quotient means that each group has 87
3 | with 3 left.

e Expectsstudentstorecognize and identify structures from previous experience(s)and apply this understandingin a

new situation.i.e.7X 8 = (7x5) +(7x 3)OR7 x 8 = (7 x 4) + (7 X 4) newsituations could be, distributive
property, area of composite figures, multiplication fact strategies.



#8 — Look for and express regularity in repeated reasoning.

Summary of this Practice:

See repeated calculations and look for generalizations and shortcuts.

See the overall process of the problem and still attend to the details.

Understand the broader application of patterns and see the structure in similarsituations.
Continually evaluatethe reasonableness of theirintermediate results.
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Student Actions Teacher Actions

e Noticeif processesare repeated andlook forboth o Askwhat math relationships or patterns can be used
general methods and shortcuts. to assistin making sense of the problem.

e Evaluate the reasonableness of intermediateresults e Askfor predictions about solutions at midpoints
while solving. throughoutthe solution process.

e Make generalizations based on discoveries and e Questionstudentstoassistthemin creating
constructingformulas when appropriate. generalizations based on repetitioninthinkingand

procedures.

What questions develop this Practice?

Will the same strategy workin other situations?

Is this always true, sometimes true or nevertrue? How would we prove that...?

What do you notice about...?

What is happeningin this situation? What would happenif...?

Is there a mathematical rule for...?

What predictions orgeneralizations can this pattern support? What mathematical consistencies do you notice?

What are the characteristics of a good math task for this Practice?

Presentseveral opportunities to reveal patterns orrepetition in thinking, so students can make a generalization or
rule.

Requires studentsto see patterns orrelationshipsin orderto develop a mathematical rule.

Expects studentsto discoverthe underlying structure of the problem and come to a generalization.

Connectstoa previous task to extend learning of a mathematical concept.
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Critical Areas for Mathematicsin 5" Grade

In Grade 5, instructional time should focus on three critical areas:

1. Developingfluency with addition and subtraction of fractions, and developing understanding of the
multiplication of fractions and of division of fractions in limited cases (unitfractions divided by whole
numbers and whole numbers divided by unitfractions).

Studentsapply theirunderstanding of fractions and fraction models to represent the addition and subtraction of
fractions with unlike denominators as equivalent calculations with like denominators. They develop fluencyin
calculating sums and differences of fractions, and make reasonable estimates of them. Students also use the
meaning of fractions, of multiplication and division, and the relationship between multiplication and division to
understand and explain why the procedures for multiplying and dividing fractions make sense. (Note: this is
limited to the case of dividing unit fractions by whole numbers and whole numbers by unit fractions.)

2. Extendingdivision to 2-digitdivisors, integrating decimal fractions into the place value system and developing
understanding of operations with decimals to hundredths, and developing fluency with whole numberand
decimal operations.

Students develop understanding of why division procedures work based on the meaning of base-ten numerals

and properties of operations. They finalize fluency with multi-digit addition, subtraction, multiplication, and
division. They apply their understandings of models for decimals, decimal notation, and properties of
operationsto add and subtract decimals to hundredths. They develop fluency in these computations, and make
reasonable estimates of theirresults. Students use the relationship between decimals and fractions, as well as
the relationship between finite decimals and whole numbers (i.e., afinite decimal multiplied by an appropriate
powerof 10 is a whole number), to understand and explain why the procedures for multiplying and dividing
finite decimals make sense. They compute products and quotients of decimals to hundredths efficiently and
accurately.

3. Developing understanding of volume.
Students recognize volume as an attribute of three-dimensional space. They understand that volumecan be

measured by finding the total number of same-size units of volume required tofill the space without gaps or
overlaps. They understand thata 1-unit by 1-unit by 1-unit cube is the standard unitfor measuring volume. They
selectappropriate units, strategies, and tools for solving problems thatinvolve estimating and measuring
volume. They decompose three-dimensional shapes and find volumes of right rectangular prisms by viewing
them as decomposedinto layers of arrays of cubes. They measure necessary attributes of shapesinorderto
determine volumes to solve real world and mathematical problems.
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Dynamic Learning Maps (DLM) and Essential Elements

The DynamicLearning Maps and Essential Elements are knowledge and skills linked to the grade-level expectations
identified in the Common Core State Standards. The purpose of the DynamicLearning Maps Essential Elementsisto
build a bridge fromthe contentin the Common Core State Standards to academicexpectations for students with the
most significant cognitive disabilities.

For more information please visit the DynamicLearning Maps and Essential Elements website.



http://community.ksde.org/Default.aspx?tabid=5357
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Growth Mindset

o T AT The term “growth mindset” comes fromthe groundbreaking work of Carol
opportunity to grow” limit of my abilities”

GROWTH FIXED Dweck. She identified thateveryone holds ideas about their own potential.
MINDSET Some people believe thattheirintelligence is more orless fixed in math —
“lcan st 1o do g e " ' that you can do math or you can’t, while others believe they canlearn

“Challenges help me to grow”

il Rt A anythingand that theirintelligence can grow.
“Feedback is constructive”

en I'm frustrated,
| give up"

“l am mipired by the success of athen”
"I like to try ' . . . . . . . .
new things” : o In a fixed mindset, peoplebelieve their basicqualities, liketheir

intelligence ortalent, are simply fixed traits. They spend theirtime
documentingtheirintelligence ortalentinstead of developingit. Theyalso believe that talentalone creates success—
without effort. Students with afixed mindset are those who are more likely to give up easily.

In a growth mindset, people believe thattheir most basicabilities can be developed through dedication and hard
work—brains andtalent are just the starting point. This view creates alove of learning and a resilience thatis essential
for great accomplishment. Students with a growth mindset are those who keep goingeven when workis hard, and who
are persistent.

Itis possible to change mindsets and to shift students’ mindsets from fixed to growth and cause higher mathematics
achievementandsuccessin life. Watch this shortvideo to geta betterunderstanding of what Growth Mindsetisand the

benefitsitcanbringour students.

You can find a variety of resources related to Growth Mindset at: http://community.ksde.org/Default.aspx?tabid=6383.

youcubed Building a Mathematical Mindset Community W\

at Stanford Universiry

Teachers and students believe can Communication and comrections are valued.
learn maths at HIGH LEVELS. ¢ Students work in groups sharing ideas and visuals.
e Students are not tracked or grouped by achievement | e Students relate ideas to previous lessons or topics ‘
e All students are offered high level work ¢ Students connect their ideas to their peers' ideas, &’
* “Iknow you can do this” “| believe in you" visuals, and representations. v ’
¢ Praise effort and ideas, not the person e Teachers create opportunities for students to see connechions.
e Students vocalize self-belief and confidence e Students relate ideas to events in their lives and the world.
The maths is VISU3L. The maths is OPEN.
e Teachers ask students to draw their ideas % e Students are invited to see maths differently
e Tasks are posed with a visual component e Students are encouraged to use and share
e Students draw for each other when they explai different ideas, methods, and perspectives
e Students gesture to illustrate their thinking [ e Creativity is valued and modeled.
D e Students’ work looks different from each other

e Students use ownership words - “my method”, "my idea”

The environment is filled with wowpee and The classroom is a risk-taking, MISTRKE VALVING
CURIOSITY. environment Ee
Students extend their work and investigate ((\Fv Students share ideas even when they are wrong (- - -
Teacher invites curiosity when posing tasks 1 9 ﬂ Peers seek fo understand rather than correct
Students see maths as an unexplored puzzle
0 o

Students feel comfortable when they are stuck or wron
Students freely ask and pose questions \_,\/_/ Teachers and students work together when stuck
Students seek important information ‘:3

“I've never thought of it like that before.'q:b

Tasks are low floor/high ceiling
Students disagree with each other and the teacher

Developed by Jo Boaler/Youcubed.org and Tulare County Office of Education


http://tedxmanhattanbeach.com/past-events/october-2012-conference-journey-to-purpose/presenters/eduardo-briceno/
http://community.ksde.org/Default.aspx?tabid=6383

Grade 5 Content Standards Overview

Operations and Algebraic Thinking (5.0A)
A. Write and interpret numerical expressions.
OA.1 OA.2

Number and Operationsin Base Ten 5.(NBT)
A. Understandthe place value system.
NBT.1 NBT.2 NBT.3 NBT.4
B. Performoperations with multi-digit whole numbers and
with decimalsto hundredths.
NBT.5 NBT.6 NBT.7

Number and Operations—Fractions (5.NF)
A. Use equivalentfractions asastrategy to add and
subtract fractions.
NF.1 NF.2
B. Applyandextend previous understandings of
multiplication and division to and divide fractions.
NF.3 NF.4 NF.5 NF.6 NF.7

Measurement and Data (5.MD)

A. Convertlike measurement units withinagiven
measurement system.
MD.1

B. Representandinterpretdata.
MD.2

C. Geometricmeasurement: understand concepts of
volume and related volumeto multiplication and to
addition.
MD.3 MD.4 MD.5

Geometry (5.G)
A. Graph pointsonthe coordinate plane tosolve real
world and mathematical problems.
G.1 G.2
B. Classify two-dimensionalfiguresinto categories based
on theirproperties.
G.3 G4

»  Major Clusters € Supporting Clusters

@ Additional Clusters
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Domain: Operations and Algebraic Thinking (OA)

@® Cluster A: Write and interpret numerical expressions.

Standard:5.0A.1

Use parenthesesin numerical expressions and evaluate expressions with these symbols. (5.0A.1)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 - Make sense of problems and persevere in solvingthem.

v' MP.5 - Use appropriate tools strategically.
v MP.8 - Look for and expressregularity in repeated reasoning.

Connections:
This clusteris connected to:

e Extendingdivisionto 2-digitdivisors, integrating decimal fractions into the place value system and developing
understanding of operations with decimals to hundredths, and developing fluency with whole numberand
decimal operations.

e Evaluatingnumerical Expressions with whole-number exponents (6.EE.1)

Explanation and Examples: 5.0A.1

This standard builds onthe expectations of third grade where students are expected to start learning the conventional
order of operations. Students need experiences with multiple expressions that use grouping symbols throughout the
yearto develop understanding of when and how to use them. First, students use these symbols with whole numbers.
Then the symbols can be used as students add, subtract, multiply and divide decimals and fractions.

Examples:
Problem Answer
(26 +18) + 4 11
2 x (10 +5) 30
12 —(0.4x 2) 11.2
2+3)x1.5-0.5) 5
6 (1 1) c 1
—3*3 6

To furtherdevelop students’ understanding of grouping symbols and facility with operations, students place the
parenthesesin equations to make the equations true orthey compare expressions that are grouped differently.

Examples:

15-7-2=10-15-(7-2) =10
Compare 3x2+5and 3x (2 +5)
Compare 15 —6+ 7 and 15 — (6 + 7)

» Major Clusters € Supporting Clusters @ Additional Clusters
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Instructional Strategies: 5.0A.1through 5.0A.2

Students should be given ample opportunities to explore numerical expressions with mixed operations. Thisis the
foundation for evaluating numerical and algebraicexpressions that will include whole-number exponentsin Grade 6.

There are conventions (rules) determined by mathematicians that must be learned with no conceptual basis. For
example, multiplication and division are always done beforeaddition and subtraction. Multiplication and division
generally hasabiggerimpacton a problemthan addition and subtraction.

Begin with expressions that have two operations without any grouping symbols (multiplication or division combined
with addition or subtraction) before introducing expressions with multiple operations. Use the same digits, with the
operationsinadifferentorder, and have students evaluate the expressions, then discuss why the value of the
expressionisdifferent. Forexample, have students evaluate 5 X 3 + 6and5 + 3 X 6.

Discuss the rules (conventions) that must be followed. Have students insert parentheses around the multiplicationor
division sectioninan expression. A discussion should focus on the similarities and differencesin the problems and the
results. This should assist studentsin beingable to solve problem situations which require an understanding of the order
inwhich operations should take place.

Afterstudents have evaluated expressions without grouping symbols, present problems parentheses. If you students are
ready, you can move into using brackets and braces, but these must be done so students have an understanding of why
these grouping symbols are being used. Have students write numerical expressionsin words without calculating the
value. Thisisthe foundation for writing algebraicexpressions. Then, have students write numerical expressions from
phrases without calculating them.

Resources/Tools
For detailed information, seethe Learning Progression Operations and Algebraic Thinking.

[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.
e G5.0AA
0 You Can Multiply Three Numbersin Any Order
e 50AA1l
0 Watch Out for Parentheses 1
0 BowlingforNumbers
0 UsingOperations and Parentheses

Videoclip sharingthe use of parentheses in mathematics —Using Parentheses in Math

Visit K-5 Math Teaching Resources click on Number, then on 5% Grade. Scroll
downto 5.0A.1 to access resources specifically for this standard.

» Major Clusters € Supporting Clusters @ Additional Clusters


http://commoncoretools.files.wordpress.com/2011/05/ccss_progression_cc_oa_k5_2011_05_302.pdf
https://tasks.illustrativemathematics.org/5
https://www.youtube.com/watch?v=JK16Uu5yR8c
https://www.k-5mathteachingresources.com/
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Common Misconceptions:

Students may believe the orderin which aproblem with mixed operationsis writtenis the exactorderto solve the
problem. The use of mnemonicphrase “Please Excuse My Dear Aunt Sally” to rememberthe order of operations
(Parentheses, Exponents, Multiplication, Division, Addition, and Subtraction) can mislead students to always perform
multiplication before division and addition before subtraction. Thisisincorrectthinking. Multiplication and division are
always performedfirstinthe orderthattheyappearinthe problem—unlessthere are grouping symbols. To help correct
students’ thinking, they need to understand that addition and subtraction are inverse operations and multiplicationand
division are inverse operations, asinthey have the same “impact”. At thislevel, students need opportunities to explore
the “impact” of the various operations on numbers and solve equations starting with the operation of greatest “impact”.

Example:

342 =05,5—-2 =13 (generalize subtraction “undoes” addition —inverse operation)

3X 2=6,6+ 2 =3 (generalize division “undoes” multiplication—inverse operation and multiplication and division
have a greater “impact” on a numberthan addition and subtraction)

32=9 (generalize, exponents have agreater “impact” on a number)

Allow students to use calculators to determinethe value of the expression and then discuss the orderthe calculator
used to evaluate the expression. Do this with four-function and scientific calculators.

Students need lots of experience with writing multiplication in different ways. Multiplication can be indicated witha
raised dot, such as 4 - 5, with a raised cross symbol, such as 4 X 5, or with parentheses, such as 4(5) or (4)(5). Note
that the raised cross symbol is not the same as the letter “x”, and so care should be taken when writing or typingit.
Students need to be exposedtoall three notations and should be challenged to understand that all are useful. In
instruction, teachers are encouraged to use anotation and stay consistent. Studentsalsoneed help and practice
rememberingthe conventionthat we write aratherthan 1- aor 1a, especiallyin expressionssuchas a +3a.

» Major Clusters € Supporting Clusters @ Additional Clusters



23
Domain: Operations and Algebraic Thinking (OA)

@® Cluster A: Write and interpret numerical expressions.

Standard:5.0A.2

Write simple expressions that record calculations with numbers, and interpret numerical expressions without evaluating
them. Forexample, express the calculation “multiply the sum of 8 and 7 by 2” as 2 X (8 + 7) because parenthetical
information must be solved first. Recognize that 3 X (18932 + 921) is three times as large as 18932 + 921, without
having to calculate the indicated sum or product. (5.0A.2)

Suggested Standards for Mathematical Practice (MP):

v' MP.1 - Make sense of problems and persevere in solvingthem.
MP.2 - Reason abstractly and quantitatively.
MP.7 - Look for and make use of structure.

AR

MP.8 - Look for and express regularity in repeated reasoning.
Connections: See5.0A.1

Explanation and Examples:
This standard refers to expressions. Expressions are a series of numbers and symbols (+, —,X,+) without an equal sign.

Example:
4(5 + 3) is an expression.
When we compute 4(5 + 3) we are evaluatingthe expression. The expression equals 32. 4(5 + 3) = 32 isan equation.

This standard also expects students to verbally describe the relationship between expressions without actually
calculatingthem. Students are to apply theirreasoning of the four operations, aswellas place value, while describing
the relationship between the numbers. The standard does notinclude the use of variables, only numbers and relational
and operational symbols.

Example:
Teacher: Write an expression for “double fiveand then add 26.”

Student: (2 x 5) + 26

Teacher: Tell me how the expression 5(10 x 10) relatesto (10 x 10).

Student: The expression 5(10 X 10) is 5 times largerthan the expression (10 x 10) since I know that 5(10 x 10)
meansthat | have 5 groups of (10 X 10). Students use their understanding of operations and grouping
symbols to write expressions and interpret the meaning of a numerical expression.

Other Examples:

e Studentswrite an expression for calculations given in words such as “divide 144 by 12 and then subtractg.” The
students would write (144 = 12) — g.
e Studentsrecognize that0.5 x (300 <+ 15) is% of (300 + 15) without havingto calculate the quotient.
» Major Clusters € Supporting Clusters @ Additional Clusters
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Instructional Strategies: See5.0A.1

Resources/Tools
For detailed information, see Learning Progression Operations and Algebraic Thinking.

[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate sectionto find named tasks.

e 50AA2
0 Words to Expressions 1
0 VideoGame Scores
0 ComparingProducts
0 SeeingisBelieving

Visit K-5 Math Teaching Resources click on Number, then on 5% Grade.
Scroll down to 5.0A.2 to access resources specificallyforthis standard.

Common Misconceptions: See5.0A.1
Students often do not use the correct terminology for the operations. Frequently students say “times” for multiplication.
Thisis NOTthe action for multiplication. Students need to say and think “groups of” (or “of” when using fractions and

decimals) when explaining multiplication. For addition, students can explain thatitis “joining”, “combining”, “putting
together”, orotherappropriate words for addition. The same for the rest of the operational symbols.

Students need to realize that math symbols are just short cuts for using words but that ALL symbols represent wordsin
mathematics.

»  Major Clusters € Supporting Clusters @ Additional Clusters


http://commoncoretools.files.wordpress.com/2011/05/ccss_progression_cc_oa_k5_2011_05_302.pdf
https://tasks.illustrativemathematics.org/5
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Domain: Number and Operations Base Ten (NBT)

P Cluster A: Understand the place value system.

Standard:5.NBT.1

Recognize thatina multi-digit number, adigitin one place represents 10times as much as itrepresentsinthe place to

itsright and % of what itrepresentsinthe place toits left. (5.NBT.1)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reason abstractly and quantitatively.
v' MP.6 Attendto precision.
v' MP.7 Look for and make use of structure.

Connections: (5.NBT.1through 5.NBT.4)
This clusteris connectedto:

e Extendingdivisionto 2-digitdivisors, integrating decimal fractions into the place value system and developing
understanding of operations with decimals to hundredths, and developing fluency with whole numberand
decimal operations.

e Understand decimal notation forfractions, and compare decimal fractions (4.NF.7).

e Studentsneedto have a firm grasp of place value for future work with computing with numbers, exponents and
scientificnotation.

Explanation and Examples:
This standard expects students to reason about the magnitude of numbers. Students should work with the ideathat the

. . .1 .
tens placeisten timesas much as the ones place, and the ones place is = the size of the tens place.

In fourth grade, students examined the relationships of the digitsin numbers for whole numbers only. This standard
extendsthis understanding to the relationship of decimalfractions. Students use decimal squares, base ten blocks,
pictures of decimal squares orbase ten blocks, and interactive images of decimal squares or base ten blocks to
manipulate and investigatethe place value relationships. They use theirunderstanding of unit fractions to compare
decimal places and fractional language to describe those comparisons.

Before consideringthe relationship of decimal fractions, students express their understanding that in multi-digit whole
numbers, adigitinone place represents 10 times whatitrepresentsin the place toits right andE of what itrepresents

inthe place to its left.

Example:

The 2 in the number542 is different fromthe value of the 2in 324. The 2 in 542 represents 2onesor 2, whilethe 2in
324 represents 2tensor 20. Since the 2in 324 is one place to the left of the 2 in 542 the value of the 2 is 10 times
greater. Meanwhile, the 4in 542 represents4tensor 40 and the 4 in 324 represents4onesor 4. Sincethe 4 in324 is

one place to theright of the 4 in 542 the value of the 4 in the number324 isl—l0 of its value in the number542.

» Major Clusters € Supporting Clusters @ Additional Clusters
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A studentshouldreason and think, “l know thatin the number 5555, the 5in the tens place (5555) represents 50and
the 5 inthe hundreds place (5555) represents 500.So a 5 inthe hundreds place istentimesas muchas a 5 inthe tens

. 1 .
placeora5inthetensplace is 75 of the value ofa 5in the hundreds place”.

Example:
To extend this understanding of place value to their work with decimals, students use amodel of one unit. They divide

that unitinto 10 equal pieces, thenshade in ordescrlbel—o of that model using fractional language (“Thisis 1 out of 10
L. 1 . | o1 1 |

equalparts. So it is E”' | can write this using — or0.1”). Theyrepeatthe process by flndmgﬁ ofa o (e.g., d|V|d|ngE

. . 1 . . . 1 1 1 .

into 10 equal partsto arrive at T0 ©" 0.01) and can explaintheirreasoning, “0.01 is T Of1_o soitis To0 of the whole unit.”

In the number55.55, each digitis 5, but the value of the digits is different because of the placement.

The 5 that the arrow pointsto isl—lo of the 5 to the leftand 10 times the 5 to the right. The 5in the ones place isl—lo of 50

and 10 times five tenths.

The 5 that the arrow pointsto i51—10 of the 5 to the leftand 10 times the 5 to the right. The 5in the tenths place is 10

timesfive hundredths.
=10 =10 =10
5 5 ¢ 53 5
tens ones tenths hundredths

NN N

x10 x10 x10

P Major Clusters € Supporting Clusters @ Additional Clusters
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Instructional Strategies: (5.NBT.1through 5.NBT.4)
In Grade 5, the concept of place value is extended toinclude decimal values to thousandths. The strategies for Grades 3
and 4 should be drawn upon and extended for whole numbers and decimal numbers. For example, students need to
continue torepresent, write and state the value of numbers, including decimal numbers. Forstudents who are not able
to read, write and represent multi-digit numbers, working with decimals could potentially be challenging.

Money is a good medium to compare decimals (but keep in mind that 5% grade students are to extend theirworkinto
thousandths place so use other situations besides money). Present contextual situations that require the comparison of
the cost of two items to determine which one is of a higherprice or a lower price. Students should also be able to
identify how many pennies, dimes, dollars and ten dollars, etc., are ina given value. Help students make connections
betweenthe number of each type of coin and the value of each coin, and the expanded form of the number. Build on
the understandingthatit always takes ten of the numberto the rightto make the numberto the left.

Number cards, numbercubes, spinners and other manipulatives can be used to generate decimal numbers. For
example, have students roll three number cubesand have them create the largest and smallest decimal numberto the
thousandths place. Ask students to representthe numberwith numerals and words, including standard and unitforms.

Instructional Resources/Tools:
For detailed information see: Learning Progressions for Numbers and Operationsin Base Ten

[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.

e 5.NBTA.L

0 Kipton'sScale
Tenthsand Hundredths
Which numberisit?
Millions and Billions of People

O 0O O

Video from Math Antics— Converting Base-Ten Fractions

Visit K-5 Math Teaching Resources click on Number, then on 5% Grade.
Scroll downto 5.NBT.1 to access resources specifically for this standard.

Common Misconceptions: (5.NBT.1through 5.NBT.4)

A common misconception that students have when trying to extend their
understanding of whole number place value to decimal place value is that as you move to the left of the decimal point,
the numberincreasesinvalue. Reinforcing the concept of powers of ten is essential for addressing thisissue.

A second misconceptionthatisdirectly related to comparingwholenumbersisthe ideathatthe longerthe numberthe

greaterthe number. With whole numbers, a 5-digit numberis always greaterthanal, 2, 3, or 4-digitnumber. However,
with decimals anumberwith one decimal place may be greaterthan a numberwith two or three decimal places. For
example, 0.5isgreaterthan 0.12 or 0.009 or 0.499. Have students reason aboutthe size of each decimal number.

» Major Clusters € Supporting Clusters @ Additional Clusters
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Domain: Number and Operations in Base Ten (NBT)

P Cluster A: Understand the place value system.

Standard:5.NBT.2

Explain patternsin the number of zeros of the product when multiplyinga number by powers of 10, and explain pattems
inthe placement of the decimal point when adecimal is multiplied or divided by a power of 10. Use whole-number
exponentsto denote powers of 10. (5.NBT.2)

Standards for Mathematical Practice (MP) to be emphasized:
v' MP.2. Reason abstractly and quantitatively.
v' MP.6. Attend to precision.
v' MP.7. Look for and make use of structure.

Connections: See 5.NBT.1

Explanation and Examples:

This standard includes multiplying by multiples of 10 and powers of 10 (such as 10> whichis 10 X 10 = 100, and 103
whichis 10 X 10 x 10 = 1,000). Students should have experiences connecting the pattern of the number of zerosin
the product when you multiply by powers of 10.

Example:

2.5 %103 =2.5(10 x 10 x 10) = 2.5 x 1,000 = 2,500. Students should reason (through experiences, not the teacher
sayingthat thisisa rule) that the exponentabove the 10indicates how many places the decimal pointis moving because
you are multiplying by powers of 10 (not just that the decimal pointis moving but that you are multiplying or making the
number 10 times greater three times). Since we are multiplying by a power of 10 the decimal point moves to the right
because of this operation.

Experiences with division are also necessary to see the patterns.
350 =+ 103 = 350 + 1,000 = 0.350 = 0.35
350 +10 = 35,35 +10 = 3.5
3.5 +10 = 0.35,0r 350 X —, 35 X —, 3.5 X —,
10 10 10

This example shows that when we divide by powers of 10, the exponent above the 10indicates how many placesthe
decimal pointis movingtothe left because we are dividing (the number becomes ten times smaller). Since we are
dividing by powers of 10, the decimal point moves to the left.

Provide students with many opportunities to explore this concept and come to this understanding; this should not be
taught procedurally and just told that it is a rule.

» Major Clusters € Supporting Clusters @ Additional Clusters
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Students might write: Students might think and/or say:
e 36 x10 =36 x 10! =360 *I noticed that every time | multiplied by 101 added a zero to
e 36x10x10 =36 x 10% = 3,600 the end of the number. That makes sense because each digit’s
e 36x10x10 x 10 = 36 x 103 = 36,000 value became 10 times larger. To make a digit 10 times larger, |
e 36x10x10 x 10 x 10 = 36 x 10* = 360,000 have to move it one place value to the left.

*When | multiplied 36 by 10, the 30 became 300. The 6 became
60 or the 36 became 360. So a zero is added at the end to have
the 3 represent 3 one-hundreds (instead of 3 tens) and the 6
represents 6 tens (instead of 6 ones).

Students should be able to use the same type of reasoning as above to explain why the following multiplication and
division problem by powers of 10 make sense.

e 523 x 103 = 523,000 The place value of 523 is increased by 3 places.
e 5.223 X 102 = 522.3 The place value of 5.223 is increased by 2 places.
e 523 x 10! =5.23 The place value of 52.3 isdecreased by one place.

Instructional Strategies: See 5.NBT.1

Resources/Tools
[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.
e 5.NBT.A.2

0 Marta's Multiplication Error
0 Multiplying Decimals by 10

Visit K-5 Math Teaching Resources click on Number, then on 5% Grade.
Scroll down to 5.NBT.2 to access resources specifically for this standard.

Common Misconceptions: See 5.NBT.1

Students memorizearule of “adding zeros” to make the powers of 10 so they will

misapply this “rule”. Example—the students will look at 4.25 x 10* and believethatthey needtojustadd 4 zerosto the
end of the numberand provide anincorrectanswer of 4,250,000 instead of the correct numberof 42,500. Students
need lots of experience reasoning and showing WHY the decimal is moved.

P Major Clusters € Supporting Clusters @ Additional Clusters
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Domain: Number and Operations in Base Ten (NBT)

P Cluster A: Understand the place value system.

Standard:5.NBT.3
Read, write, and compare decimals to thousandths.

5.NBT.3a. Readand write decimalstothousandthsusingbase-ten numerals, number names, expanded form, and
unitform(e.g.

1 1 1
expandedform47.392—4-10+7-1+3-E+9-m+2-m

unit form 47.392 = 4 tens + 7 ones + 3 tenths + 9 hundredths +2 thousandths). (5.NBT.3a)

5.NBT.3b. Compare two decimalstothousandths based on meanings of the digits in each place, using>, <, =, and #
relational symbols to record the results of comparisons. (5.NBT.3b)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reason abstractly and quantitatively.

MP.4 Model with mathematics.

MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.

MP.7 Look for and make use of structure.

ASANENERN

Connections: See 5.NBT.1

Explanation and Examples: 5.NBT.3a

This standard references expanded form of decimals with fractions included. Students should build on theirwork from
Fourth Grade, where they worked with both decimals and fractions interchangeably. Expanded formisincluded to build
uponwork in 5.NBT.2 and deepen students’ understanding of place value.

Students should use concrete models and numberlines to extend their understanding to decimals to the thousandths.
Models mayinclude decimal squares, base ten blocks, place valuecharts, grids, pictures, drawings, manipulatives,
technology-based manipulatives, etc.

Students need to read decimals using fractional language and write decimalsin fractional form and in expanded
notation. This work supports their understanding of equivalence of decimals (0.8=0.80 = 0.800).

5.NBT.3b
Comparing decimals builds on work from fourth grade when they were investigating equivalent forms of numbers.
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Example:
Some equivalentforms of 0.72 are:
72 7 2
— — + —
100 10 100
1 1 0.70 + 0.02
x| — X | —
7 (10) +2 (100)
70 N 2z 0.720
100 100
; 1 5 1 0 1 720
X — X — X —— —_—
10 + 100 + 1000 1000
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Students need to develop atrue understanding of the size of decimal numbers and relate them to common benchmarks
such as 0, 0.5 (also0.50 & 0.500), and 1. Comparingtenthsto tenths, hundredths to hundredths, and thousandths to
thousandthsis simplified if students use their understanding of fractions to compare decimals.

Example:

Comparing0.25 and 0.17, a student might think, “25 hundredthsis more than 17 hundredths”. They may also think that
itis 8 hundredths more. They may write this comparisonas 0.25 > 0.17 and recognize that 0.17 < 0.25 is anotherway
to express this comparison. To solidify this understanding and to share theirreasoning, they may need to use decimal
squares or other manipulatives to show the comparisons.

>

When comparing 0.207 to 0.26, a student mightthink, “Both numbers have 2 tenths, so | need to compare the
hundredths. The second number has 6 hundredths and the first number has no hundredths so the second number must
be larger.”

Anotherstudent mightaboutthese as decimal fractions, “/ know that 0.207 is 207 thousandths so the written fraction is

207 . . .. 26 . . c
Too0o" 0.26 is 26 hundredths so the written fraction is Too but | can also think of it as 260 thousandths which is written as

a fraction to be %. So, 260 thousandths is more than 207 thousandths.”

Students build onthe understandingthey developed in fourth grade to read, write, and compare decimals to
thousandths. They connecttheirpriorexperiences with using decimal notation for fractions and addition of fractions
with denominators of 10 and 100. They use concrete modelsand numberlinesto extend this understanding to decimals
to the thousandths.

Models may include decimal squares, base ten blocks, place value charts, grids, pictures, drawings, manipulatives,
technology-based manipulatives, etc. Students should read decimals using fractional language and write decimalsin
fractional form, aswell asin expanded notation as show in the standard 5.NBT.3a.
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Instructional Strategies: See 5.NBT.1

Resources/Tools:
See engageNY Module 1

Visit K-5 Math Teaching Resources click on Number, then on 5% Grade. Scroll
downto 5.NBT.3 to access resources specifically for this standard.

Illustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.

e 5.NBT.A.3
0 Aretheseequivalentto9.52?
0 ComparingDecimalsona NumberlLine
0 Placing Thousandthsonthe NumberLine
e 5NBT.A.3.b
0 DrawingPicturestolllustrate Decimal Comparisons

NRICH mathematics— Spiraling Decimals N?ICH erriehing mathemstics

Fey
; “+" Home Students Teachers

Videos comparing decimals—Compare Using Decimal Squares & Compare Usinga Numberline

Online NCTMbook chapter- Decimals

Common Misconceptions: See 5.NBT.1

A common misconceptionthatis directly related to comparingwhole numbersisthe ideathatthe longerthe number
the greaterthe number. With whole numbers, a 5-digit numberis always greaterthana 1, 2, 3, or 4-digit number.
However, with decimals anumber with one decimal place may be greaterthan a number with two or three decimal
places. Forexample, 0.5is greaterthan 0.12 or 0.009 or 0.499. Have students reason aboutthe size of each decimal
numbershowingtheirreasoning with drawing or concrete models.
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https://www.engageny.org/resource/grade-5-mathematics-module-1
https://www.k-5mathteachingresources.com/
https://tasks.illustrativemathematics.org/5
https://nrich.maths.org/11117
https://learnzillion.com/lesson_plans/6024-compare-two-decimals-to-the-hundredths-place-using-fraction-models/
https://learnzillion.com/lesson_plans/8587-compare-decimals-using-a-number-line/
https://www.nctm.org/Handlers/AttachmentHandler.ashx?attachmentID=2sTJd6qwYAY%3D
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Domain: Number and Operations in Base Ten (NBT)

P Cluster A: Understand the place value system.

Standard: 5.NBT.4

Use place value understanding to round decimals to any place (Note: In fifth grade, decimalsinclude whole numbers and
decimal fractions to the hundredths place.) (5.NBT.4)

Suggested Standards for Mathematical Practice (MP):

v' MP.2 Reasonabstractly and quantitatively.
v' MP.6 Attendto precision.
v MP.7 Look for and make use of structure.

Connections: See5.NBT.1
Explanation and Examples:

This standard refers to rounding. Students should go beyond simply applying an algorithm or procedure for rounding.
The expectationisthatstudents have adeep understanding of place value and numbersense and can explain and

reason aboutthe answersthey getwhentheyround.

Students should have numerous experiences usinganumberline to support theirwork with rounding. When rounding a
decimal toa given place, students may identify the two possibleanswers, and use theirunderstanding of place value to
compare the given numbertothe possible answers.

Example:

Round 14.235 to the nearesttenth.

Students recognize thatthe possible answer must be intenths since they are roundingto the nearesttenth, soitis
either14.2 or 14.3. Theythenidentify that 14.235 is closerto 14.2 (14.20) thanto 14.3 (14.30) by usingthe numberline.

“‘+——t—tt+—1t

14.2 14.3
Students should use benchmark numbers to support this work. Benchmarks are convenient numbers for comparing and

roundingnumbers.0.,0.5, 1, 1.5 are examples of benchmark numbers.

Example:

Which benchmark numberis the best
estimate of the shaded amountinthe model
to the left?

Explainyourthinking.
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Instructional Strategies: See 5NBT.1

Instructional Resources/Tools
[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.

e G5.NBT.AA4
0 RoundingtoTenthsand Hundredths

Visit K-5Math Teaching Resources click on Number, then on 5% Grade. Scroll
downto 5.NBT.4 to access resources specifically for this standard.

N RIC H enriching mathematics
NRICH mathematics— Round the Dice Decimals 2 ale,

PE)
:__ " Home Students Teachers
i

Online NCTMbook chapter- Decimals

Motion Math Zoom

Common Misconceptions: See 5.NBT.1
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https://tasks.illustrativemathematics.org/5
https://www.k-5mathteachingresources.com/
https://nrich.maths.org/10428
https://www.nctm.org/Handlers/AttachmentHandler.ashx?attachmentID=2sTJd6qwYAY%3D
http://motionmathgames.com/motion-math-zoom/
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Domain: Number and Operations in Base Ten (NBT)

P Cluster B: Perform operations with multi-digit whole numbers and with decimals to hundredths.

Standard: 5.NBT.5

Fluently (efficiently, accurately, and flexibly) multiply multi-digit whole numbers using an efficient algorithm (ex.,
traditional, partial products, etc.) based on place value understanding and the properties of operations. (5.NBT.5)

Suggested Standards for Mathematical Practice (MP):

v' MP.2 Reasonabstractly and quantitatively.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.

AURNIEN

MP.8 Look for and expressregularityin repeated reasoning.

Connections: (5.NBT.5through 5.NBT.7)
This clusteris connected to:

e Extendingdivisionto 2-digitdivisors, integrating decimal fractions into the place value system and developing
understanding of operations with decimals to hundredths, and developing fluency with whole numberand
decimal operations. (5" grade concepts)

e Use place value understanding and properties of operations to perform multi-digit arithmetic (4.NBT.5 &
4.NBT.6).

Explanation and Examples:
This standard refers to fluency which means students should feel comfortable in beingable to selectand use a variety of
methods and tools to compute, including manipulatives, mental computation, estimation, diagrams, and calculators.

o Theyworkflexibly with basicnumbercombinations and use visual models, benchmarks, and equivalent forms.

e Theyare accurate, efficient, and flexible (able to use strategies such as the distributive property or breaking

numbers apart [decomposing and recomposing]). The students also use strategies according to the properties of
the numbersinthe problem. {Forexample, 26 X 4 may lenditselfto (25 X 4) + 4whereas another problem,
such as 32 x 4, mightlend itself to makingan equivalent problem, 32 X 4 = 64 X 2.}

This standard builds upon students’ work with multiplying whole numbersin third and fourth grade. Infourth grade,
students developed understanding of multiplication by using various strategies based in place value understanding and
the properties of operations.

Efficiencyin solving multiplication problems should be emphasized. When confronted with a problem such as 250 x 4, it
can be very efficient to think about how factors of 4 can be doubled and then doubled again. So 250 doubled is 500 and
500 doubled againis 1000. Frequently teachers forgetto reinforce fact strategies that can be used again with larger
numbers. Challenging students to try to mentally solve problems will allow them to think about more efficient strategies
instead of relyingon one method only.

» Major Clusters € Supporting Clusters @ Additional Clusters


http://community.ksde.org/Portals/54/Documents/Standards/Standards_Review/Linked_Files/FLUENCY_IS_MORE_THAN_MERE_SPEED.pdf
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Example:
To find the product of 123 X 34, students can apply the standard algorithm, orthey can decompose the factor of 34 into
30 + 4. They can then multiply 123 by 30 (to get 3690) and then multiply 123 by 4 (double to 246 and double again to
get492) and add the two products (3690 + 492 =4182). The ways in which students are taughtto record this method
may vary, but ALL should emphasize the place-value nature of the partial-products algorithm. Forexample, one student

might write:
123 Technically, the partial-
34 products algorithm starts with

the greatest place value but

492 <«— thisisthe product of4 and 123
some students may start with

3690 <— thisisthe product of 30 and 123

4182 <«— thisisthe produce of the two partial products the smallest. Either way works.

Note that the decomposition of 123 into 100 + 20 + 30 could also be used and recording of those partial products would
be acceptable.

Draw an array model for 36 x 94:

36 X94 =(30+6)x(90+4)=(3B30+6)x90+ (30+6) x4=30%x90+6x90+30x4+6x4

Computation of 26 = 9 connected with an area modal

a0 + 4
30x80= I xd=
30 Jtensx D tens= 3 tans w4
27 hundreds = 12 tens=
2700 120
+
Gu9l=
- & x 9tens
o =
4 tEns — Gud=24
540

The products of like base-ten units are shown as parts of a
rectanguiar region.

Taken from Progression for the Common Core: K-5, Number and OperationsinBaseTen
(Click pictureof array to open complete document.)

Examples of alternative strategies:
There are 225 dozen cookiesinthe bakery. How many cookies are there?

Student1
e 225x12

2.
e 225x10 = 2,250
e 225X2 =450
e 2,250 +450 = 2,700

e |broke 12 up into 10 and

» Major Clusters

Student2
225 x12
I broke up 225 into 200 and 25.
200 x12 = 2,400
I decided to break 25 upinto 5 X 5,
solhad5x5X120r5 X 12 X 5.
5x 12 =60,60 x5 =300
I then added - 2,400 + 300 =
2,700

Student 3
e |doubled225and cut12in
halfto get450 X 6.
e |thendoubled450again and
cut 6 inhalfto get 900 x 3.
e 900x3=2700

@ Additional Clusters


http://commoncoretools.me/wp-content/uploads/2011/04/ccss_progression_nbt_2011_04_073_corrected2.pdf
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Instructional Strategies: (5.NBT.5through 5.NBT.7)
Because students have used various models and strategies to solve problems involving multiplication with whole
numbers, they should be able to transition to using standard algorithms with understanding effectively. With guidance
fromthe teacher, they should understand the connection between the standard algorithm and otheralgorithms,
methods, and strategies. Connections between the different algorithms for multiplying multi-digit whole numbers and
strategies are necessary for students’ understanding.

Instructional Resources/Tools:
[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.
e 5.NBT.B.5
0 Elmer's Multiplication Error

N RIC H enriching mathematics

t

Nrich Mathematics
e Methodin Multiplying Madness

L R
m " Home Students Teachers

Video showing partial products algorithm using the open array method — Using Partial Products

Visit K-5Math Teaching Resources click on Number, then on 5% Grade.

Scroll down to 5.NBT.5 to access resources specifically for this standard.

Common Misconceptions: 5.NBT.5through 5.NBT.7
Frequently,students who only memorize steps foralgorithms without understanding will confusethe “steps”in the
addition algorithm with the “steps” in the multiplication algorithm. So they will multiply just the ones with the onesand
the tens with the tensand the hundreds with the hundreds. Forexample:
45
X 21
85

To help studentsthink about theiranswerbefore computing, have them estimate what the answer should be closeto
when multiplying. Even just thinking about 45 x 20 (the firstfactortimesthe greatest place value of the second factor)
will getthem to reason more effectively about the reasonableness of theirresults.
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https://tasks.illustrativemathematics.org/5
https://nrich.maths.org/5612
https://www.youtube.com/watch?v=3PREfEPBcBM
https://www.k-5mathteachingresources.com/
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Domain: Number and Operations in Base Ten (NBT)

»  Cluster B: Perform operations with multi-digit whole numbers and with decimals to hundredths.

Standard:5.NBT.6

Find whole-number quotients of whole numbers with up to four-digit dividends and two-digit divisors, using strategies
based on place value, the properties of operations, and/orthe relationship between multiplication and division.
Illustrate and explain the calculation by using equations, rectangular arrays, and/or area models. (5.NBT.6)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reasonabstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of other.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.

SRS

Connections: See 5.NBT.5

Explanation and Examples:

This standard references various strategies for division. Make sure students are gainingafoundation based in place
value understanding and the properties of operations with the strategies. In fourth grade, students’ experiences with
division werelimited to dividing by one-digit divisors so build on this understanding to get up to 2-digit divisors.

This standard extends students’ prior experiences with strategies, illustrations, and explanations. A student might
decompose the dividend using place value to make it easierto reason and think through the problem.

Example:
There are 1,716 students participatingin Field Day. They are put into teams of 16 for the competition. How many teams
are created? If you have leftoverstudents, what could be done with them?

Student1 Student2
1,716 divided by 16 1,716 divided by 16
There are one hundred 16’s in 1,716. There are one hundred 16’s in 1,716.
1,716 — 1,600 = 116 Tengroups of 16 is 160.
| know there are at least six 16’s now. That’s too big.
116 — 96 = 20 Half of that is 80, whichisfive groups.
| can take outone more 16. I know that two groups of 16’s is 32.
20—-16 =4 | have 4 students leftover.
Thenladd up all the 16's | took out, so there were
107 teams with 4 students leftover. We can put 1,716 — 1,600 100
the extrastudents with teams thatalready existso 116 — 80 5
4 teams will have 17 studentsinstead of 16. 36;32 2
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Student 3

1,716 ~ 16 =?
| wantto getto 1,716
| know that one hundred 16’s equals 1,600
| know that five 16’s equals 80

1,600 + 80 = 1,680

Two more groups of 16’s equals 32, which
getsusto 1,712.
| am 4 away from 1,716.
Sowehad 100+ 6 + 1 = 107, sothat
makes 107 teams.
| guessthose other4 students can justhang
out.

Example:

968 + 21 =?

Students can use base ten models. Here astudent can represent 968 and use the models to make an array with one

Student4

How many 16’s arein 1,716?
We have an area of 1,716.
| know that one side of my array is 16 units
long.
| used 16 as the height.
| am tryingto answerthe question whatis
the width of my rectangle if the areais
1,716 andthe heightis 16.

100 + 7 = 107 R4

100 7

100 x 16 = 1,600 7x16 =112

16

1,716 — 1,600 = 116
116 - 112 =4

39

dimension of 21. The student continues to make the array until no more groups of 21 can be made. Remainders are not

part of the array with this model.
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Example:

9,984 = 64 =?

An areamodel fordivisionisshown below. As the student usesthe areamodel, s/he keeps track of how much of the
9984 isleftto divide.

64 64[9984

-6400{1[](] ® 64)
6400 3584
100 -3200 (50 x 64)
384
50| 3200 320 (5x 64)
64
51 320 -64 (1 x 64)
1 64 0

Instructional Strategies: See 5.NBT.5

Resources/Tools:
Video—Partial Quotients algorithm

[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.
e 5.NBT.B.6

0O Minutesand Days

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource requires membership access check with yourschool/district to see if they have aninstitutional membership
which would grant you access all NCTM documents. If they do not have a membership this would be avaluable resource
to request.

e Withthisactivity, you can visually explore the concept of factors by creating rectangulararrays. The length and

width of the array are the factorsin your number.

Visit K-5Math Teaching Resources click on Number, then on 5% Grade. Scroll

downto 5.NBT.6 to access resources specifically for this standard.

Learning Progressions for Numbers and Operationsin Base Ten

Common Misconceptions: See 5.NBT.5
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https://www.youtube.com/watch?v=4NtxVF5bfqs
https://tasks.illustrativemathematics.org/5
https://illuminations.nctm.org/Default.aspx
http://illuminations.nctm.org/ActivityDetail.aspx?ID=64
http://illuminations.nctm.org/ActivityDetail.aspx?ID=64
https://www.k-5mathteachingresources.com/
http://commoncoretools.me/wp-content/uploads/2011/04/ccss_progression_nbt_2011_04_073_corrected2.pdf
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Domain: Number and Operations in Base Ten (NBT)

»  Cluster B: Perform operations with multi-digit whole numbers and with decimals to the hundredths.

Standard: 5.NBT.7

Add, subtract, multiply, and divide decimals to hundredths, using concrete models or drawings and strategies based on
place value, properties of operations, and/or the relationship between addition and subtraction; relate the strategy toa
written method and explain the reasoning used. (5.NBT.7)

Suggested Standards for Mathematical Practice (MP):
v MP.2 Reason abstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of other.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.7 Look for and make use of structure.

ASANENIRN

Connections: See 5.NBT.5

Explanation and Examples:

This standard builds onthe work from fourth grade where students wereintroduced to decimals using models, such as
decimals squares, to develop decimal number sense and also work on comparing decimals to the hundredths place. In
fifth grade, students will begin adding, subtracting, multiplying and dividing decimals. As stated in the standard, this
work should focus on concrete models and pictorial representations, ratherthan relyingon analgorithm; this will come
laterafterestablishingadeep understanding of how the operations work with decimals. The use of symbolicnotations
involves having students record the answers to computations (2.25 X 3 = 6.75), but should not be done without
models or pictures to accompany the work so understanding can be determined.

This standard includes students’ reasoning and explanations of how they use models, pictures, and strategies. It requires
students to extend the models and strategies they developed for whole numbers so far to decimal values. Before
students are asked to give exact answers, they should estimate answers based on theirunderstanding of operations and
the value of the numbers. Developing number sensewith decimalsis essential.

Justas students developed efficient strategies for whole number operations, they should also develop efficient
strategies with decimal operations. Students should learn to estimate decimal computations before they compute with

pencil and paper. The focus on estimation should be onthe meaning of the numbers and the operations, noton how
many decimal places are involved. Forexample, to estimate the product of 32.84 X 4.6, the estimate would be more
than 120, closerto 150. Students should considerthat 32.84 is closerto 30 and 4.6 is closerto 5. The product of 30 and 5
is 150. Therefore, the product of 32.84 X 4.6 should be close to 150. (Writing equations horizontally encourages using

mentalmath).

Have students use estimation to find the product of an expression thatis similar by using exactly the same digitsin one
of the factors but with the decimal pointin a different position each time (the second factor should remain the same
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each time). Forexample, have students estimate the product of 275 X 3.8 and then 27.5 X 3.8 and then 2.75 X 3.8.

Lead a discussion about why the estimates should orshould not be the same.
Examples:
3.6+1.7=?
A student might estimate the sumto be largerthan 5 because 3.6 is more than 3% and 1.7 ismore than 1%. Using the

magnitude of the decimals and developing numbersense is critical.

54-08=?
A student might estimate the answerto be a little more than 4.4 because anumberlessthan 1 isbeingsubtracted.
Again usingdecimal numbersense.

6 X24 =?
A student might estimate an answerbetween 12 and 18 since 6 X 2is12 and 6 X 3 is 18. Anotherstudent mightgive an

. . . 1 .
estimate of alittle less than 15 because s/he figures the answerto be very close, but smallerthan 6 x 2 5 and think of

Z%groups of 6 as 12 (2 groupsof 6) + 3 (é of a group of 6).

Students should be able to express that whenthey add decimals they add tenths to tenths and hundredths to
hundredths. So, when they are addingin avertical format (numbers beneath each other), itisimportant that they write
numbers with the same place value beneath each other. This understanding can be reinforced by connecting addition of
decimalstotheirunderstanding of addition of fractions. Adding fractions with denominators of 10 and 100 is a standard
infourth grade.
Example:

4—-03=?
3 tenthssubtracted from 4 wholes. The wholes must be divided into tenths. In this instance, just one of the wholes
needsto be partitionedintotenths.

The answeris 3 and 1—70 or 3.7.

Example of multiplication using the area model to illustrate partial products:

2.4
x1.3
jED
40

+ 2.00

2.4 —=
3.12

Students should be able to describe the partial products displayed by the area model. Forexample, ”%timeslio is

1.3

12
100"

3 .. . 6 __ 60 4. 4 40 . . 12
—times2is—or—. 1 group of —is—or——. 1 group of 2 is 2. So the totalis 3and —.
10 10~ 100 10 10 100 10

» Major Clusters € Supporting Clusters @ Additional Clusters



43
Example of division by finding the number in each group or share:
Students should be encouraged to apply afair sharing model separating decimalvalues into equal parts such asshownin

the example below.

0.6 0.6 0.6 0.6

Example of division by finding the number of groups:
Joe has 1.6 meters of rope. He has to cut pieces of rope that are 0.2 meters long. How many can he cut?
e Todividetofind the numberof groups, a student might:
0 Draw asegmenttorepresent1.6 meters.Indoingso, s/he would countintenthstoidentify the 6tenths, and be
able identify the number of 2 tenths within the 6tenths. The student canthen extend the idea of counting by
tenthsto divide the one meterintotenthsand determinethatthere are 5 more groups of 2 tenths.

(Bt ———
im i.em2m

0 Countgroupsof 2 tenths without the use of models ordiagrams. Knowing that 1 can be thought of as g, a
student mightthink of 1.6 as 16 tenths. Counting 2tenths, 4 tenths, 6 tenths, ... 16 tenths, a student can count
8 groups of 2 tenths.

0 Use theirunderstanding of multiplication and think, “8 groups of 2 is 16, so 8 groups ofl—z0 is g or 1%

Instructional Strategies: See5.NBT.5

Decimals are an extension of the whole number system so making the connections to the methods and strategies that
made sense forwhole numbers should be utilized when working with decimals. Continually emphasizing estimation
before computation builds decimal number sense and operational sense.
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Resources/Tools:
[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.
e 5.NBT.B.7
0 Whatis23 +5?
0 TheValue of Education

Visit K-5 Math Teaching Resources click on Number, then on 5% Grade. Scroll
downto 5.NBT.7 to access resources specifically for this standard.

Thinking Blocks:
e Addition and Subtraction of Decimals

e More Than One Operation

Videoclips:
e Multiplying Decimals Using Models
e Multiplying Decimals with the Area Model

Common Misconceptions: See 5.NBT.5
Students might compute the sum or difference of decimals by lining up the right-hand digits as they would whole
number. Forexample, in computingthe sum of 15.34 +12.9, students will write the problemin this manner:

15.34
+ 12.9
16.63

To help students add and subtract decimals correctly, have them first estimate the sum or difference. Providing
students with adecimal-place value chart will enable themto place the digitsinthe proper place.
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https://tasks.illustrativemathematics.org/5
https://www.k-5mathteachingresources.com/
https://www.mathplayground.com/ThinkingBlocks/thinking_blocks_decimals_percent_1.html
https://www.mathplayground.com/ThinkingBlocks/thinking_blocks_decimals_percent_2.html
https://www.youtube.com/watch?v=HGRQL_Z6o7c
https://www.youtube.com/watch?v=jhMKN1u2tlk
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Domain: Number and Operations—Fractions (NF)

D> Cluster A: Uses equivalent fractions as a strateqy to add and subtract fractions.

Standard: 5.NF.1

Add and subtract fractions with unlike denominators (including mixed numbers) by replacing given fractions with

equivalentfractionsin such away as to produce an equivalent sum or difference of fractions with like denominators. For
2,5 8 15 _ 23 . d+b

example, —+ - =— +— = — in general, 2yl (5.NF.1)
3 4 12 12 12 b d bd

Suggested Standards for Mathematical Practice (MP):
v' MP.2. Reason abstractly and quantitatively.
v" MP.4. Model with mathematics.
v' MP.7. Look for and make use of structure.

Connections:
This Clusteris connected to:

e Developingfluency with addition and subtraction of fractions and developing understanding of the
multiplication of fractions and of division of fractions in limited cases (unit fractions divided by whole numbers
and whole numbers divided by unit fractions).

e Developanunderstanding of fractions as numbers (3.NF.1through 3.NF.3).

Explanations and Examples:
This standard builds onthe workin fourth grade where students added fractions with like denominators. In fifth grade,
the example providedinthe standard has students finding alike denominatorand replacing both of the fractions with

equivalentfractions by finding the product of both denominators. Foranotherexampleé + %, alike, orcommon,

denominatoris 18 (the product of 3 and 6). This process should be introduced using visual fraction models (area models,
numberlines, etc.) to build understanding before movinginto an algorithm.

Students should apply theirunderstanding of equivalent fractions developed in fourth grade and theirability to rewrite
fractionsin an equivalentformtofind like denominators. They should know that multiplying the denominators will
always give acommon denominator, but may not resultinthe smallest denominator.

The standards do not expect students to find least common multiples orto make improperfractionsinto mixed
numbers BUT they do expect students to know equivalent fractions, including knowing the mixed numberthatis
equivalenttothe improperfractionandthe improperfractionthatis equivalent to the mixed number. Sowhen solving
problems, students do not need to simplify. Itis enough that they are learning the process of adding and subtracting
with fractions.

Examples:
2 7 16 35 51 . N .
1. =+-=—+4—=— (multiplyingtofindlikedenominators)
5 8 40 40 40
1 1 3 2 1 . . . .
2. 31—3 = 35 5= 35 (knowingequivalent fractions that have denominators that are the same)
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Instructional Strategies: (5.NF.1through 5.NF.2)

To add or subtract fractions with unlike denominators, students use their understanding of equivalent fractions to
create fractions with the same denominators. Start with problems that require the changing of one of the fractions and
progressto changingboth fractions. Allow students to add and subtract fractions using different strategies, such as
numberlines, area models, fraction bars or strips. Have students share their strategies and discuss commonalities
amongthe strategiesto begin making generalizations.

Students need to develop an understanding that when adding or subtracting fractions, the fractions must referto the
same whole. All models used must referto the same whole. Students may find that a circular model might not be the
best model when adding or subtracting fractions because of the difficultyin partitioning the pieces so they are equal.

Itis essential thatinstruction regularly includes word problems involving addition or subtraction of fractions. The
conceptof adding or subtracting fractions with unlike denominators will develop through solving problems where the
students make sense of the fractional pieces.

Mental computations and estimation strategies should be used to determine the reasonableness of answers. Students
needto prove or disprove whetheran answer provided foraproblemisreasonable. Estimationis about getting useful
answers, itis not about gettingthe rightanswer. Students need to be able to explain theirreasoning.
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Instructional Resources/Tools:

For detailed information, see: Learning Progressions for Numbers and Operations - Fractions

[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.
e 5.NF.A
0 To Multiply ornot to multiply?
0 Measuring Cups
e 5.NF.A.1
O EgyptianFractions
0 Mixed Numberswith Unlike Denominators
0 Jog-A-Thon
0 Making S'Mores
0 Fractionson alinePlot

Visit K-5 Math Teaching Resources click on Number, then on 5t Grade. Scroll

downto 5.NF.1to access resources specifically forthis standard.

Thinking Blocks:

e Fractions— Addition and Subtraction Part A
e Additionand Subtraction B

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find thata
resource requires membership access check with yourschool/district to see if they have aninstitutional membership
which would grantyou access all NCTM documents. If they do not have a membership this would be avaluable resource
to request.

e EquivalentFractions (if students need support when adding and subtracting)
e Fraction Models

Videoclip:
e AddingFractions with Unlike Denominators Using an Area Model
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http://commoncoretools.files.wordpress.com/2012/02/ccss_progression_nf_35_2011_08_12.pdf
https://tasks.illustrativemathematics.org/5
https://www.k-5mathteachingresources.com/
https://www.mathplayground.com/ThinkingBlocks/thinking_blocks_fractions_4.html
https://www.mathplayground.com/ThinkingBlocks/thinking_blocks_fractions_5.html
https://illuminations.nctm.org/Default.aspx
https://www.nctm.org/Classroom-Resources/Illuminations/Interactives/Equivalent-Fractions/
https://www.nctm.org/Classroom-Resources/Illuminations/Interactives/Fraction-Models/
https://www.youtube.com/watch?v=_-JAEptalo0

Common Misconceptions:

Students often mix models when adding, subtracting or comparing fractions. Students will use acircle forthirdsand a
rectangle forfourths when comparing fractions with thirds and fourths. Remind students that the representations need
to be from the same whole models with the same shape and same size.

»  Major Clusters

These models of
fractions are
difficult to compare
because the size of
the whole is not the
same for all
representations

€ Supporting Clusters

These models of
fractions use the
same size
rectangle to
represent the whole
unit and are
therefore much
easier to compare
fractions.
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Domain: Number and Operations — Fractions (NF)

P Cluster A: Use equivalent fractions as a strategy to add and subtract fractions.

Standard:5.NF.2

Solve word problemsinvolving addition and subtraction of fractions referring to the same whole, including cases of
unlike denominators, (e.g. by using visualfraction models or equations to represent the problem.) Use benchmark
fractions and numbersense of fractions to estimate mentally and assess the reasonableness of answers. (SeeTable 1to

. . . . , 2 13 . 3 1
view situation types). Forexample, recognize an /ncorrectresultg + =5 by observing that; < > (5.NF.2)

Suggested Standards for Mathematical Practice (MP):
v' MP.1. Make sense of problems and persevere in solvingthem.
MP.2. Reason abstractly and quantitatively.
MP.3. Constructviable arguments and critique the reasoning of others.
MP.4. Model with mathematics.
MP.5. Use appropriate tools strategically.
MP.6. Attend to precision.
MP.7. Look for and make use of structure.
MP.8. Look for and express regularity in repeated reasoning.

SRV NE UL N NEN

Connections: See5.NF.1

Explanation and Examples:

This standard refers to numbersense, which means students’ understanding of fractions as numbers that lie between
whole numbersonanumberline. Numbersensein fractionsincludes moving between decimals and fractions to find
equivalents. Students should also be able to use the magnitude of afraction to reason aboutthe comparison between

. 7. 3 7. 1 3.1 7 .
two fractions, such as 5 isgreaterthan " becausegls onlyg away from one andz is~ away from one, so_is closerto

the whole which makesitgreater. Also, students should use benchmark fractions to estimate and examinethe

. 5. 6 5.1 1/4 6 . 1
reasonableness of theiranswers. Example,g|sgreaterthan1—0because§|s§Iargerthan;(g) and1—0 is onlyl—olarger

than %(%)
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Example:
Your teachergave you % of the bag of candy. She gave yourfriend g of the bag of candy. If you and yourfriend combined

your candy, what fraction of the bag would you both have? Estimate youranswerand then calculate the exactanswer.

How reasonable was your estimate?

Student1:
% is reallyclose toO. g is largerthan %, butstill lessthan % If we put themtogetherwe mightgetclose to%.

1 + 1_3 + L= 19 | know that 10 is half of 20, sog is alittle Iessthan%. Sothe estimate was really close.

7 3 21 21

Student 2: %is close toé but less than%, and § isequivalentto g, so | have alittle less than%or%.

Example:
Jerry was making two different types of cookies. One recipe needed Z cup of sugar and the otherneeded 2 cup of sugar.

How much sugar did he need to make both recipes?
e Mental estimation (thisis always recommended to be completed before actual computation):

0 Astudentmaysay thatJerry needs more than 1 cup of sugar butlessthan 2 cups. An explanation may
compare both fractionsto% and state that both are larger than% so the total must be more than 1. Also,

when you put part of one of theg with the% to make 1 that Ieavesé plusa little more, soitis probably
closeto 1% .

e Areamodel

%cup %cup
of sugar of sugar
3 9 2 8 3.2 17 12 5 5
-= — -= — -4 -—=—=—4+—=1—
4 12 3 12 4 3 12 12 12 12
e Linearmodel
"ttt
0 = 1
A
12
H—H—+——t—+—t—+—+—+—+—+——
o] % 1
8
12
Solution:
0 115 2
9 I 8
I_12 12_|
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Example: Using a bar diagram

Taliahad 2 g candy bars. She promised herbrotherthat she would give him%ofa candy bar. How much will she have

left aftershe gives herbrotherthe amount she promised?

1
Talia 1 1 <
3
Talia 1 1 ’ i 1 Take awaythe
2 3 half.
______________________________________ P o -
Talia 1 3 ’ > 2 Make equivalent Taliawill have lgcandy
6 2 6 fractions bars left.
Example:

Elli drankg guart of miIkandJavierdrankl—lo of a quart lessthan Ellie. How much milk did they drink all together?

Solution:

3 1 6 1 5 .. . .
= — —— == Thisis howmuch milkJavierdrank.
5 10 10 10 10

6 5 11 1 _
3422245 -1 togethertheydrank 1 = quarts of milk.
T 0" 10 T10 = 1o Ogethertheydrank L -rquartsor mi

This solutionisreasonable because Ellie drank more than % quartand Javierdrank% guart so togethertheydrankslightly

more than one quart.

Instructional Strategies: See5.NF.1

As with standard 5.NF.1, these standards do not expect studentsto find least common multiples orto make improper
fractionsinto mixed numbers BUT they do expect students to know equivalent fractions, including knowing the mixed
numberthatis equivalenttothe improperfraction and the improperfraction thatis equivalent to the mixed number. So
when solving problems, students do not need to simplify. Itis enough that they are learning the process of adding and
subtracting with fractions.

Stress the reasoningoverthe use of algorithms with no meaning. After reasoning and making generalizations by seeing
the patternsinthe mathematics, the students willbecome more fluentand understand which procedures make more
sense tousein particularsituations.
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Instructional Tools/Resources:
[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.
e 5.NF.A.2
0 Do These Add Up?
0 SaladDressing
0 SharinglLunches

Visit K-5Math Teaching Resources click on Number, then on 5% Grade. Scroll
downto 5.NF.2 to access resources specifically forthis standard.

Thinking Blocks:
e Fractions— Addition and Subtraction Part A
e Addition and Subtraction B

Common Misconceptions: See 5.NF.1
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https://tasks.illustrativemathematics.org/5
https://www.k-5mathteachingresources.com/
https://www.mathplayground.com/ThinkingBlocks/thinking_blocks_fractions_4.html
https://www.mathplayground.com/ThinkingBlocks/thinking_blocks_fractions_5.html
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Domain: Number and Operations — Fractions (NF)

D Cluster B: Apply and extend previous understandings of multiplication and division to multiply and divide

fractions.

Standard: 5.NF.3

Interpretafraction as division of the numerator by the denominator (% = a + b). Solve word problems involving

division of wholenumbers leading to answersin the form of fractions or mixed numbers, e.g. by using visual fraction
. ) 3 o ) 3

models or equations to represent the problem. Forexample, interpret 2 as the result of dividing 3 by 4, noting thatz

multiplied by 4 equals 3, and that when 3 wholes are shared equally among 4 people each person has a share of size %. If

9 people wantto share a 50-pound sack of rice equally by weight, how many pounds of rice should each person get?
Between whattwo whole numbers does your answer lie? (5.NF.3)

Suggested Standards for Mathematical Practice (MP):
v" MP.1. Make sense of problems and persevere in solvingthem.
MP.2. Reason abstractly and quantitatively.
MP.3. Constructviable arguments and critique the reasoning of others.
MP.4. Model with mathematics.
MP.5. Use appropriate tools strategically.
MP.7. Look for and make use of structure.

SN NEN

Connections: 5.NF.3through5.NF.7

This clusteris connected to:
e Developingfluency with addition and subtraction of fractions and developing understanding of the

multiplication of fractions and of division of fractionsin limited cases (unit fractions divided by whole
numbers and whole numbers divided by unit fractions). (5" grade)
e FoundationforLearningin Grade 6: The NumberSystem, Ratios and Proportional Relationships (6.RP.1).

Explanation and Examples:
This standard expects students to extend their work of partitioninganumberline from third and fourth grades. Students
needample experiences to explore the conceptthatafractionis a way to representthe division of two quantities.

Students are expected to demonstrate their understanding using concrete materials and drawing models; and explaining
theirthinking when working with fractions in multiple contexts. They read g as “three-fifths” and after many experiences

with sharing problems, learn thatz canalso beinterpretedas “3 divided by 5.”
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Examples:
e Tenteam members are sharing 3 boxes of cookies. How much of a box will each student get?

When workingthis problem astudentshould recognizethatthe 3 boxes are beingdivided into 10 groups, so s/heis
seeingthe solutiontothe following equation, 10 X n = 3 (10 groups of some amountis 3 boxes) which canalso be
writtenasn = 3 + 10. Using models ordiagram, they divide each box into 10 groups, resultingin each team

membergetting% of a box. There should be many discussions about the results and the relationships between the

numbers and representations.

e Thesix 5" grade classrooms have a total of 27 boxes of pencils. How many boxes will each classroom receive?
Students may recognize this asa whole numberdivision problem but should also express this equal-sharing problem

as 2—67. They explainthateach classroom get52—67 boxes of pencils and can further determinethat each classroom

should get4z boxes of pencils. (Itis notexpected that students “simplify” the fraction, but they should recognize

3 1
that 45 and 45 are equivalent.)

Example: Sharing5 objects equallyinto three sections.

GG r 74
. AN
LR

1
If you divide 50bjects equally among 3, each of the 5 objects should contribute gof itself to each share. Thus each

5

1 1
share consists of 5 pieces, each of which isg of an object, so each shareisfive Jorz.

Please see Progressions forthe Common Core State Standards in Mathematics: Number & Operations—Fractions, 3-5.

Instructional Strategies: (5.NF.3through 5.NF.7)
Connectthe meaning of multiplication and division of fractions with whole-number multiplication and division. Consider
area models of multiplication; and both sharingand measuring models for division.

When connecting the understanding students already have of whole number multiplication and division, ask questions
such as, “What does 2 x 3 mean?”and “What does 12 = 3 mean?” Then, follow those with questions for multiplication

of fractions, such as, “What does; ><§ mean?” (zofg); “What does% X 7 mean?” (2 of 7); and “What does % X7

mean?” (% of a setof7)
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When examining the meaning of division, ask “What does 4 +% mean?” (How many % are in4?) and “What doesé =4

mean?? (How many groups of 4 are in %?).

Students should use drawings and models to show their understanding of multiplication and division of fractions.
3

4

7 groups ofi

Encourage students to use models ordrawings to multiply or divide with fractions. Begin with students modeling
multiplication and division with whole numbers. Have them explain how they used the model ordrawingto arrive at the
solution.

Models to consider when multiplying or dividing fractions include, but are not limited to: areamodels (rectangles), linear
models (fraction strips/bars, Cuisenaire rods, and numberlines) and set models (counters).

Use calculators or modelsto explain what happensto the result when dividing a unit fraction by a non-zerowhole

number(é + 4% =8, g + %, ) and what happensto the result when dividingawhole number by a unit fraction

(4+ 2 8+, 12+i,...).

Present problem situations and have students use models and equations to solve the problem. Itisimportant for
students to develop understanding of multiplication and division of fractions through contextual situations.
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Instructional Resources/Tools:

[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.

e 5.NF.B
0 PaintingaWall
e 5NF.B.3
0 ConvertingFractions of aUnit intoa Smaller Unit
0 How Much Pie?
0 Whatis23 +5?

Visit K-5 Math Teaching Resources click on Number, then on 5% Grade. Scroll
downto 5.NF.3 to access resources specifically forthis standard.

Common Misconceptions: (5.NF.3through 5.NF.7)

Students may believe that multiplication always resultsinalargernumber. Using models when multiplying with
fractions will enable students to see that the results and begin to make generalizations that are based on understanding.

Additionally, students may believe that division always resultsinasmaller number. Using models will help students
develop the understanding needed for computation with fractions.
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Domain: Number and Operations —Fractions (NF)

D Cluster B: Apply and extend the previous understandings of multiplication and division to multiply and
divide fractions.

Standard:5.NF.4

Apply and extend previous understandings of multiplication (referto 2.0A.3,2.0A.4,3.0A.1, 3.NF.1, 3.NF.2, 4.NF.4) to
multiply afraction or whole number by afraction.
(Numberand Operations—Fractions Progression 3-5 Pg. 12 - 13).

5.NF.4a. Interpretthe product% - q as a parts of a partition of g into b equal parts; equivalently, as the result of
. . . 2 8
a sequence of operationsa - q + b. Forexample, use a visual fraction modelto show; -4 = gand

, . ., 2 4 8
create a story context forthis equation. Do the same Wlthg il (In general, % . 2 =

5.NF.4b.  Findthe area of a rectangle with fractional sidelengths by tilingit with unit squares of the appropriate
unitfractionside lengths, and show that the area isthe same as would be found by multiplying the side

lengths. Multiply fractional side lengths to find areas of rectangles, and represent fraction products as

rectangularareas. (5.NF.4b)

ac
~-)- (5.NF.4a)

Suggested Standards for Mathematical Practice (MP):
v" MP.1. Make sense of problems and persevere in solvingthem.
MP.2. Reason abstractly and quantitatively.
MP.3. Constructviable arguments and critique the reasoning of others.
MP.4. Model with mathematics.
MP.5. Use appropriate tools strategically.
MP.6. Attend to precision.
MP.7. Look for and make use of structure.
MP.8. Look for and express regularity in repeated reasoning.

ASANENE UL N NEN

Connections: See 5.NF.3

Explanation and Examples:

This standard extends student’s work of multiplication from earlier grades. Infourth grade, students worked with
recognizingthata fraction, such as E, could be represented as 3 pieces that are each one-fifth (3 pieces of size %).

In fifth grade, students are expected to multiply fractionsincluding proper fractions, improper fractions, and mixed

numbers. They are to multiply fractions efficiently and accurately as well as solve problemsin both contextual and non-
contextual situations.

This standard references both the multiplication of afraction by a whole numberand the multiplication of two fractions.

Visual fraction models (area models, tape diagrams, number lines) should be used and created by students during their
work with this standard.
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As students multiply fractions such asz X 6, they can think of the operationin more than one way.

3x(6+5)or (SXg)

(3x6)+~50r18+5

Students create a story problem forz X 6 such as,

e Isabelhad6 feet of wrappingpaper.She used g of the paperto wrap some presents. How much does she have
left?

e Everyday Timran %ofmile. How far did he run after 6 days? (Interpreting this as 6 groups of g.)

Example:

Three-fourths of the class are boys. Two-thirds of the boys are wearing tennis shoes. What fraction of the class are boys
with tennis shoes?

This questionis askingwhatg ofz is, or what isg X z. In this case you haveggroups of size Z. (Remember: with whole

numbers a problemthatis structurally similaris4x 5, so you have 4 groups of size 5.)

Examples: Building on previous understandings of multiplication

e Rectangle with dimensions of 2 and 3 showingthat2 x3 = 6.

2
| —

[]-:

e Rectangle with dimensions of 2 and§ showingthat 2 x 2_2

wara
—
Pad W
w s

1 1
o Zzgroups ofSE :

b 35 1
Mala]a |2
1 :
231 [ 1] 1 |d
J. 1 1 1 1:
L 2 L2 L 2 %)
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. 2 4 L
In solvingthe problem= x -, students use an area model tovisualize itas an array of small rectangles (each

small rectangle hasside lengths of% andé). Theyreason thaté xi = 3—15by countingsquaresinthe entire
X

. 17 2x4 . .
rectangle, sothe area of the shaded areais (2x 4) of the Pt 3:—5 They can explainthat the productisless

thangbecausetheyare findingz of g. They can furtherestimate that the answer must be betweenéandg

2 4 . 1 4 4
becauseg ofg ismore than E ofgand lessthan one group of -

The area model and the line segments show that the areaisthe same quantity as the product of the side

lengths.

1 1, 1 . .
e larry knowsthatExE is To prove this he makesthe followingarray.

1ft =12 inches

i

[y
1ft = 12 inches il"‘

Students need torepresent problems using various fraction models: Area (rectangle, circle, etc.), Linear (numberline),

and Set model. Explaining theirthinking and reasoning with these modelsis critical.

Instructional Strategies: See5.NF.3
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Tools/Resources
[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.

e 5.NF.B.4
0 Connorand Makayla Discuss Multiplication
0 FoldingStrips of Paper
0 Cornbread Fundraiser
0 Mr. Gray’s Homework Assignment
0 CrossCountryTraining

e 5.NF.B.4.a

0 Connectingthe Area Model to Context
e 5.NF.B.4.b

0 Chavone’sBathroomTiles

0 NewPark

See EngageNY Modules4 and 5 for 5t grade

Visit K-5 Math Teaching Resources click on Number, then on 5 Grade. Scroll
downto 5.NF.4 to access resources specifically forthis standard.

Common Misconceptions: See 5.NF.3
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Domain: Number and Operations — Fractions (NF)

D Cluster B: Apply and extend previous understandings of multiplication and division to multiply and divide

fractions.

Standard: 5.NF.5
Interpret multiplication as scaling (resizing), by:

5.NF.5a.

5.NF.5b.

Comparingthe size of a product to the size of one factor based on the size of the otherfactor, without
performingthe indicated multiplication (e.g. They see G . 3) as half thesize of 3.). (5.NF.5a)

Explain why multiplying agiven number by a fraction greaterthan 1 resultsina product greaterthan the
given number (recognizing multiplication by whole numbers greaterthan 1 as a familiarcase); explain
why multiplyingagiven numberby afractionlessthan 1 resultsina product smallerthan the given

number;and relating the principle of fraction equivalence% = % tothe effect of muItiplying% by 1.
(e.g. Students may have the misconception that multiplication always produces a largerresult. They
needto have the conceptualunderstanding with examples Iike;% X one dozen eggs will havea
productthatis less than 12.) (5.NF.5b)

Suggested Standards for Mathematical Practice (MP):
v' MP.2. Reason abstractly and quantitatively.

ASRNIRN

MP.4. Model with mathematics.
MP.6. Attend to precision.
MP.7. Look for and make use of structure.

Connections: See 5.NF.3

Explanation and Examples: 5.NF.5a

This standard expects students to examine the magnitude of products in terms of the relationship between the two
factors inthe problem. This extends the work students completed with whole numbers.

Example 1: Example 2:
Irs. Jones teaches in a room that is 60 feet How does the product of 225 % 60 compareto
wide and 40 feet long. Mr. Thomas teaches in a the product of 225 x 307

room that is half as wide, but has the same
length. How do the dimensions and area of Mr, How do you know?
Thomas' classroom compare to Mrs. Jones'

room? Since 30 is half of 60, the product of 225 x 60
will be double or twice as large as the product
Draw a picture to prove your answer, of 225 % 30,
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Examples:

° Z * 7is less than 7 because 7 is multiplied by a factor less than 1 so the product must be less than 7.

The expressionis read “three-fourths of seven”, sowe are taking just a part of the quantity of 7.

y — 7 —ld

5.NF.5b

This standard expects students to examine how numbers change when we multiply by fractions. Students should have
ample opportunities to examine both cases illustrated in the standard:

a) when multiplying by afraction greaterthan 1, the numberincreasesand

b) when multiplying by afraction less the one, the numberdecreases.

This standard should be explored and discussed while students are working with 5.NF.4, and should not be taughtin
isolation.

Example:
Mrs. Bennettis planting two flowerbeds. The first flowerbedis 5meterslong andg meterswide. The second flower bed
is5 meterslong andz meters wide. How do the areas of these two flowerbeds compare? Isthe value of the arealarger

or smallerthan 5 square meters? Use pictures orwords to prove youranswer.

Example:
2 2 x 8 must be more than 16 because 2 groups of 8 is 16 and 22 isalmost 3 groups of 8 whichis 24. So the answer must

be close to, butlessthan, 24.

Instructional Strategies: See 5.NF.3

Encourage students to use models ordrawings to multiply or divide with fractions. Begin with students modeling
multiplication and division with whole numbers. Have them explain how they used the model ordrawingto arrive at the
solution.

Models to consider when multiplying or dividing fractions include, but are not limited to: area models (rectangles), linear
models (fraction strips/bars, Cuisenaire rods, and numberlines) and set models (counters).
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Resources/Tools
[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.

e 5.NF.B.4

0 Mr. Gray’s Homework Assignment
e 5.NF.B.5

0 Runninga Mile
Fundraising
CalculatorTrouble
Comparinga Numberand a Product
Grass Seedlings
Reasoning about Multiplication
Comparing Heights of Buildings
Scaling Up and Down

©O0OO0OO0OO0O0O0

Visit K-5 Math Teaching Resources click on Number, then on 5% Grade. Scroll
downto 5.NF.5 to access resources specifically for this standard.

Common Misconceptions:

Students may believe that multiplication always resultsinalargernumber. Use models when multiplying with fractions
so students can see and experience the results and begin to make generalizations that are based on understanding. They
will begin to understand that multiplying by afraction less than one will resultinalesser product, but when multiplying
by a fraction greaterthan one will resultin agreater product.
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Domain: Number and Operations —Fractions (NF)

D Cluster B: Apply and extend previous understandings of multiplication and division to multiply and divide

fractions.

Standard: 5.NF.6

Solve real world problems involving multiplication of fractions and mixed numbers, (e.g. by using visualfraction models
or equations to represent the problem) (See Table 2to view situation types). (5.NF.6)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere insolvingthem.
MP.2 Reasonabstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of other.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.

NN N N NN

MP.8 Look for and expressregularityin repeated reasoning.
Connections: See5.NF.3

Explanation and Examples:

This standard builds on all of the mathematics that students investigate in this cluster. Students should be given ample
opportunities to use various strategies to solve word problems involving fractions. This standard could include fraction
by a fraction, fraction by a mixed number, or mixed number by amixed number.

Example:
There are 2% busloads of students waitingin the parkinglot. The students are preparingto goon a field trip. E of the

students are girls. How many busses would it take to carry only the girls?

Student 1 response
| drew 3 gridsand 1 grid represents 1 bus. | cut the third gridin half and | marked out the right half of the third grid,

leaving 2% grids. I then cut each grid intofifths, and shaded two-fifths of each grid to represent the number of girls.

When | added up the shaded pieces, % of the 1stand 2nd bus were both shaded, and % of the last bus was shaded.

|
vl v

2 2 ! 1whole b
5+ 5+ s = = 1whole bus
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Student 2 response

1 2
2-X==
2 5

| splitthe 2; into2 and%

2X2_4
55
1X2_2
5 10

2
| thenadded i; and %. That equals 1 whole bus load.

Example:
Evan bought 6 roses for his mother, g of themwere red. How many red roses were there?

e Usinga visual, the studentdivides the 6rosesinto 3 groupsand countsthe numberin 2 of the 3 groups.

L84 &

e Astudentcanusean equationtosolve
1

2 2
gx 6= 5= 4 red roses.
Example:

Mary and Joe determined that the dimensions of theirschool flagneeded to be 1 gft by Zift. What will be the area of

the school flag?
e Astudentcoulddraw an array to find this product and use his or her understanding of decomposing numbers to

explainthe multiplication. (Thinking ahead a student may decide to multiply by 1 ;ft instead of 2 ‘—1Lft.)

5 1 The explanation may include the following:
4 First, | am goingto multiply 24—1 by 1and then by %
-ll 1I : : Whenlmultiplyziby 1, itequalszi.
1§ 4! L Now | have to muItipIyZibyg.
J_ _1/_3__1_3_1l2|l|_ ltimesZisz.
_______|_|_|_ 1 1%
—times=is —.
L1 3 + o1z 1 2 1 3 .8 1 12
Sotheansweris2-4+-+—or2—+—+4+—=2—=3
4 3 12 12 12 12 12

Instructional Strategies: See 5.NF.3
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Resource/Tools
[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.

e 5.NF.B.6
0 RunningtoSchool
DrinkingJuice
Half of a Recipe
Making Cookies
To Multiply or Not to Multiply?
To Multiply or Not to Multiply—Variation 2
Comparing Heights of Buildings
New Park

O O0OO0OO0OO0OO0O0

Visit K-5 Math Teaching Resources click on Number, then on 5% Grade. Scroll
downto 5.NF.6 to access resources specifically forthis standard.

N R I C H enriching mathematics

Nrich Mathematics 3
7 7
Peaches Today, Peaches Tomorrow B S e

Common Misconceptions: See 5.NF.3
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Domain: Number and Operations — Fractions (NF)

D Cluster B: Apply and extend previous understandings of multiplication and division to multiply and divide
fractions.

Standard: 5.NF.7

Apply and extend previous understandings of division (3.0A.2, 3.0A.5), to divide unit fractions by whole numbers and
whole numbers by unitfractions. Division of afraction by a fractionis nota requirement at this grade.

5.NF.7a. Interpretdivision of aunitfraction by a non-zerowhole number, and compute such quotients. For

1 . , .
example, create a story contextforg = 4, and use a visualfraction modelto show the quotient. Use the

. . .. . ... . 1 1 1 1
relationship between multiplication and division to explain that; -4 = o because; 4 =-

3
(5.NF.7a)
5.NF.7b. Interpretdivision of awhole numberby aunit fraction, and compute such quotients. Forexample,
create a story context for4 + %, and usea visual fraction modelto show the quotient. Use the
relationship between multiplication and division to explain that 4 + % = 20 because 20 - % =4,
(5.NF.7b)

5.NF.7c.  Solvereal world problemsinvolving division of unit fractions by non-zero whole numbers and division of

whole numbers by unitfractions, e.g. by using visualfraction models and equations to represent the
problem. Forexample, how much chocolate will each person get if 3 people share% Ib of chocolate

equally? How many% cup servings are in 2 cups of raisins? (5.NF.7c)

Suggested Standards for Mathematical Practice (MP):
v MP.1 Make sense of problemsand persevere insolvingthem.
MP.2 Reason abstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of other.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.

AN N NN

MP.8 Look for and expressregularityin repeated reasoning.

Connections: See 5.NF.3

Explanation and Examples:

This standard is the beginning of division with fractions. In fourth grade students divided whole numbers; but now in
fifth grade, students experiencedivision problems with whole number divisors and unit fraction dividends (fractions
with a numeratorof 1) AND with unitfraction divisorsand whole number dividends.

For example,thefractiongisthree copiesof the unit fraction é é + é + % = S whichis é X3 o0r3X §
Students extend their understanding of the meaning of fractions, how many unitfractionsare ina whole, and their
understanding of multiplication and division as involving equal groups or shares and the number of objectsin each
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group/share. Insixth grade, they will use this foundationalunderstanding to divide into and by more complex fractions
and develop abstract methods of dividing by fractions.

5.NF.7a

This standard expects students to work with story contexts where a unit fraction is divided by anon-zero whole number.
Students should use various fraction models and reasoning about fractions.

Example:

You haveé of a bag of pens and you need to share them among 3 people. How much of the bag does each person get?

5.NF.7b

This standard expects students to create story contexts and visual fraction models for division situations wherea whole
numberis beingdivided by a unit fraction.

Example:

Create a story contextfor5+ %. Then find youranswerand draw a picture to prove youranswer using multiplication to

. . 1 .
reason about whetheryouranswer makes sense. You have 5pies. How many slices of size p can you get fromthe pies?

Example:
Knowingthe number of groups/shares and finding how many/much in each group/share.

Fourstudents sitting at a table were given § of a pan of brownies to share. How much of a pan will each student get if

they share the pan of brownies equally?

The diagram shows the % pan dividedinto 4equal shares with each share equaling1—12 of the pan.

5.NF.7c

Extends students’ work from otherthe sub-standardsin 5.NF.7. Students should continue to use visual fraction models
and reasoningto solve these real-world problems.

Example:

1 . . .
How many ~-cup servingsarein 2 cups of raisins?

Studentresponse

| know that there are three g cup servingsin 1 cup of raisins. So, there are 6 of those § cup servingsin 2 cups of

raisins. | can also show this since 2 divided by§ means “How many one-thirds can | get out of 2 full cups?”.
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Example:

Angelohas 4 Ibs. of peanuts. He wants to give each of his friends§ [b. How many friends can receivei b of

peanuts?

A diagramfor4 + % is shown below. Students explain that since there are five-fifths in one whole, there must be 20 fifths

in4 lbs.
1 Ib. of peanuts
.’—_H
T
1
< Ib.
Example:
How much rice will each person getif three peopleshare%lb of rice equally?
1 3= 3 3= 1
27 6 7 6

. . . .1
0 Astudentmaythinkor draw ¥ andcutitinto 3 equal groups then determinethat each of those part is .

0 Astudent maythinkof% as equivalentto%.%divided by 3 isé.

It'simportantthat students representthe problemsthey are solving, have avisual image of the “why” behind the
algorithm, and can explaintheirreasoning.

Instructional Strategies: See5.NF.3
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Resources/Tools

[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.

e 5.NF.B.7
0 Dividingby One-Half
0 How manyservings of oatmeal?
O BananaPudding

e 5.NF.B.7.a
0 Paintingaroom
e 5.NF.B.7.b

0 How manymarbles?
O Origami Stars

e 5.NF.B.7.c
0 How manymarbles?
O SaladDressing
0 Standinginline

Visit K-5 Math Teaching Resources click on Number, then on 5% Grade.
Scroll downto 5.NF.7 to access resources specificallyfor this standard.

Common Misconceptions: See 5.NF.3
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Domain: Measurement and Data (MD)

@ Cluster A: Convert like measurement units within a given measurement system.

Standard:5.MD.1

Convertamong different-sized standard measurement units within a given measurement system (e.g. convert 5¢cm to
0.05 m), and use these conversions in solving multi-step, real world problems. (5.MD.1)

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere insolvingthem.
v' MP.2 Reasonabstractly and quantitatively.
v MP.5 Use appropriate tools strategically.
v" MP.6 Attendto precision.

Connections:
This clusteris connectedto:

e Extendingdivisionto 2-digitdivisors, integrating decimal fractionsinto the place value system and developing
understanding of operations with decimals to hundredths, and developing fluency with whole numberand
decimal operations. (5" grade)

e Solve problemsinvolving measurementand conversion of measurements fromalargerunitto a smaller unit
(4.MD.2)

Explanation and Examples:

This standard expects students to convert measurements within the same system of measurementin the context of
multi-step, real-world problems. Both customary and metric measurement systems are included. Students workedwith
both types of units usinglengthinsecond grade. Inthird grade, students work with metricunits of mass and liquid

volume. Infourth grade, students work with both systems and begin conversions within systemsin length, mass and
volume.

Fifth graders build on theirpriorknowledge of related measurement units to determine equivalent measurements.
Priorto makingactual conversions, they examinethe unitsto be converted, determine if the converted amount will be
more or lessthan the original unit, and explain theirreasoning. They use several strategies to convert measurements.
When converting metricmeasurement, students apply their understanding of place value and decimals.

Students’ work with conversions within the metricsystem (5.MD.1) provides opportunities for practical applications of

place value understanding and supports majorwork at the grade in the cluster “Understand the place value system”.
(5.NBT.1)
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Instructional Strategies:
Students should gain ease in converting units of measuresin equivalent forms within the same system. To convert from
one unitto anotherunit, the relationship between the units must be known. In order for students to have a better

understanding of the relationships between units, they need to use measuring toolsin class. The number of units must
relate to the size of the unit.

For example, students should have discovered thatthere are 12 inchesin 1 footand 3 feetin 1yard. Thisunderstanding
isneededto convertinchestoyards. Using 12-inch rulers and yardsticks, students can see that three of the 12-inch
rulersare equivalenttoone yardstick (3x 12 inches =36 inches; 36 inches = 1 yard). Using this knowledge, students can
decide whetherto multiply or divide when making conversions.

Once students have an understanding of the relationships between units and how to do conversions, they are ready to
solve multi-step problems that require conversions within the same system. Allow students to discuss methods usedin
solvingthe problems. Begin with problems that allow for renaming the units to represent the solution before using
problemsthatrequire renamingto find the solution.

Instructional Resources/Tools
e Yardsticks(metersticks) and rulers (marked with customary and metricunits)
e Teaspoonsandtablespoons
e Graduated measuring cups (marked with customary and metricunits)

e Analoganddigital clocks

For detailed information see: Learning Progressions on Measurement and Data

[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.
e 5.MFA.1
0 ConvertingFractions of aUnit intoa Smaller Unit
0 Minutesand Days

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a

resource requires membership access check with yourschool/district to see if they have an institutional membership
which would grant you access all NCTM documents. If they do not have a membership this would be avaluable resource
to request.

e “Discovering Gallon Man”NCTM.org, Illuminations. Students experiment with units of liquid measure used in

the customary system of measurement. They practice making volume conversions in the customary system.
e “Do You Measure Up?” NCTM.org, Illuminations. Studentslearn the basics of the metricsystem. They identify
which units of measurementare used to measure specificobjects, and they learnto convert between units

withinthe same system.

Visit K-5Math Teaching Resources click on Measurement and Data, thenon
5% Grade. Scroll down to 5.MD.1 to access resources specifically for this

standard.
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Common Misconceptions:

When solving problems that require renaming units, students use their knowledge of renaming the numbers as with
whole numbers. Students need to pay attention to the unit of measurement which dictates the renamingand the
numberto use. The same procedures used in renaming whole numbers should not be taught when solving problems
involving measurement conversions. For example, when subtracting 5inches from 2 feet, students may take one foot

fromthe 2 feetand use itas 10 inches. Since there were noinches withthe 2feet, they put 1 with 0 inchesand make it
10 inches.
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Domain: Measurement and Data (MD)

@ Cluster B: Represent and interpret data.

Standard: 5.MD.2

111
Pl
Use operations (add, subtract, multiply) on fractions for this grade to solve problems involvinginformation presentedin
the data display. Forexample, given different measurements of liquid in identical beakers, find the amount of liquid each

beakerwould contain if the totalamount in all the beakers were redistributed equally. After lunch everyone measured
how much milk they had left in their containers. Make a line plot showing data to the nearestl—ll cup. Which value has the
greatestamount? What s the total? (5.MD.2)

Make a data display (line plot, bar graph, pictograph) to show a data set of measurementsin fractions of a unit (

Suggested Standards for Mathematical Practice (MP):
v' MP.1 Make sense of problems and persevere in solvingthem.
MP.2 Reason abstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of other.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.

ANENENENEN

Connections:
This clusteris connected to:
e Use equivalentfractions as astrategy to add and subtract fractions (5.NF.1and 5.NF.2).
e Applyandextend previous understandings of multiplication and division to multiply and dividefractions (5.NF.4
and 5.NF.7).

Explanation and Examples:

This standard provides a contextforstudents to work with fractions by measuring objects down to one-eighth of a unit.
Thisincludeslength, mass, and liquid volume. Students are making data displays of this dataand then addingand
subtracting fractions based on that data.

Example:
Students measured objects in their desk to the nearest% ,i ,0r % of aninch then displayed data collected on a line plot.

How many object measuredi? i? If you put all the objectstogetherendto end what would be the total length of all

the objects?
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Example:

Ten beakers, measuredinliters, are filled with aliquid.
Liquid in Beakers

x
X X X
X X X
X X X
i1 1 3
7 T =7 !

Amount of Liquid (in Liters)

Students apply their understanding of operations with fractions. They use eitheraddition and/or multiplication to
determine the total number of litersin all of the beakers.

Instructional Strategies:

Using data displays to solve problemsinvolving operations with unit fractions includes addition, subtraction,
multiplication, and division. Revisit usinga numberline to solve multiplication and division problems with whole
numbers. In addition to knowing how to use a numberline to solve problems, students also need to know which
operationto use to solve problems.

Use the tables forcommon addition and subtraction, and multiplication and division situations (Table 1and Table 2in
the appendix) asaguide to the types of problems students need to solve without specifying the type of problem. Allow
students to share methods used to solve the problems. Also have students create problems to show their understanding
of the meaning of each operation.
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Resources/Tools:
NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource requires membership access check with your school/district to see if they have aninstitutional membership
which would grantyou access all NCTM documents. If they do not have a membership this would be avaluable resource

to request.
e "FractionsinEvery Day Life”, NCTM.org, Illuminations”. This activity enables students to apply theirknowledge

aboutfractionsto a real-lifesituation. It also provides agood way for teachers to assess students' working
knowledge of fraction multiplication and division. Students should have prior knowledge of adding, subtracting,
multiplying, and dividing fractions before participatingin this activity. This will help students to think about how
they use fractionsin theirlives, sometimes without evenrealizingit. The basicidea behind this activityistouse a
recipe and alterit to serve larger orsmallerportions.

http://mathforum.org/paths/fractions/frac.recipe.html

Illustrative Mathematics Grade 5 tasks: Scroll to the appropriate sectionto find named tasks.
e 5MD.B.2

O Fractionson alinePlot

Visit K-5Math Teaching Resources click on Measurement and Data, thenon
5t Grade. Scroll down to 5.MD.2 to access resources specifically for this

standard.

Common Misconceptions:
Some students will need additional help in understanding thatitis possible to graph with fractions. This may be their
firstexperience.

Students may confuse the various parts of the graph. Have graphs that are wrongdisplayed and discuss why they are
wrong. Have the studentsfind the errors.
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Domain: Measurement and Data (MD)

P Cluster C: Geometric measurement: understand concepts of volume and relate volume to multiplication
and to addition.

Standard: 5.MD.3 through 5.MD.5
5.MD.3 Recognize volumeas an attribute of solid figures and understand concepts of volume measurement.
5.MD.3a. A cubewithsidelength 1unit, calleda “unitcube,” is said to have “one cubicunit” of volume, and can
be used to measure volume. (5.MD.3a)
5.MD.3b. A solidfigure which can be packed without gaps or overlaps using n unitcubesissaid to have a volume
of n cubic units. (5.MD.3b)
5.MD.4 Measure volumes by counting unit cubes such as cubic cm, cubicin, cubic ft. or non-standard cubic units.
(5.MD.4)
5.MD.5 Relate volume tothe operations of multiplication and addition and solve real world and mathematical
problemsinvolving volume.

5.MD.5a. Findthevolume of aright rectangular prism with whole-number side lengths by packingit with unit
cubes, and show that the volume is the same as would be found by multiplying the edge lengths,
equivalently by multiplying the height by the area of the base. Representthree-dimensional whole-
number products as volumes, (e.g. to represent the associative property of multiplication.) (5.MD.5a)

5.MD.5b. ApplytheformulasV =1-w -handV = B - h(Brepresents the area of the base) for rectangular
prismsto find volumes of right rectangular prisms with whole-number edge lengths in the context of
solvingreal world and mathematical problems. (5.MD.5b)

5.MD.5c. Recognize volumeas additive. Find volumes of solid figures composed of two non-overlapping right
rectangular prisms by adding the volumes of the non-overlapping parts, applying this technique to solve
real world problems. (5.MD.5c)

Suggested Standards for Mathematical Practice (MP):
v MP.1 Make sense of problemsand persevere insolvingthem.
MP.2 Reason abstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of other.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.

ASANENE AL NEN

MP.8 Look for and expressregularityin repeated reasoning.
Connections: 5.MD.3 through 5.MD.5
This clusteris connectedto:
e Use place value understanding and properties of operations to perform multi-digit arithmetic (4.NBT.5).

e Solvingmeasurement problems (4.MD.A).

Explanation and Examples: (5.MD.3through 5.MD.5)
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These standards represent the first time that students begin exploring the concept of volume. Their prior experiences

with volume were restricted to liquid volume (also called capacity). Inthird grade, students began working with area
and covering spaces. The concept of volume should be extended from the understanding of areawith the ideathatan
(such as the bottom of cube) can be builtup with a layer of unit cubes and then addinglayers of more unit cubes on top
of the bottom layer (see example picture below).

Students should have ample experiences with concrete manipulatives (such as filling containers with unit cubes) before
movingto pictorial representations. As students develop their understanding of volume they recognize that a 1-unit by
1-unit by 1-unit cube is the standard unit for measuring volume. This cube has alength of 1 unit, a width of 1 unitanda
heightof 1 unitandis called acubic unit. This cubicunitis written with an exponentof 3(e.g., in3, m3). Students connect
this notation to theirunderstanding of powers of 10 in our place value system.

In third grade, students measured and estimated liquid volume and worked with area measurement. In grade five, the
conceptof volume can be extended from area by relating earlier work covering an areato the bottom of cube witha
layerof unit cubes and then adding layers of unit cubes on top of bottom layer. Models of cubicinches, centimeters,
cubicfeet, etc. are helpfulin developinganimage of a cubicunit. For example: Student’s estimate how many cubic
yards would be needed to fill the classroom or how many cubic centimeters would be needed to fill a pencil box.

Example:
T e (3 x 2) represented by first layer
(3 x 2) x 5 represented by number of
3 x 2 layers
(3x2)+(3x2)+(3x2)+3x2y+(3x2)=
6+6+6+6+6+6=30
\\L/ 6 representing the size/area of one layer
one layer five layers
fill the box
5.MD.4

Students understand that same sized cubicunits are used to measure volume. They select appropriate units to measure
volume. Forexample, they make a distinction between which units are more appropriate formeasuring the volumeof a
gym and the volume of abox of books.

They can also improvise acubicunitusingany unitas a length (e.g., the length of their pencil). Students can apply these
ideas by filling containers with cubic units (wooden cubes) to find the volume. They may also use drawings orinteractive
computersoftware to simulate the same filling process.

5.MD.5 a-b

These standardsinvolve finding the volume of right rectangular prisms (as shown in picture on previous page). Students
should have experiences to describe and reason about why the formulais true. Specifically, that they are covering the
bottom of a rightrectangular prism (length x width) with multiple layers (height). Therefore, the formula (length x width
x height) isan extension of the formulaforthe area of a rectangle.
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Examples:

e Whengiven 24 cubes, students make as many rectangular prisms as possible with a volume of 24 cubicunits.
Students build the prisms and record possibledimensions.

Length | Width Height
2 12
2 2
4 2
8 3

e Studentsdetermine the volume of concrete needed to build the stepsinthe diagram below.

e A homeownerisbuildingaswimming pool and needs to calculate the volume of water needed tofill the pool.
The design of the poolis showninthe illustration below.

20 ft.

5 ft.

10 ft.
5 ft.

14 ft.

5.MD.5c

This standard expects students to extend theirwork with the area of composite figures from previous grades into the
context of volume infifth grade. Students should be given concrete experiences of breaking apart (decomposing) 3-
dimensional figuresintoright rectangular prismsin orderto find the volume of the entire 3-dimensional figure.

Students need multiple opportunities to measure volume by filling rectangular prisms with cubes and looking at the
relationship between the total volume and the area of the base and the height. They derive the volumeformula
(volume equals the areaof the base times the height) and explore how thisideawould apply to other prisms. Students
use the associative property of multiplication and decomposition of numbers using factors to investigaterectangular
prisms with a given number of cubic units.

Instructional Strategies: 5.MD.3 through 5.MD.5:

Volume refers to the amount of space that an object takes up and is measuredin cubicunits, such as cubicinches or
cubic centimeters.

Provide students with opportunities to find the volume of rectangular prisms by counting unit cubes, in metricand
standard units of measure, beforethe formulais generated. The students should generate this formulathrough their
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work with cubes and rectangular prisms. Multiple opportunities are needed for students to develop the formulaforthe

volume of a rectangular prism with activities similarto the one described below.

Give studentsone block (a 1- or 2- cubic centimeteror cubic-inch cube), arulerwith the appropriate measurebased on
the type of cube, and a small rectangular box. Ask studentsto determine the number of cubes needed tofill the box.
Have students share theirstrategies with the class using words, drawings or numbers. Allowthem to confirm the volume
of the box by fillingthe box with cubes of the same size.

By stacking geometricsolids with cubicunitsin layers, students can begin understanding the concept of how addition
plays a partin finding volume. This will lead to an understanding of the formulaforthe volume of a right rectangular

prism, b x h, where bis the area of the base. Aright rectangular prism has three pairs of parallel faces that are all
rectangles.

Have students build a prismin layers. Then, have students determinethe number of cubesinthe bottom layerand share
theirstrategies. Students should use multiplication based on their knowledge of arrays and its use in multiplyingtwo
whole numbers.

Ask what strategies can be used to determinethe volume of the prism based onthe number of cubesin the bottom

layer. Expectresponses such as “adding the same number of cubesin each layeras were on the bottom layer” or
multiply the numberof cubesin one layertimesthe number of layers.

» Major Clusters € Supporting Clusters @ Additional Clusters



81
Instructional Resources/Tools
See engageNY Module 5Fifth Grade

[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.

e 5MD.C.5
0 You Can Multiply Three Numbersin Any Order

e 5MD.C.5.a
0 UsingVolume to Understand the Associative Property of Multiplication
e 5 MD.C.5.b

0 Cari's Aquarium

See “VaryingVolumes”, NCSM, Great Tasks for Mathematics K-5, (2013)

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a

resource requires membership access check with yourschool/district to see if they have an institutional membership
which would grant you access all NCTM documents. If they do not have a membership this would be avaluable resource
to request.

e Cubes

e IsometricDrawingTool

Learning Progressions on Measurement and Data

What is Volume video by Math Antics

Common Misconceptions:
Students are unsure as to which unitsto use to measure volume becausethey are not sure what they are measuring.
Also, they may confuse the needto find volume with area.
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Domain: Geometry (G)

@® Cluster A: Graph points on the coordinate plane to solve real-world and mathematical problems.

Standard:5.G.1

Use a pair of perpendicular numberlines, called axes, to define a coordinate system, with the intersection of the lines
(the origin) arranged to coincide with the 0 on each line and a given pointin the plane located by usingan ordered pair
of numbers, calledits coordinates. Understand that the first numberindicates how farto travel fromthe originin the
direction of one axis, and the second numberindicates how farto travel in the direction of the second axis, with the
convention that the names of the two axes and the coordinates correspond (e.g. x-axis and x-coordinate, y-axis and y-

coordinate).(5.G.1)

Suggested Standards for Mathematical Practice (MP):

v
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MP.1
MP.4
MP.5
MP.6
MP.7

Make sense of problems and persevere insolvingthem.
Model with mathematics.

Use appropriate tools strategically.

Attendto precision.

Look for and make use of structure.

Connections: 5.G.1through5.G.2.
This clusteraddresses Modeling numerical relationships with the coordinate plane.

Explanation and Examples:
5.G.1and 5.G.2
These standards deal with only the first quadrant (positive numbersinthe coordinate plane).

5.G.1 Examples:

Conrdinate Grid

Example:
Connect these points in order on the coordinate grid below:
(2,2) (2, 4) (2, 6) (2, 8) (4, 5) (6, 8) (6, 6) (6, 4) and (6, 2).

What letter is formed on the grid?

L Ry [ T PSR Y Lh O

Solution: "M” is formed.

» Major Clusters € Supporting Clusters @ Additional Clusters
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Example:
Plot these points ona coordinate grid.
O PointA:(2,6)
0 PointB:(4,6)
0 PointC:(6,3)
0 PointD:(2,3)

Connectthe pointsin order. Make sure to connect Point D back to PointA.
1. What geometricfigureisformed? What attributes did you use toidentifyit?
2. Whatline segmentsinthisfigureare parallel?
3. Whatlinesegmentsinthisfigureare perpendicular?

Solutions: 1. Trapezoid (student identifies appropriate attributes), 2. line segments AB and DC are parallel, 3. segments
AD and DC are perpendicular

Example:
Emanuel draws a line segment from (1, 3) to (8, 10). He thendraws a line segmentfrom (0, 2) to (7, 9). If he wantsto

draw anotherline segmentthatis parallel tothose two segments which points could he use?

Examples:

Students can use a classroom size coordinate systemto physically locate the coordinate point (5, 3) by starting at the
origin point (0,0), walking 5 units along the x axis to find the first numberin the pair(5), and then walking up 3 units for
the second numberinthe pair (3). The ordered pairnamesa pointinthe plane.

»
y N (5.5)

(1.4
&

(2.2)
 §
(3.1)

¢ 0 50,0 N

Instructional Strategies:

Students need to understand the underlying structure of the coordinate system and how axes make it possible to locate
points anywhere on acoordinate plane. Thisis the first time students are working with coordinate planes, and onlyin
the first quadrant. It isimportant that students create the coordinate grid themselves. This can be related to two
numberlines and have the students make connections to previous experiences with movingalonganumberline.

Coordinate grids are fun! Multiple experiences with plotting points are needed. Provide points plotted onagrid and

have students name and write the ordered pair. Have students describe how to get to the location. Encourage students
to articulate directions, attendingto precision as they plot points.

» Major Clusters € Supporting Clusters @ Additional Clusters
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Presentreal-world and mathematical problems and have students graph pointsin the first quadrant of the coordinate

plane. Gatheringand graphing datais a valuable experience for students. It helps them to develop an understanding of
coordinates and what the overall graph represents. Students also need to analyze the graph by interpreting the
coordinate valuesin the context of the situation.

Instructional Resources/Tools
For detailed information see, Learning Progressions for Geometry

http://www.learner.org/series/modules/express/videos/video clips.htmI?type=1&subject=math&practice=structure

Illustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.
e 5GA.1
0 Battle Ship Using Grid Paper

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource requires membership access check with your school/district to see if they have aninstitutional membership
which would grant you access all NCTM documents. If they do not have a membership this would be avaluable resource
to request.

e "Finding Your Way Around”, NCTM, llluminations. Students explore two-dimensional space viaan activityin

which they navigate the coordinate plane.
e “Describe the Graph” NCTM.org, llluminations. Inthislesson, students will review plotting points and labeling

axes. Students generateaset of random points all locatedin the first quadrant.

Visit K-5Math Teaching Resources click on Geometry, then on 5™ Grade.
Scroll downto 5.G.1 to access resources specifically for this standard.

Nrich Mathematics
e Coordinate Challenge

N RIC H enriching mathematics
¢

o,

L ¥R
m " Home Students Teachers

Common Misconceptions: 5.G.1through 5.G.2

When playing games with coordinates or looking at maps, students may think the orderin plotting a coordinate pointis
not important. Have students plot points so that the position of the coordinatesis switched. Forexample, have students
plot(3, 4) and (4, 3) and discuss the orderused to plotthe points. Have students create directions for others to follow so
that they become aware of the importance of direction and distance.

P Major Clusters € Supporting Clusters @ Additional Clusters


http://community.ksde.org/Default.aspx?tabid=5276http://commoncoretools.files.wordpress.com/2012/06/ccss_progression_g_k6_2012_06_27.pdf
http://www.learner.org/series/modules/express/videos/video_clips.html?type=1&subject=math&practice=structure
https://tasks.illustrativemathematics.org/5
https://illuminations.nctm.org/Default.aspx
http://illuminations.nctm.org/LessonDetail.aspx?ID=L280
http://illuminations.nctm.org/LessonDetail.aspx?id=L777
https://www.k-5mathteachingresources.com/
https://nrich.maths.org/5038
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Domain: Geometry (G)

® Cluster A: Graph points on the coordinate plane and solve real-world and mathematical problems.

Standard:5.G.2

Representreal world and mathematical problems by graphing pointsin the first quadrant of the coordinate plane, and
interpret coordinate values of pointsin the context of the situation. (e.g. plotting the relationship between two positive
quantities such as maps, coordinate grid games (such as Battleship), time/temperature, time/distance, cost/quantity,
etc.). (5.G.2)

Suggested Standards for Mathematical Practice (MP):
v MP.1 Make sense of problems and persevere insolvingthem.
MP.2 Reasonabstractly and quantitatively.
MP.4 Model with mathematics.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.
MP.7 Look for and make use of structure.

AR NN

Connections: Seeb5.G.1

Explanation and Examples:
This standard references real-world and mathematical problems, including the traveling from one pointto anotherand
identifying the coordinates of missing pointsin geometricfigures, such as squares, rectangles, and parallelograms.

Example:
Usingthe coordinate grid, which an ordered pairrepresents the location of the School? Explainapossible path fromthe

school to the library.
¥

9

g Library

o
6
51

School
4 P
&
Park

L0 SN S S " M A G - A
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Examples:
Barb has saved $20. She earns $8 for each hourshe works.

0 IfBarb savesall of her money, how much will she have after working 3 hours? 5 hours? 10 hours?

0 Create agraph that shows the relationship between the hours Barb worked and the amount of money she has

saved.

0 What otherinformation do you know from analyzingthe graph?

Use the graph below to determine how much money Barb makes after working exactly 9

Earnings and Hours Worked

/

=R N
N Y O

Lvs]

/

0O 2 4 6 8 10 12
Hours Worked

TS

Earnings (in dollars)

Instructional Strategies: See 5.G.1

Resources/Tools:
Illustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.
e 5GA.2
O Meerkat Coordinate Plane Task

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource requires membership access check with yourschool/district to see if they have aninstitutional membership
which would grant you access all NCTM documents. If they do not have a membership this would be avaluable resource
to request.

e Plotterthe Penguin

Visit K-5Math Teaching Resources click on Geometry, then on 5™ Grade. Scroll
downto 5.G.2 to accessresources specifically for this standard.

Common Misconceptions: See5.G.1
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Domain: Geometry (G)

® Cluster B: Classify two-dimensional figures into categories based on their properties.

Standard:5.G3

Understand that attributes belonging to a category of two-dimensionalfigures also belongto all subcategories of that
category. Forexample, all rectangles have fourright angles and squares are rectangles, so all squares have four right
angles. (5.G.3)

Suggested Standards for Mathematical Practice (MP):
v MP.2 Reason abstractly and quantitatively.
v" MP.6 Attendto precision.
v' MP.7 Look for and make use of structure.

Connections: 5.G.3-4
This clusteris connectedto:
e Reasonwithshapesandtheirattributes(3.G.A).
e Draw and identify lines and angles, and classify shapes by properties of theirlines and angles (4.G.A).

Explanation and Examples:
This standard expects students to reason about the attributes (properties) of shapes. Student should have many
experiencesdiscussing the properties of shapes and explaining their reasoning.

Geometricpropertiesincludesides (parallel, perpendicular, congruent), angles (type, measurement, congruent), and
properties of symmetry (pointand line).

Example:
Examine whetherall quadrilaterals have right angles. Give examples and non-examples.

Example:
Ifthe opposite sides on a parallelogram are parallel and congruent, then rectangles are parallelograms.
A sample of questions that might be posed to studentsinclude:
e A parallelogram has4sides with both sets of opposite sides parallel. What types of quadrilaterals are
parallelograms? Explain.
e Regularpolygons have all of theirsidesand angles congruent. Name ordraw some regular polygons. Explain
your drawings.
o Allrectangles have 4right angles. Squares have 4rightangles sothey are alsorectangles. True or False? Explain
your reasoning.
e Atrapezoidhas 2 sides parallel soit mustbe a parallelogram. True or False? Explain yourreasoning.

» Major Clusters € Supporting Clusters @ Additional Clusters
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Instructional Strategies: 5.G.3through5.G.4
This cluster builds from Grade 3 when students described, analyzed and compared properties of two-dimensional
shapes. They compared and classified shapes by theirsides and angles, and connected these with definitions of shapes.

In Grade 4 students built, drew and analyzed two-dimensional shapes to deepen their understanding of the properties
of two-dimensionalshapes. They looked at the presence or absence of parallel and perpendicularlines or the presence
or absence of angles of a specified size to classify two-dimensional shapes.

Now, students classify two-dimensionalshapesin ahierarchy based on properties. Details learned in earlier grades need
to be usedinthe descriptions of the attributes of shapes. The more ways that students can classify and discriminate
shapes, the betterthey can understand them. Shapes are notlimited to quadrilaterals.

Students can use graphic organizers, such as flow charts or T-charts, to compare and contrast the attributes of geometric
figures. Have students create a T-chart with a shape on each side. Have them list attributes of the shapes, such as
number of side, number of angles, types of lines, etc. They need to then discuss and determine whatis alike or different
aboutthe two shapesto determinethe categories forthe shapesand be able to explain their properties.

Pose questions such as, “Why is a square always a rectangle?” and “Why is a rectangle not always a square?” Expect
studentsto use precisionin justifyingand explaining theirreasoning.

» Major Clusters € Supporting Clusters @ Additional Clusters
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Resources/Tools

See engageNY Module 5

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource requires membership access check with yourschool/district to see if they have an institutional membership
which would grant you access all NCTM documents. If they do not have a membership this would be avaluable resource
to request.

e “GeometricSolids”, NCTM.org, Illuminations has ais a tool that allows the studenttolearn aboutvarious

geometricsolids and their properties. The shapes can be manipulated, colored to explore the number of faces,
edges, and vertices and they can be to investigate question such as: whatis the relationship between the
number of faces, verticesand edges?

e Exploringthe Properties of Rectangles and Parallelograms

Visit K-5Math Teaching Resources click on Geometry, then on 5™ Grade. Scroll
downto 5.G.3 to access resources specifically for this standard.

Illustrative Mathematics Grade 5 tasks: Scroll to the appropriate sectionto find

named tasks.
e 5G.B.3
0 Always, Sometimes, Never

Common Misconceptions: 5.G.3 through5.G.4
Students think that when describing geometricshapes and placingthem in subcategories, the last category isthe only
classification that can be used.

P Major Clusters € Supporting Clusters @ Additional Clusters
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Domain: Geometry (G)

® Cluster B: Classify two-dimensional figures into categories based on their properties.

Standard:5.G.4

Classify two-dimensionalfiguresin a hierarchy based on properties. (5.G.4)

Suggested Standards for Mathematical Practice (MP):
v' MP.2 Reason abstractly and quantitatively.
MP.3 Constructviable arguments and critique the reasoning of others.
MP.5 Use appropriate tools strategically.
MP.6 Attendto precision.
MP.7 Look forand make use of structure.

NN NN

Connections: See5.G.3

Explanation and Examples:
This standard builds on what was done in 4th grade. Figuresfrom previous grades: polygon, rhombus/rhombi,
rectangle, square, triangle, quadrilateral, pentagon, hexagon, cube, trapezoid, half/quarter circle, circle
Properties of figure mayinclude:

e sides—parallel, perpendicular, congruent, number of sides

e angles—types of angles, congruent

Examples:
e Arighttriangle canbe both scalene andisosceles, but notequilateral.
e Ascalenetriangle can be right, acute and obtuse.

Triangles can be classified by:
e Angles
0 Right:The triangle has one angle that measures 902.
0 Acute:The triangle has exactly three angles that measure between 02and 902.
0 Obtuse:The triangle has exactly one angle that measures greater than 902 and less than 1802.

0 Equilateral: All sides of the triangle are the same length.

0 Isosceles:Atleasttwosidesof the triangle are the same length.
0 Scalene:Nosidesofthe triangle are the same length.

» Major Clusters € Supporting Clusters @ Additional Clusters
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Example:
Create a Hierarchy Diagram using the following terms:

polygons—a closed plane figure formed fromline

. . Possible student solutions:
segmentsthat meetonlyattheirendpoints.

quadrilaterals - afour-sided polygon. Polygnns

rectangles - a quadrilateral with two pairs of

congruent parallel sides and fourright angles. Quadrilate\rals
rhombi—a parallelogram with all foursides equal in / \
length. .
Rectangles Rhombi
square — a parallelogram with four congruent sides \ /
and fourrightangles.
Square

, : Possible student solution:
quadrilaterals - afour-sided polygon.

Quadrilateral
parallelogram: aquadrilateral with two pairs of
parallel and congruent sides. Parallelogram
rectangles - a quadrilateral with two pairs of
congruent parallel sides and fourright angles. Rhombus
Rectangle
rhombus—a parallelogram with all four sides equal Square
inlength.
square — a parallelogram with four congruent sides
and fourrightangles.

Instructional Strategies: See5.G.3

» Major Clusters € Supporting Clusters @ Additional Clusters
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Resources/Tools
[llustrative Mathematics Grade 5 tasks: Scroll to the appropriate section to find named tasks.
e 5G.B.4

0 Whatisa Trapezoid? (Part2)
0 What Do These Shapes Have in Common?

Nrich Mathematics
e (Quadrilaterals

N RIC H enriching mathematics
" sl |

.
m " Home Students Teachers

NCTM llluminations—NCTM has many great resources availableto educators, some of these resources (i.e. interactives)
are opento any educatorwhile others (i.e. lessons) require an individual orinstitutional membership. If you find that a
resource requires membership access check with your school/district to see if they have an institutional membership
which would grantyou access all NCTM documents. If they do not have a membership this would be avaluable resource
to request.

Properties of Triangles and Quadrilaterals

Visit K-5 Math Teaching Resources click on Geometry, then on 5™ Grade.
Scroll down to 5.G.4 to access resources specifically for this standard.

Common Misconceptions: See5.G.3
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APPENDIX: TABLE 1. Common Addition and Subtraction Situations

Shadingtaken from OA progression

Result Unknown

Change Unknown

Start Unknown

Two bunniessaton the grass. Two bunnies were sittingon Some bunnies were sittingon the
Three more bunnies hopped the grass. Some more bunnies | grass. Three more bunnies
there. How many bunniesare | hoppedthere. Thenthere were | hoppedthere. Then there were
Add to on the grass now? five bunnies. How many five bunnies. How many bunnies
2+3=7? bunnies hopped overto the were on the grass before?
firsttwo? ?+3=5
2+?=5
Five appleswere onthe Five appleswere on the Some apples were onthe
table. | ate two apples. How table. | ate some apples. table. | ate twoapples. Then there
Taken from many applesare on the table Thenthere were three apples. | were three apples. How many
now? How many applesdid appleswere onthe table before?
5-2=7 | eat? ?-2=3
5-?=3
Total Unknown Addend Unknown Both Addends Unknown?
Three red apples and two Five applesare onthe table. Grandma has five flowers.
Put green applesare onthe table. | Three are redand therestare | How manycan she putinherred
Together/ How many apples are on the green. How many apples are vase and how manyin herblue
Take Apart? table? green? vase?
3+42=7 3+?=55-3=" 5=0+5,5=5+0
5=1+4,5=4+1
5=2+3,5=3+2
Difference Unknown Bigger Unknown Smaller Unknown
(“How many more?”version): | (Versionwith “more”): (Version with “more”):
Lucy has two apples. Julie has | Julie hasthree more apples Julie has three more apples than
five apples. How many more than Lucy. Lucy has two apples. | Lucy. Julie hasfive apples. How
applesdoesJulie have than How many apples doesJulie many apples does Lucy have?
Lucy? have?
Compare?
(“How many fewer?” version): | (Version with “fewer”): (Version with “fewer”):
Lucy has twoapples. Julie has | Lucy has 3 fewerapplesthan Lucy has 3 fewerapplesthan Julie.
five apples. How many fewer | Julie. Lucy hastwo apples. Julie has five apples.
applesdoes Lucy have than How many apples does Julie How many apples does Lucy
Julie? have? have?
2+?=55-2="? 2+3=7?,3+2=> 5-3=7?,?7+3=5

Blue shadingindicates the four Kindergarten problem subtypes. Students ingrades 1 and 2 work with all subtypes and variants (blue
andgreen). Yellow indicates problems thatare the difficultfour problemsubtypes or variants thatstudents in Grade 1 work with but

do not need to master until Grade 2.
These take apart situations can be used to show all the decompositions of a given number. The associated equations, which have the total on the left of the equal sign, help children
understand that the = sign does not always mean makes or results in but always does mean is the same number as.
2Either addend can be unknown, so there are three variations of these problem situations. Both Addends Unknown is a productive extension of this basic situation, especially for small
numbers less than or equal to 10.
3For the Bigger Unknown or Smaller Unknown situations, one version directs the correct operation (the version using more for the bigger unknown and using less for the smaller unknown).
The other versions are more difficult.
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TABLE 2. Common Multiplication and Division Situations

Grade level identification of introduction of problem situations taken from OA progression

Group Size Unknown

Number of Groups

Unknown Product (“How many in each group?” Unknown
Division) (“How many groups?”
Division)

3x6="7

3x?=18;18+3 =7

?X6=18;18 -6 =7

There are 3 bags with 6
plums in each bag. How
many plums are there in
all?

If 18 plums are shared
equally into 3 bags, then
how many plums will be in
each bag?

If 18 plums are to be
packed 6 to a bag, then
how many bags are
needed?

Equal Measurement example. Measurement example. Measurement example.
Groups | Youneed 3 lengths of You have 18 inches of You have 18 inches of
string, each 6 inches long. | string, which you will cut string, which you will cut
How much string will you into 3 equal pieces. into pieces that are 6
need altogether? How long will each piece inches long. How many
of string be? pieces of string will you
have?

There are 3 rows of apples | If 18 apples are arranged If 18 apples are arranged
with 6 apples in each row. | into 3 equal rows, how into equal rows of 6
How many apples are many apples will be in apples, how many rows
there? each row? will there be?

Arrays?,

Area® Area example. Area example. Area example.

What is the area ofa 3 cm | A rectangle has area 18 A rectangle has area 18

by 6 cm rectangle? square centimeters. If one | square centimeters. If one
side is 3 cm long, how side is 6 cm long, how
long is a side next to it? long is a side next to it?

A blue hat costs $6. A red | A red hat costs $18 and A red hat costs $18 and a

hat costs 3 times as much | that is 3 times as much as | blue hat costs $6. How

as the blue hat. How much | a blue hat costs. How many times as much does

does the red hat cost? much does a blue hat the red hat cost as the
cost? blue hat?

Measurement example.

Compare | A rubber band is 6 cm Measurement example. Measurement example.
long. How long will the A rubber band is stretched | A rubber band was 6 cm
rubber band be whenitis | to be 18 cm long and that | long at first. Now it is
stretched to be 3 times as | is 3 times as long as it stretched to be 18 cm
long? was at first. How long was | long. How many times as

the rubber band at first? long is the rubber band
now as it was at first?

General axb=7? ax?=p,andp+a=? ?xb=p,andp+b="?

Multiplicative compare problems appear first in Grade 4 (green), with whole number values and with the “times as much” language
from the table. In Grade 5, unit fractions language such as “one third as much” may be used. Multiplying and unit language change
the subject of the comparing sentence (“A red hat costs n times as much as the blue hat” results in the same comparison as “A blue
hatis 1/n times as much as the red hat” but has a different subject.)
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TABLE 3. The Properties of Operations

Name of Property

Associative

Representation of Property

(@+b)+c=a+(b+c)

Example of Property,
Using Real Numbers

(78 +25) + 75 =78 + (25 + 75)

Commutative

a+b=b+a

2+98 =98 + 2

Additive Identity

a+0=aand 0+a=a

9875 + 0 = 9875

Additive Inverse

Associative

For every real number a, there is a
real number —a suchthata +
—a=-a+a=0

(@xb) xc=ax (bxc)

—47+47 =0

(32 x5) x2=32x% (5 %2)

Commutative

axXxb=bXa

10 x 38 =38 x 10

Distributive

axb+c)=axb+axc

Multiplicative
p_ axXl=aand 1xXa=a 387 x 1 =387
Identity
For every real number a, a + 0,
Lo . there is a real number lsuch that
Multiplicative 1 1 ° 8 X§ _
Inverse ax—=-xa=1 378"

7x(E04+2)=7%x504+7x2

(Variables a, b, and c represent real numbers.)

Excerpt from NCTM’s Developing Essential Understanding of Algebraic Thinking, grades 3-5p. 16-17
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TABLE 4. The Properties of Equality

Name of Property Representation of Property Example of property
Reflexive Pr?perty d=a 3245 = 3,245
of Equality
Symmetric PTOPerty If a=b,then b =a 2+98=90+10,then90 + 10 = 2 + 98
of Equality
Transitive Property If 2498 =90 + 10 and 90 + 10 =52 + 48
of Equality Ifa=band b=c,thena=c then
2498 =52+48
Addition Property 1 2 3 2 3
If a=b,thena+c=b+c If —=—,then —+=-=—-+4+-—
of Equality 4 f 2 4 2 5 4 5
i 1 2 1 1 2 1
Subtraction ] Ifa=b,thena—c=b—c If 5=—,then 5 —c=-—¢
Property of Equality 2 4 2 5 4 5
ipli i 1 2 1 1 2 1
MUItlpllcatlon_ If a=b,thenaxc=b Xxc If 5 =—,then Xz =—X¢
Property of Equality 2 4 2°5 475
ivisi 1 2 1 1 2 1
D|V|5|onPrqpertyof Ifa=band c # 0,thena+c=b+c If -=—,then - +—-=—+<
Equality 2 4 25 45

Substitution
Property of Equality

Ifa = b, then b may be substituted for a in
anyexpression containinga.

If 20 = 10 + 10
then
90 +20 = 90 + (10 + 10)

(Variables a, b, and c can representany numberin the rational, real, orcomplex number systems.)
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TABLE 5. The Properties of Inequality

Exactly one of the followingistrue:a < b,a = b,a > b.
Ifa>band b > cthena > c.
If a> b,then b < a.
If a> b,then —a < —b.

If a>b,thena+c>b+c.
Ifa>band c >0,thena xXc>bXc.
Ifa>band c <0,thenaXxc<bXec.
Ifa>band c> 0,thena+~c> b+ c.

Ifa>band c <0,thena+~c<b-+c.

Here a, b, and c stand forarbitrary numbersin the rational orreal numbersystems.
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TABLE 6. Development of Counting in K-2 Children

Levels 8+06=14 14-8=06
Level 1: Count All Take Away
Count all a b a
12345 67 8 123 45 6 1 2345 678 910 111215314
00000 COO0 0QOQO0OO00 O 00 0000
12345 678 010111213 14 tl:2345 6'.-'812 3456
[+
Level 2: Count On To solve 14 - Slcmmtong =14
Count on g 10 111,.
Q0000 C0O0Q Q0OO000O O J 14
5 o121 14 1 took away 8 / 4,;;1/
\j
Stol14i563014-8=6
Tevel 3: Recompose: Make a Ten 4-8TImakeatenfor8+7=14
Recompose
Make aten (general). | 5 o 00 OO o 00
i 0 O 1+C;OC} _DzD +C}4
apart to make 10 N
with the other 6
addend
Make a ten (from 5 ’@O_Q_OO' '09990’ g + 6 = 14
within each addend) A—
Doubles + n 6+8
=6+6+2
= 12 +2=14

Note: Many children attempt to count down for subtraction, but counting down 1s difficult and error-prone.
Children are much more successful with counting on: it makes subtraction as easy as addition.

Beginning--A child can countvery small collections (1-4) collection of items and understands that the last word tells
“how many” even. Beyond on small numbers the numberwords may be said without the lack of numerical

understanding. Thisis often referred to as rote counting.

Level 1—The child uses one to one correspondence to find the number of objectsintwo sets. Even if the quantityis
known forthe firstset, the child will start with the first set and continue counting oninto the second set. The child
begins the count with one. Thisalso connectsto Piaget’s Hierarchical Inclusion—thatin orderto have 7 —you have to

have 6, 5, 4, etc.

Level 2 — At thislevel the student begins the counting, starting with the known quantity of the first setand “counts on”
fromthat pointinthe sequence to establish how many. This methodis usedto find the total intwo sets. This counting

isnot rote. Thislevel of counting requires several connections between cardinality and counting meanings of the

numberwords.

Level 3 - At thislevel the student begins using known facts to solve for unknown facts. Forexample, the student uses
“make a ten” where one addend breaks apart to make 10 with anotheraddend OR a doubles plus/minus one strategy.

Students begintoimplicitly use the properties of operations.



Table 7. Cognitive Rigor Matrix/Depth of Knowledge (DOK)

Kansas Math Standards require high-level cognitive demand asking students to demonstrate deeper conceptual understanding through the application of
contentknowledgeand skills to new situations and sustained tasks. Foreach Assessment Targetthe depth(s) of knowledge (DOK)that the student needs to
bring to the item/task will be identified, usingthe Cognitive Rigor Matrix shown below.

Depth of Thinking DOK Level 1 DOK Level 2
(Webb)+ Type of Thinkin DOK Level 3

(Revised Bloom)

DOK Level 4
Recall & Reproduction Basic Skills & Concepts Strategic Thinking & Reasoning Extended Thinking

Recall conversions, terms, facts

e Evaluatean expression o Specify, explain relations hips e Use concepts tosolve non-routine problems .
; . L . : - s . e Relate mathematical conceptsto other

e Locate pointsona grid or numberon number | ® Make basic inferences or logical e Use supporting evidence to justify conjectures, A

R . . . . content areas, other domains

line predictions from data/observations generalize, or connectideas o

. . . . e Develop generalizations of the results
e Solve a one-step problem e Use models/diagrams to explain e Explain reasoning when more than one . )
. R tmath relationshipsi d concepts response is possible obtained and the strategies usedandapply
gpresen mathrelationshipsin words, . . . . them to new problem situations

pictures, or symbols ® Make and explain estimates ® Explain phenomenainterms of concepts
e Followsimple procedures e Selecta procedureand perform it e Designinvestigationfor a specific purpose or
e Calculate, measure, apply arule (e.g., e Solve routine problem applying research question ® Initiate, design, and conduct a project that

rounding) multiple concepts or decision points e  Usereasoning, planning, andsupporting specifiesa problem, identifies solution
e Applyalgorithmorformula e Retrieveinformationto solve a evidence paths, solvesthe problem, andreports
® Solve linear equations problem e Translatebetween problem & symbolic results
® Make conversions ® Translate between representations notationwhen not a direct translation

e Categorizedata, figures e Compare information withinor across data
X . . e Organize, order data sets or texts

e Retrieveinformation from atable or graphto ) . . " . )

answera question e Selectappropriategraphandorganize | ¢ Analyze anddraw conclusions fromdata, citing] ®  Analyze multiple sources of evidence or
e Identi ttern/trend & display data evidence data sets

entify a pattern/tren e Interpretdatafroma simplegraph e Generalize a pattern
Extend a pattern e Interpretdatafromcomplex graph

e Cite evidenceand developa logical argument | e  Apply understanding in a novel way, provide
e Compare/contrast solution methods argumentor justification for the new

® Verify reasonableness application

Generate conjecturesor hypotheses e Synthesize information across multiple
® Brainstormideas, concepts, problems, or based on observationsor prior Develop an altemnative solution sourcesor data sets
perspectivesrelatedto a topicor concept knowledge and Synthesize information within one data set ® Designamodel toinform and solvea

experience practical or abstract situation
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	It’s important that students represent the problems they are solving, have a visual image of the “why” behind the algorithm, and can explain their reasoning.

